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Abstract

We prove some results on the uniqueness of meromorphic func-
tions f satisfying N(r,f)+N(r,0,f)=S(r,f) sharing a finite and non-zero
small function CM(counting multiplicity) with their difference opera-
tors, shifts or Difference Polynomials.
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INTRODUCTION AND RESULTS:

Throughout this paper, we assume the reader is familiar with the standard
notations and fundamental results of Nevanlinna theory of Meromorphic func-
tions(see e.g.[6]). Let c be a non-zero complex costant then for a meromorphic
function f(z) , we define its shift by f(z+c) and its difference operator by

Δcf(z) = f(z + c) − f(z),

Δmcf(z) = f(z + mc) − f(z),

where m is a positive integer

Δn
c f(z) = Δn

c
−1(Δcf(z)),
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n∈ N, n ≥ 2.

The Difference polynomial is defined as a1Δcf + a2Δ
2
cf + ...

For a meromorphic function f(z), we use S(f) to denote the family of all
meromorphic functions a(z) that satisfy T(r,a)=S(r,f) where S(r,f)=o(T(r,f)),
as r→ ∞

outside a possible exceptional set of finite logarithimic measure. Functions
in the set S(f) are called small functions with respect to f(z). Let f(z) and g(z)
be two meromorphic functions and let a(z) be a small function with respect to
f(z) and g(z). We say that f(z) and g(z) share a(z) IM, provided that f(z)-a(z)
and g(z)-a(z) have the same zeros( ignoring multiplicities), and we say that f(z)
and g(z) share a(z) CM,provided that f(z)-a(z) and g(z)-a(z) have the same
zeros with the same multiplicities.

Uniqueness Theory of Meromorphic functions is an important part of Nevan-
linna Theory. The subject on the uniqueness of the entire function f(z) sharing
values with its derivative f’(z) was initiated by Rubel and Yang[3]. Recently
number of papers have focussed on the Nevanlinna Theory with respect to
difference operators see e.g.[1],[2],[5],[7] . Then many authors started to in-
vestigate the uniqueness of meromorphic functions sharing values with their
shifts or difference operators.

The following theorems A and B have been proved by Heittokangas [2]
Chen, Chen and Li[1] respectively:

Theorem A[2]: Let f(z) be a non-constant entire function of finite order. If
f(z) and f(z+c) share two finite values CM, then f(z)≡ f(z + c).

Theorem B[1]: Let f(z) be a non-constant entire function of finite order
and let

a(z)(�= 0) ∈ S(f)

be a periodic entire function with period c. If the three functions f(z), Δcf(z), Δ2
cf(z)

share a(z) CM, then Δ2
cf = Δcf.

In ([1], Remark 1.3), it has been mentioned that Theorem A remains open
for Δcf = f.

In this connection, we prove the following result:

THEOREM 1.1: Let f(z) be a non-constant transcendental meromorphic
function of finite order, such that N(r,f)+ N(r,0,f)=S(r,f) and let a(z)(�= 0,∞) ∈
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S(f).

For m a positive integer and c a non-zero complex constant,

if f(z) and f(z+mc)- f(z)= Δmcf,

share a(z) CM then

Δmcf(z) = f(z + mc) − f(z) = f(z).

Now it would be interesting to know what happens if the difference op-
erators of f(z) are replaced by shifts of f(z). Therefore, as a continuation of
Theorem B, we prove the following result concerning this question.

THEOREM 1.2: Let f(z) be a non-constant transcendental meromorphic
function of finite order, such that N(r,f)+ N(r,0,f)=S(r,f) and let a(z)(�= 0,∞) ∈
S(f)

For m a positive integer and c a non-zero complex constant,

if f(z) and f(z+mc) share a(z) CM then

f(z + mc) = f(z).

Q1: What if there is finite difference polynomials a0 + a1Δcf(z) + ... +
anΔn

c f(z)?

It can be easily seen that Δn
c f(z) = Σnckf(z+(n−k)c).

THEOREM 1.3: Let f(z) be a non-constant meromorphic function of finite
order, such that N(r,f)+ N(r,0,f)=S(r,f) and let a(z)(�= 0,∞) ∈ S(f).

For m a positive integer and c a non-zero complex constant,

if f(z) and
ΣakΔ

k
cf(z)

share a(z) CM then
ΣakΔ

k
cf(z) = f(z).
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where summation ranges from k=1 to k=n.
EXAMPLE1.1: Let

f(z) = ezlog2

and c=1,

then f(z)andΔcf(z)share a CM and we have

f(z) = Δcf(z).

EXAMPLE 1.2: Let

f(z) = ez(2Πi+log2)

then

f(z)andΔcf(z)

share a CM and we have

f(z) = Δcf(z).

For the proof of the results we need the following lemmas:

LEMMA 1.1(see[1]): Let f(z) be a meromorphic function of finite order.
Then for any small periodic function a(z) with period c with respect to f(z),

m(r, Δn
c f/f − a) = S(r, f)

where the exceptional set associated with S(r,f) is of at most finite loga-
rithimic measure.

LEMMA 1.2(see[4]): Let f(z) be a meromorphic function of finite order,
then

m(r, f(z + c)/f(z)) + m(r, f(z)/f(z + c)) = S(r, f)
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PROOF OF THEOREM 1.1:

Suppose on the contrary, the assertion that

Δmcf(z) �= f(z).

Note that f(z) is a non-constant transcendental meromorphic function of finite
order and sharing a(z) CM with Δmcf(z).

Using Nevanlinna’s Second Fundamental Theorem and Lemma 1.1 and 1.2,
we get:

T (r, f) ≤ N(r, f) + N(r, 0, f) + N(r, a(z), f) + S(r, f)

= N(r,a(z),f)+S(r,f)

≤ N(r, Δmcf(z)/f(z), 1) + S(r, f)

≤ T (r, Δmcf(z)/f(z)) + S(r, f)

=N(r,Δmcf(z)/f(z)) + S(r, f)

=S(r,f)

a contradiction,therefore,

Δmcf(z) = f(z).

PROOF OF THEOREM 1.2:
Suppose on the contrary. Note that f(z) is a non-constant meromorphic

function of finite order and using Nevanlinna’s Second Fundamental Theorem
and Lemma 1, we get by using the given condition that N(r,f)+N(r.0,f)=S(r,f)

T (r, f) ≤ N(r, f) + N(r, 0, f) + N(r, a(z), f) + S(r, f)

= N(r,a(z),f)+S(r,f)
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≤ N(r, f(z + c)/f(z), 1) + S(r, f)

≤ T (r, f(z + c)/f(z)) + S(r, f)

=N (r, f(z+c) /f(z))+S(r,f)

=S(r,f)

a contradiction,

f(z + c) = f(z).

PROOF OF THEOREM 1.3:
The Proof is on the same lines as in Theorem 1.1 and 1.2
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