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Abstract

Stability results for a much wider class of (ψ,φ)-weakly contractive
mappings are proved in a metric space. These results include a number
of known results.
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1 Introduction and Preliminaries

Recently, Barbet and Nachi [5] (see also [4]) obtained some stability results us-

ing certain new notions of convergence over a variable domain in a metric space.

The above results include the earlier results of Bonsall [6] and Nadler[19]. For

some useful references on stability of fixed points, we refer to [1, 3, 21–25].

The results in [5] have been further generalized by Mishra et al. [14–18] in
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different settings. In this paper, we extend the results of Barbet and Nachi

[5] to a much wider class of (ψ, φ)-weakly contractive mappings (see Remark

1.1 below) which include the well known contraction mappings and weakly

contractive mappings (see [2] and [20] for details).

Let (X, d) be a metric space and T : X → X. Then T is called a contraction

mapping if there exists a constant k ∈ (0, 1) such that

d(Tx, Ty) ≤ kd(x, y) (1.1)

for all x, y ∈ X.

T : X → X is called weakly contractive, if

d(Tx, Ty) ≤ d(x, y) − φ (d(x, y)) (1.2)

for all x, y ∈ X, where φ : [0,∞) → [0,∞) is a continuous and nondecreasing

function such that φ(t) = 0 if and only if t = 0.

The above concept was introduced and studied first by Alber and Guerre-

Delabriere [2] in a Hilbert space. As shown in [2], weakly contractive mappings

possess a unique fixed point in a Hilbert space. Rhoades [20] extended the

above result of [2] to complete metric spaces.

T : X → X is called (ψ, φ)-weakly contractive if

ψ(d(Tx, Ty)) ≤ ψ(d(x, y)) − φ(d(x, y)) (1.3)

for all x, y ∈ X, where ψ, φ : [0,∞) → [0,∞) are both continuous functions

such that ψ(t), φ(t) > 0 for t ∈ (0,∞) and ψ(0) = 0 = φ(0). In addition, φ is

nondecreasing and ψ is increasing(strictly).

The above class of mappings was initially introduced and studied by Dutta

and Choudhury [10] where both φ and ψ were assumed to be nondecreasing.

However, recently it was observed by Bose and Roychowdhury [7] (see also [9])

that, in the above definition the function ψ must be assumed to be strictly

increasing.

Remark 1.1. It is interesting to note that if one takes φ(t) = (1 − k)t,

where 0 < k < 1, then (1.2) reduces to (1.1). When ψ(t) = t, then condition

(1.3) recovers condition (1.2). Therefore

(1.1) ⇒ (1.2) ⇒ (1.3).

However, the above implication is not reversible (see [10, Example 2.2]. This

shows the generality of (ψ, φ)-weakly contractive mappings.

Now onwards, N will denote the set of real numbers and N = N ∪ {∞}.
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2 Barbet-Nachi type convergence

The following notions of convergence are due to Barbet and Nachi [5] and

present generalizations of the well known notions of pointwise and uniform

convergence.

Let {Xn}n∈� be a family of nonempty subsets of X and {Tn : Xn → X}n∈�
a family of mappings. Then T∞ is called a (G)-limit of the sequence {Tn}n∈�
or, equivalently {Tn}n∈� satisfies the property (G), if the following condition

holds:

(G) Gr(T∞) ⊂ lim inf Gr(Tn): for every x ∈ X∞, there exist a sequence {xn}
in

∏

n∈�
Xn such that:

lim
n
d(xn, x) = 0 and lim

n
d(Tnxn, T∞x) = 0,

where Gr(T ) stands for the graph of T .

T∞ is called a (G−)-limit of the sequence {Tn}n∈� or, equivalently {Tn}n∈�
satisfies the property (G−) if the following condition holds:

(G−) Gr(T∞) ⊂ lim supGr(Tn): for every x ∈ X∞, there exist a sequence

{xn} in
∏

n∈�
Xn such that:

lim
j
d(xnj

, x) = 0 and lim
j
d(Tnj

xnj
, T∞x) = 0,

where {xnj
} is a subsequence of {xn}.

Further, T∞ is called an (H)-limit of the sequence {Tn}n∈� or, equiva-

lently {Tn}n∈� satisfies the property (H) if the following condition holds:

(H) For all sequences {xn} in
∏

n∈�
Xn, there exists a sequence {yn} in X∞ such

that:

lim
n
d(xn, yn) = 0 and lim

n
d(Tnxn, T∞yn) = 0.

Remark 2.1. The sequential form of limits as indicated in (G) and (G−)

is obtained by using the definitions of sequences of sets and the graph of a

function.
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3 Stability results for (G)- convergence

We now give a sufficient condition for uniqueness of the (G)- limit mapping of

a sequence of mappings satisfying condition (1.3)

Proposition 3.1. Let X be a metric space, {Xn}n∈� a family of nonempty

subsets of X and {Tn : Xn → X}n∈� a sequence of (ψ, φ)-weakly contractive

mappings. If T∞ : X∞ → X is a (G)-limit of {Tn}, then T∞ is unique.

Proof. Let T∞, T ∗
∞ : X∞ → X be two (G)- limits of the sequence {Tn}. Then

for any point x ∈ X∞, there exist two sequences {xn} and {yn} in
∏

n∈�
Xn

converging to x such that {Tnxn} and {Tnyn} converge to T∞x and T ∗
∞x re-

spectively. Thus

lim
n→∞

d(Tnxn, T∞x) = 0 and lim
n→∞

d(Tnyn, T
∗
∞x) = 0. (3.1)

Since {xn} and {yn} converge to x, we have

d(xn, yn) ≤ d(xn, x) + d(yn, x) → 0 as n→ ∞. (3.2)

Further,

d(T∞x, T ∗
∞x) ≤ d(T∞x, Tnxn) + d(Tnxn, Tnyn) + d(Tnyn, T

∗
∞x). (3.3)

Since Tn is (ψ, φ)-weakly contractive for each n ∈ N,

ψ (d(Tnxn, Tnyn)) ≤ ψ (d(xn, yn)) − φ (d(xn, yn)) ,

which implies that

ψ (d(Tnxn, Tnyn)) ≤ ψ (d(xn, yn)) .

As ψ is increasing, from the above inequality we have

d(Tnxn, Tnyn) ≤ d(xn, yn). (3.4)

From (3.3) and (3.4) we get,

d(T∞x, T ∗
∞x)) ≤ d(T∞x, Tnxn) + d(xn, yn) + d(Tnyn, T

∗
∞x).

Letting n → ∞ and using (3.1) and (3.2), the above expression tends to zero

and we deduce that

T∞x = T ∗
∞x.
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The following result in [5, Proposition 1] follows directly from Proposition 3.1.

Corollary 3.2. Let X be a metric space, {Xn}n∈� a family of nonempty

subsets of X and {Tn : Xn → X}n∈� a sequence of k-contraction mappings. If

T∞ : X∞ → X is a (G)-limit of {Tn}, then T∞ is unique.

Proof. It comes from Proposition 3.1 by taking ψ(t) = t and φ(t) = (1 − k)t,

0 < k < 1.

We now prove the following theorem which is our first stability result.

Theorem 3.3. Let X be a metric space, {Xn}n∈� a family of nonempty

subsets of X and {Tn : Xn → X}n∈� a family of mappings satisfying the

property (G) such that for all n ∈ N, Tn is a (ψ, φ)-weakly contractive mapping.

If for all n ∈ N, xn is a fixed point of Tn, then the sequence {xn}n∈� converges

to x∞.

Proof. Let xn be a fixed point of Tn for each n ∈ N. Then, since the property

(G) holds and x∞ ∈ X∞, there exists a sequence {yn} in
∏

n∈�
Xn such that

yn → x∞ and Tnyn → T∞x∞. Therefore

ψ (d(xn, x∞)) = ψ (d(Tnxn, T∞x∞))

≤ ψ (d(Tnxn, Tnyn) + d(Tnyn, T∞x∞)) .

Taking the limit as n→ ∞ and using the continuity of ψ and φ, we obtain

lim
n→∞

ψ (d(xn, x∞)) ≤ lim
n→∞

ψ (d(Tnxn, Tnyn))

≤ lim
n→∞

[ψ (d(xn, yn)) − φ (d(xn, yn))] (by condition (1.3))

≤ lim
n→∞

[ψ (d(xn, x∞) + d(yn, x∞))] − lim
n→∞

[φ (d(xn, x∞) + d(yn, x∞))]

= lim
n→∞

ψ (d(xn, x∞)) − lim
n→∞

φ (d(xn, x∞)) .

Thus

lim
n→∞

φ (d(xn, x∞)) ≤ 0.

By the property of φ, we get lim
n→∞

d(xn, x∞) = 0. Hence the conclusion

follows.

The following result in [5, Theorem 2] follows from the above theorem in view

of Remark 1.1.

Corollary 3.4. Let X be a metric space, {Xn}n∈� a family of nonempty

subsets of X and {Tn : Xn → X}n∈� a family of mappings satisfying the

property (G) such that for all n ∈ N, Tn is a k-contraction from Xn into X.

If for all n ∈ N, xn is a fixed point of Tn, then the sequence {xn}n∈� converges

to x∞.
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When Xn = X for all n ∈ N, X is complete and ψ(t) = t, φ(t) = (1 − k)t,

for all t > 0 and k ∈ (0, 1), then we get the following result of Bonsall [6,

Theorem 2] as a consequence of Theorem 3.3.

Corollary 3.5. Let X be a complete metric space, and {Tn : X → X} a

family of k-contraction mappings with Lipschitz constant k < 1 and such that

the sequence {Tn}n∈� converges pointwise to T∞. Then for all n ∈ N, Tn has

a unique fixed point xn and the sequence {xn}n∈� converges to x∞.

The following theorem proves the existence of a fixed point for a (G)-limit

of a sequence of (ψ, φ)-weakly contractive mappings.

Theorem 3.6. Let X be a metric space, {Xn}n∈� a family of nonempty

subsets of X and {Tn : Xn → X}n∈� a family of mappings satisfying the prop-

erty (G) such that for any n ∈ N, Tn is a (ψ, φ)-weakly contractive mapping.

Assume that for any n ∈ N, xn is a fixed point of Tn. Then

T∞ admits a fixed point ⇔ {xn} converges and limxn ∈ X∞
⇔ {xn} admits a subsequence converging to a point of X∞.

Proof. The necessary part follows from Theorem 3.3. To prove the sufficiency,

let {xnj
} be a subsequence of {xn} such that lim

j
xnj

= x∞ ∈ X∞. By the

property (G), there exists a sequence {yn} in
∏

n∈�
Xn such that yn → x∞ and

Tnyn → T∞x∞ as n→ ∞. For any j ∈ N, we have

d(x∞, T∞x∞) ≤ d(x∞, xnj
) + d(Tnj

xnj
, Tnj

ynj
) + d(Tnj

ynj
, T∞x∞). (3.5)

By condition (1.3),

ψ
(
d(Tnj

xnj
, Tnj

ynj
)
) ≤ ψ

(
d(xnj

, ynj
)
) − φ

(
d(xnj

, ynj
)
)

≤ ψ
(
d(xnj

, ynj
)
)
,

which implies that

d(Tnj
xnj

, Tnj
ynj

) ≤ d(xnj
, ynj

).

Then, from (3.5),

d(x∞, T∞x∞) ≤ d(x∞, xnj
) + d(xnj

, ynj
) + d(Tnj

ynj
, T∞x∞)

≤ d(x∞, xnj
) + d(xnj

, x∞) + d(ynj
, x∞) + d(Tnj

ynj
, T∞x∞).

Now passing over to the limit as j → ∞, we deduce that T∞x∞ = x∞.
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Remark 3.7. Under the assumptions of Theorem3.6, and if,

1. lim infXn ⊂ X∞ (ie; the limit of any convergent sequence {zn} ∈ ∏

n∈�
Xn

is in X∞), then T∞ admits a fixed point ⇔ {xn} converges.

2. lim supXn ⊂ X∞ (ie; the cluster point of any sequence {zn} ∈ ∏

n∈�
Xn

is in X∞), then T∞ admits a fixed point ⇔ {xn} admits a convergent

subsequence.

Proposition 3.8. Let X be a metric space, {Xn}n∈� a family of nonempty

subsets of X and {Tn : Xn → X}n∈� a family of mappings satisfying the

property (G) and such that, for any n ∈ N, Tn is a (ψ, φ)- weakly contractive

mapping. Then T∞ is (ψ, φ)-weakly contractive.

Proof. Given two points x and y in X∞. By the property (G), there exist two

sequences {xn} and {yn} in
∏

n∈�
Xn converging respectively to x and y such

that the sequences {Tnxn} and {Tnyn} converge respectively to T∞x and T∞y.
For any n ∈ N, by triangle inequality, we have

d(T∞x, T∞y) ≤ d(T∞x, Tnxn) + d(Tnxn, Tnyn) + d(Tnyn, T∞y).

Since ψ is increasing,

ψ (d(T∞x, T∞y)) ≤ ψ (d(T∞x, Tnxn) + d(Tnxn, Tnyn) + d(Tnyn, T∞y)) .

Letting n→ ∞, and using the continuity of both ψ and φ we have,

ψ (d(T∞x, T∞y)) ≤ lim
n→∞

ψ (d(Tnxn, Tnyn))

≤ lim
n→∞

[ψ (d(xn, yn)) − φ (d(xn, yn))]

= ψ (d(x, y))− φ (d(x, y)) ,

and the conclusion holds.

The following result in [5, Proposition 4] follows from Proposition 3.8.

Corollary 3.9. Let X be a metric space, {Xn}n∈� a family of nonempty

subsets of X and {Tn : Xn → X}n∈� a family of mappings satisfying prop-

erty (G) such that, for any n ∈ N, Tn is a kn-contraction. Then T∞ is a

k-contraction where {kn} is a bounded (resp.convergent) sequence with k =:

sup
n
kn (resp. lim

n
kn).
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Under a compactness assumption, the existence of a fixed point of the

(G)- limit mapping can be obtained from the existence of fixed points of the

(ψ, φ)-weakly contractive mappings Tn.

Theorem 3.10. Let {Xn}n∈� be a family of nonempty subsets of a metric

space X and {Tn : Xn → X}n∈� a family of mappings satisfying the property

(G) and such that, for any n ∈ N, Tn is a (ψ, φ)-weakly contractive mapping.

Assume that lim supXn ⊂ X∞ and
⋃

n∈�
Xn is relatively compact. If for any

n ∈ N, Tn admits a fixed point xn, then the (G)-limit mapping T∞ admits a

fixed point x∞ and the sequence {xn}n∈� converges to x∞.

Proof. Let xn be the fixed point of Tn for each n ∈ N. From the compactness

condition, there exists a convergent subsequence {xnj
} of {xn}. Now, by Re-

mark 3.7, T∞ admits a fixed point x∞ and by Theorem 3.6, the sequence {xn}
converges to x∞.

As a consequence of Theorem 3.10 and Remark 2.1, we have the following

result in [5, Theorem7].

Corollary 3.11. Let {Xn}n∈� be a family of nonempty subsets of a metric

space X and {Tn : Xn → X}n∈� a family of mappings satisfying the property

(G) such that for any n ∈ N, Tn is a k-contraction. Assume that lim supXn ⊂
X∞ and

⋃

n∈�
Xn is relatively compact. If for any n ∈ N, Tn admits a fixed point

xn, then the (G)-limit mapping T∞ admits a fixed point.

Now we present a stability result for a sequence of mappings {Tn} satisfying

the property (G−).

Theorem 3.12. Let {Xn}n∈� be a family of nonempty subsets of a metric

space X and {Tn : Xn → X}n∈� a family of (ψ, φ)-weakly contractive mappings

satisfying the property (G−). If for any n ∈ N, xn is a fixed point of Tn, then

x∞ is a cluster point of the sequence {xn}n∈�.

Proof. By the property (G−), there exists a sequence {yn} in
∏

n∈�
Xn which has

a subsequence {ynj
} such that ynj

→ x∞ and Tnj
ynj

→ T∞x∞ as j → ∞. We

have

d(xnj
, x∞) ≤ d(Tnj

xnj
, Tnj

ynj
) + d(Tnj

ynj
, T∞x∞),

which implies that

ψ
(
d(xnj

, x∞)
) ≤ ψ

(
d(Tnj

xnj
, Tnj

ynj
) + d(Tnj

ynj
, T∞x∞)

)
.
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Taking the limit as j → ∞,

lim
j→∞

ψ
(
d(xnj

, x∞)
) ≤ lim

j→∞
ψ

(
d(Tnj

xnj
, Tnj

ynj
)
)
.

Since each mapping Tnj
is (ψ, φ)-weakly contractive and ψ is increasing, we

have

lim
j→∞

ψ
(
d(xnj

, x∞)
) ≤ lim

j→∞
[
ψ

(
d(xnj

, ynj
)
) − φ

(
d(xnj

, ynj
)
)]

≤ lim
j→∞

[
ψ

(
d(xnj

, x∞) + d(ynj
, x∞)

) − φ
(
d(xnj

, x∞) + d(ynj
, x∞)

)]

= lim
j→∞

ψ
(
d(xnj

, x∞)
) − lim

j→∞
φ

(
d(xnj

, x∞)
)
.

Hence,

lim
j→∞

φ
(
d(xnj

, x∞)
)

= 0.

Thus {xnj
} converges to x∞, the fixed point of T∞.

The following result in [5, Theorem 8] follows from Theorem 3.12.

Corollary 3.13. Let {Xn}n∈� a family of nonempty subsets of a metric

space X and let {Tn : Xn → X}n∈� a family of k-contraction mappings satis-

fying the property (G−). If for any n ∈ N, xn is a fixed point of Tn, then x∞
is a cluster point of the sequence {xn}n∈�.

4 Stability results for (H)- convergence

Now, we present another stability result using the (H)-convergence.

Theorem 4.1. Let X be a metric space, {Xn}n∈� a family of nonempty

subsets of a metric space X and let {Tn : Xn → X}n∈� be a family of map-

pings satisfying the property (H) such that T∞ is a (ψ, φ)-weakly contractive

mapping. If for any n ∈ N, xn is a fixed point of Tn, then the sequence {xn}n∈�
converges to x∞.

Proof. By property (H), there exists a sequence {yn} inX∞ such that d(xn, yn) →
0 and d(Tnxn, T∞yn) → 0. We have

d(xn, x∞) ≤ d(Tnxn, T∞yn) + d(T∞yn, T∞x∞).

Since ψ is increasing,

ψ (d(xn, x∞)) ≤ ψ (d(Tnxn, T∞yn) + d(T∞yn, T∞x∞)) .
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Taking the limit as n→ ∞,

lim
n→∞

ψ (d(xn, x∞)) ≤ lim
n→∞

ψ (d(T∞yn, T∞x∞))

≤ lim
n→∞

[ψ (d(yn, x∞)) − φ (d(yn, x∞))]

≤ lim
n→∞

[ψ(d(xn, yn) + d(xn, x∞) − φ(d(xn, yn) + d(xn, x∞))]

= lim
n→∞

ψ (d(xn, x∞)) − lim
n→∞

φ (d(xn, x∞)) .

Thus

lim
n→∞

φ (d(xn, x∞)) = 0,

and hence the conclusion follows.

The following result in [5, Theorem 11] follows directly from the above theorem.

Corollary 4.2. Let X be a metric space, {Xn}n∈� a family of nonempty

subsets of a metric space X and let {Tn : Xn → X}n∈� be a family of mappings

satisfying the property (H) such that T∞ is a k- contraction. If for any n ∈ N,

xn is a fixed point of Tn , then the sequence {xn}n∈� converges to x∞.
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