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Abstract

In this paper, we consider an endogenous labor shift model under
a dual economy with time delay, and study how the delay affects the
economic stability. The local stability of the non-zero equilibrium of this
system is investigated by analyzing the corresponding transcendental
characteristic equation of its linearized equation. By choosing the time
delay as a bifurcation parameter, the model is found to undergo an Hopf
bifurcation.
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1 Introduction

A half-century ago, theoretical modeling of economic growth was dominated
by one sector models. It was Arthur Lewis seminal paper [13] to bring the
concept of dual economies into focus, by explaining the growth of a developing
economy in terms of a labour transition between two sectors. Dual economy
models à la Arthur Lewis have typically emphasized productivity differentials
between broad sectors of the economy, such as the traditional (rural) and mod-
ern (urban) sectors. More recent research has identified significant differentials
within modern, manufacturing activities as well. Recently, Cai [2] developed a
mathematical model for an economy with endogenous labor shift under a dual
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economy and proved the model to have a unique non-zero equilibrium which
is asymptotically stable. This paper is concerned with a generalization of his
model. Following Cai’s [2] framework, we assume a two-sector economy with
an industry sector, indexed by I, and an agriculture sector, indexed by II. In
sector I, production combines labor force L and physical capital K, according
to a neoclassical production function F . Markets are competitive. Therefore,
labor and capital earn their marginal products. In contrast to Cai’s [2] work,
here there is a delay of τ periods before capital can be used for production.
Such models are called ”time-to-build” models (see, e.g., Asea and Zak [1];
Ferrara and Guerrini [4-5]; Guerrini [6-12]; Szyd�lowski [14-15]). This delay
captures the time it takes to produce and install capital goods. At time t, the
productive capital stock is K(t− τ) = Kd. We further suppose that a propor-
tion of the capital stock, δ, depreciates during production. For simplicity, the
same time lag is used for installation and depreciation of capital. As a result,
the net increase in the stock of physical capital is governed by a differential
equations with a delay:

.

K = sF (Kd, L) − δKd, (1)

where s denotes the saving rate. If L0 is the initial labor supply in sector I,
then the total labor shifted from sector II to sector I is provided by M. Hence,
the aggregate labor in sector I is L0 + M. The shift rate is provided by

.

M = G (w (Kd, L0 + M) − w0) − H(M), (2)

where w (Kd, L0 + M) is the wage rate of sector I and w0 is the survival wage
rate of sector II. Here, G and H are C3 functions satisfying G(0) = H(0),
G′(·) > 0, H ′(·) > 0, H(∞) = ∞. Since F is neoclassical, the wage rate of the
industrial sector equals the margin production, namely w (Kd, L) = FL(Kd, L).
From (1) and (2), we derive that the economy is described by the following
system of non-linear delay differential equations

.

K = sF (Kd, L0 + M) − δKd, (3)
.

M = G (w (Kd, L0 + M) − w0) − H(M). (4)

Our main focus is now to present a mathematical analysis of the conditions
for the existence of Hopf bifurcation in system (3) − (4), and analyze how the
properties of the periodic solutions depend on parameter values. In the next
section, we will discuss the stability of equilibria and the existence of the Hopf
bifurcation occurring at the positive equilibrium.
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2 Positive equilibrium and existence of Hopf

bifurcations

In this section, we discuss the local stability of equilibria and give the condition
that exists Hopf bifurcations occurring at the positive equilibrium. It is clear
that the critical points of Eqs. (3 − 4) correspond to those with vanishing
delay. From Cai [2], we know there exists a unique non-trivial equilibrium
(K∗, M∗), where sF (K∗, L0 +M∗) = δK∗, G (w (K∗, L0 + M∗) − w0) = H(M∗).
To explore the local stability analysis we shift the origin to the critical point
by introducing the new variable x = K − K∗ and y = M − M∗. Then Eqs.
(3 − 4) are transformed into

.
x = sF (xd + K∗, L0 + y + M∗) − δ(xd + K∗), (5)
.
y = G (w (xd + K∗, L0 + y + M∗) − w0) − H(y + M∗), (6)

and the linearization of (5 − 6) about the origin is

.
x = ay + bxd, (7)
.
y = cy + dxd, (8)

where

a = sFM(K∗, L0 + M∗) > 0,

b =
s

K∗
[K∗FKd

(K∗, L0 + M∗) − F (K∗, L0 + M∗)] < 0,

c = GM (w (K∗, L0 + M∗) − w0) wM (K∗, L0 + M∗) − HM(M∗) < 0,

d = GKd
(w (K∗, L0 + M∗) − w0) wKd

(K∗, L0 + M∗) > 0.

Writing the linearized system (7 − 8) in the form[ .
x
.
y

]
=

[
0 a
0 c

] [
x
y

]
+

[
b 0
d 0

] [
xd

yd

]
, (9)

the characteristic equation resulting from (9) is

λ2 − cλ + (bc − ad)e−λτ − bλe−λτ = 0. (10)

We recall that the equilibrium is locally asymptotically stable if all roots of (7)
have negative real part. When τ = 0, the characteristic equation (10) reduces
to a second degree polynomial

λ2 − (b + c)λ + bc − ad = 0. (11)

Noting that b + c < 0, an application of the Routh-Hurwitz criterion yields
that all roots of (11) have negative real parts if and only if bc − ad > 0.
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Let us assume, in the sequel, that this condition is satisfied. In this case,
the equilibrium is locally asymptotically stable when τ = 0. Therefore, if
instability occurs for a particular value of τ > 0, then a characteristic root of
(10) must intersect the imaginary axis (see Rouche’s theorem [3]). Let λ = iω
(ω > 0) be a root of Eq. (10). Then

−ω2 − icω + (bc − ad)(cos ωτ − i sin ωτ) − ibω(cos ωτ − i sin ωτ) = 0.

Separating the real and imaginary parts, we have

ω2 = (bc − ad) cos ωτ − bω sin ωτ, (12)

cω = −(bc − ad) sin ωτ − bω cos ωτ. (13)

Adding up the squares of Eqs. (12) and (13) lead to

ω4 + (c2 − b2)ω2 − (bc − ad)2 = 0. (14)

Since bc−ad < 0, Eq. (14) has only one positive root. By using Eqs. (12−13),
we can determine

τ0 =
1

ω0

arcsin

[−bω3
0 − cω0(bc − ad)

(bc − ad)2 + b2ω2
0

]
. (15)

Lemma 2.1. Let ω0 be the unique positive root of (14). For τ = τ0, ±iω0

is a pair of simple purely imaginary roots of (10). Moreover,

d (Reλ)

dτ

∣∣∣∣
τ=τ0

> 0.

Proof. Let λ(τ) = μ(τ) + iω(τ) be the root of (10) such that μ(τ0) = 0 and
ω(τ0) = ω0. From (10), differentiating both sides of it with respect to τ, we
obtain

[
2λ − c − (bc − ad)τe−λτ − be−λτ + bλτe−λτ

] dλ

dτ
= (bc − ad)λe−λτ − bλ2e−λτ . (16)

If we suppose, by contradiction, that λ(τ0) is not a simple characteristic root of
(10), we get (bc−ad)iω0e

−iω0τ0 +bω2
0e

−iω0τ0 = 0, which leads to a contradiction.
From (16), we have

(
dλ

dτ

)−1

τ=τ0

=
c − 2λ

λ2(λ − c)
+

b

λ [bλ − (bc − ad)]
− τ

λ
.
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Then,

sign

{
d (Reλ)

dτ

∣∣∣∣
τ=τ0

}
= sign

{
Re

(
dλ

dτ

)−1

τ=τ0

}

= sign

{
b2ω4

0 + (2ω2
0 + c2)(bc − ad)2

ω2
0(ω2

0 + c2) [b2ω2
0 + (bc − ad)2]

}
> 0.

Therefore, when the delay τ near τ0 is increased, the root of Eq. (10) crosses
the imaginary axis from left to right. We can now prove the main result of
this section.

Theorem 2.2. There exists a critical value τ0 > 0, defined in (15), such
that the equilibrium (K∗, M∗) is locally asymptotically stable when τ ∈ [0, τ0),
and a Hopf bifurcation occurs at (K∗, M∗) when τ = τ0.

Proof. All the characteristic roots of (10) have negative real parts when τ = 0.
Rouche’s theorem [3] implies that all characteristic roots of (10) have negative
real part while τ < τ0. Consequently, (K∗, M∗) is locally asymptotically stable
when τ ∈ [0, τ0). If τ = τ0, from the previous Lemma we know that (10)
has a pair of simple purely imaginary roots ±iω0. Moreover, the transversality
condition holds. This yields to the existence of a Hopf bifurcation at (K∗, M∗)
when τ = τ0.
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