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Abstract. Heretofore one of the issues which has not considered in DEA sensitivity analysis is 

modification in the number of decision making units. In this paper some of DMUs are deleted 

and the influence of it (deleting one or multiple DMUs) is examined. At first two systems are 

presented for determining the influence of deleting one or multiple DMUs on efficiency status 

of other DMUs. Then a model is presented for minimizing the number of deleted DMUs such 

that an inefficient unit becomes efficient. Finally the presented model and systems are utilized 

for a set of DMUs and the results are reported. 
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1. Introduction 
 

Data envelopment analysis is a method for obtaining the relative efficiency of decision 

making units that consume multiple inputs to produce multiple outputs. The first 

model in DEA, CCR model was proposed by Charnes et al (1978).Then Banker et al 

(1984) introduced BCC model with removing constant returns to scale condition. A 

review of DEA can be found in (Cook et al, 2009). One of the important issues in data 

envelopment analysis (DEA) is sensitivity analysis. The first DEA sensitivity analysis 

paper was presented by Charnes et al (1985) that examined change in a single output. 

Later many studies have been conducted in changing the multiple inputs and outputs 

by Seiford et al (1998), Joe Zhu (2001), Cooper et al (2001), G.R. Jahanshahloo et al 

(2004, 2005a, 2005b, 2012) and etc. Heretofore the data modification of inputs and 

outputs has been considered in DEA sensitivity analysis papers. In this paper one or 

multiple DMUs are deleted and the influence of it on efficiency status of other DMUs 

is studied.  
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The current study is organized as follows: First some basic DEA models and related 

concepts are reviewed. Then two systems are presented for recognizing the influence 

of deleting one or multiple DِMUs. Furthermore a model is presented for minimizing 

the number of deleted DMUs such that an inefficient DMU becomes efficient. 

Thereafter through an example the presented systems and model are utilized for a set 

of DMUs. Finally the results have been synthesized and concluded. 

 

 

2. Preliminary 
 

Suppose n DMUs are evaluated, with m inputs and s outputs. �� � ����, ���, … , �
��� 
and � � ����, ��� , … , �����  are sequentially inputs and outputs of DMU� for	� �1,… , �.  Banker et al (1984) defined production possibility set with variable return to 

scale as follows: �� � ���, �|	� � ∑ ���� �!� ,  " ∑ ��� �!� , ∑ �� �!� � 1, �� � 0; � � 1,… , �%  
 

The multiplier form of BCC model in input oriented is as follows: 

 

 Max ∑ &'�'( ) &(�'!�  

 S.t.  ∑ &'�'� * ∑ +,�,� ) &( " 0
,!��'!�  � � 1,… , � (1) 

  ∑ +,�,( � 1
,!�  

 +, � - . � 1,… ,/ 

 &' � - 0 � 1, … , 1  
 

Where o is the index of evaluated DMU and - 2 0 is a non-Archimedean element.  

 

Definition1 DMU( is efficient if the optimal value of objective function of model (1) 

equals one, otherwise it is inefficient. 

 

 

3. Deleting one or multiple DMUs 
 

This section is going to consider the influence of deleting one or multiple DMUs on 

the efficiency status of other DMUs. Deleting some DMUs is equivalent to deleting 

some constraints of model (1). So the optimal value of objective function is not 

decreased. It means with deleting any DMU the other efficient DMUs are still 

preserved their efficiency but the inefficient DMUs may be preserved their 

inefficiency or changed to efficient ones. In this section At first a system is presented 

for recognizing the influence of deleting one DMU on efficiency status of other 

DMUs. Then the presented system is generalized for deleting multiple DMUs. 

Thereafter a model is presented for minimizing the number of deleted DMUs such that 

an inefficient DMU becomes efficient.  
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3. 1 Deleting one DMU 
 

If a DMU is not an extreme efficient, deleting it will not change the production 

possibility set. So absence or presence of this DMU has not any effect on the 

efficiency score of other DMUs. Therefore we consider the deleted DMU is an 

extreme efficient. With utilizing the system which is presented in this section it can be 

recognized with deleting which one of extreme efficient DMUs, an inefficient DMU 

will become efficient. 

Consider DMU3 and DMU( are sequentially an extreme efficient and an inefficient DMU. Now we want to see whether the inefficient DMU(  will become efficient or it 

still preserves its inefficiency through deleting DMU3. For finding out, the following 

system is considered. 

 

 

 

45
55
6
55
57
∑ &'�'(�'!� ) &( � 1																																								
∑ +,�,(
,!� � 1																																																				
∑ &'�'��'!� * ∑ +,�,�
,!� ) &( " 0																
&' � -																																																																		
+, � -																																																																		

� � 1,… , �; � 8 9 (2) 

 

 

Theorem1: Suppose that DMU3 and DMU( are sequentially an extreme efficient and 

an inefficient DMU. System (2) has a feasible solution iff with deleting DMU3 , DMU( 

becomes efficient. 

 
Proof. With noticing to this point that any feasible solution of system (2) is an optimal 

solution of model (1) (In absence of the constraint corresponding to DMU3) with 

optimal objective of 1, the proof is straightforward. ■ 

 
 

3. 2 Deleting multiple DMUs 

 

Now we want to investigate the influence of deleting multiple DMUs on efficiency 

statues of an inefficient DMU. Suppose that the influence of deleting DMU�: , … , DMU�;  on efficiency status of inefficient DMU( is considered. To this end 

system (2) is generalized as follows: 
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45
55
6
55
57
∑ &'�'(�'!� ) &( � 1																																								
∑ +,�,(
,!� � 1																																																				
∑ &'�'��'!� * ∑ +,�,�
,!� ) &( " 0																
&' � -																																																																		
+, � -																																																																		

� � 1,… , �; 	� 8 ��, … , �3 (3) 

 

 

Theorem2: Suppose that DMU( is an inefficient DMU. System (3) is feasible iff with 

deleting DMU�: , … , DMU�;  simultaneously, DMU( becomes efficient. 

 
Proof. The proof is similar to Theorem1. ■ 

Notice that it may be no need to delete all of the DMU�: , … , DMU�; to make DMU( 

efficient. If the objective is to find out the minimum number of DMUs among DMU�: , … , DMU�;  which should be deleted whereas DMU( becomes efficient, the 

following model is suggested: 

 

 Min ∑ <��!�:,…,�;   

 S.t. ∑ &'�'(�'!� ) &( � 1																																								 (4) 

  ∑ +,�,(
,!� � 1   

  ∑ &'�'��'!� * ∑ +,�,�
,!� ) &( " 0 � � 1,… , �; 		� 8 ��, … , �3 

 ∑ &'�'��'!� * ∑ +,�,�
,!� ) &( " =<�  � � ��, … , �3 

 <� ∈ ?0,1@ � � ��, … , �3 

 &' � - 0 � 1, … , 1 

 +, � - . � 1, … ,/ 
 

Where = is a very large positive number. 

 

Theorem3: If the inefficient DMU( becomes efficient with deleting DMU�: , … , DMU�; 

simultaneously, then model (4) is feasible. 

 

Proof. According to theorem2, system (3) is feasible. Any feasible solution of this 

system together with <�: � 1, … , <�; � 1 is a feasible solution of model (4). ■ 

 

Theorem4: If the inefficient DMU( becomes efficient with deleting DMU�: , … , DMU�; 

simultaneously, then the optimal value of objective function of model (4) is equal to 

minimum number of DMUs among DMU�: , … , DMU�; which should be deleted 

whereas DMU( becomes efficient. 
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Proof. With regarding to minimizing the objective function of model (4), it is evident 

that it is preferred the binary variables <�  for � � ��, … , �3 are chosen 0. <� � 0 implies 

that ∑ &'�'��'!� * ∑ +,�,�
,!� ) &( " 0 that is corresponding with presence of  DMU�. 
On the other hand <� � 1  implies the constraint ∑ &'�'��'!� * ∑ +,�,�
,!� ) &( " =<�  
becomes redundant. This means deleting A=B� is necessary. So model (4) gets the 

minimum number of DMUs among DMU�: , … , DMU�; which should be deleted 

whereas DMU( becomes efficient. ■ 
 

 

 

4. Example 
 

Now we use the presented systems and model in this paper for a set of DMUs. 

Consider the data related to twelve DMUs with two inputs and two outputs in Table1. 

These data are extracted from Cooper et al (2007). Evaluating these DMUs through 

model (1) has been revealed that DMUs A, B, D, G, J, K, and L are efficient.  It is 

noteworthy to mention that the results presented in this example are obtained through 

using the software DEA-Solver and Lingo. 

 

 

 
Table1 Data of corresponding to 12 DMUs extracted from Cooper et al (2007) 

 

Hospital 
Inputs   Outputs 

Doctor Nurse   Outpatient Inpatient 

A 20 151  100 90 

B 19 131  150 50 

C 25 160  160 55 

D 27 168  180 72 

E 22 158  94 66 

F 55 255  230 90 

G 33 235  220 88 

H 31 206  152 80 

I 30 244  190 100 

J 50 268  250 100 

K 53 306  260 147 

L 38 284   250 120 

 

Now the results of deleting efficient DMUs on the status of inefficient DMUs are 

presented in Table2 and Tables3, 4, 5, 6. The results of Table2 are obtained through 

using the software DEA-Solver and the results of Tables3,4,5,6 are derived by solving 

systems (2) and (3) by using the software Lingo. In Table2, for example the second 

row shows the efficiency scores of DMUs in absence of A. By comparison Table2 

with Tables3,4,5,6 it can be seen that the obtained results are consistent. 
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Table2 Efficiency scores of DMUs in absence of efficient DMUs 

Deleted 

DMU 
A B C D E F G H I J K L 

A  1 0.896 1 1 0.939 1 0.9 1 1 1 1 

B 1  1 1 0.956 0.939 1 0.799 1 1 1 1 

D 1 1 0.904  0.882 0.944 1 0.814 0.989 1 1 1 

G 1 1 0.896 1 0.882 0.939  0.799 0.989 1 1 1 

J 1 1 0.896 1 0.882 0.984 1 0.799 0.989  1 1 

K 1 1 0.896 1 0.882 0.939 1 0.8 0.989 1  1 

L 1 1 0.896 1 0.882 0.939 1 0.801 1 1 1  

A,B   1 1 1 0.939 1 0.9 1 1 1 1 

B,D 1  1  0.956 0.957 1 0.858 1 1 1 1 

J,k 1 1 0.896 1 0.882 0.984 1 0.8 0.989   1 

J,K,L 1 1 0.896 1 0.882 1 1 0.806 1    

B,D,G 1  1  0.956 0.957  0.858 1 1 1 1 

D,J,K 1 1 0.912  0.882 0.986 1 0.829 0.989   1 

A,B,K,L   1 1 1 0.939 1 0.921 1 1   

A,B,D,G   1  1 0.957  0.934 1 1 1 1 

D,G,J,K 1 1 0.914  0.882 0.994  0.829 0.989   1 

D,G,J,K,L 1 1 0.929  0.882 1  0.868 1    

A,B,J,K,L   1 1 1 1 1 0.921 1    

A,B,D,G,K   1  1 0.957  0.95 1 1  1 

  
On the other hand by deleting any of the efficient DMUs which are shown in the first column 

of table2 is concluded systems (2) and (3) are infeasible for A=B( � C. Now systems (2) and 

(3) for determining the influence of deleting the efficient DMUs on status of efficiency of 

C,E,F,I  are solved and corresponding results are given in table 3,4,5,6. In these tables when 

system (2) or (3) is feasible, the value of variables are given. 

 
Table3 Influence of deleting efficient DMUs on efficiency status of C 

Deleted 

DMU 
&� &� &( +� +�  

A System (2) is infeasible 

B 0.0009439323 0.00001 0.8484208 0.00001 0.006248438  

D System (2) is infeasible 

G System (2) is infeasible 

J System (2) is infeasible 

K System (2) is infeasible 

L System (2) is infeasible 

A,B 0.0001914678 0.00001 0.9688152 0.00001 0.006248438  

B,D 0.007495903 0.00001 -0.1998944 0.00001 0.006248438  

J,K System (3) is infeasible 

J,K,L System (3) is infeasible 

B,D,G 0.007495903 0.00001 -0.1998944 0.00001 0.006248438  

D,J,K System (3) is infeasible 

A,B,K,L 0.0001914678 0.00001 0.9688152 0.00001 0.006248438  

A,B,D,G 0.007495903 0.00001 -0.1998944 0.00001 0.006248438  

D,G,J,K System (3) is infeasible 

D,G,J,K,L System (3) is infeasible 

A,B,J,K,L 0.0001914678 0.00001 0.9688152 0.00001 0.006248438  

A,B,D,G,K 0.001249354 0.00001 0.7620727 0.039936 0.00001  
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Table4 Influence of deleting efficient DMUs on efficiency status of E 

 

Deleted 

DMU 
&� &� &( +� +�  

A 0.00001 0.01185269 0.2167826 0.002407418 0.005993904  

B System (2) is infeasible 

D System (2) is infeasible 

G System (2) is infeasible 

J System (2) is infeasible 

K System (2) is infeasible 

L System (2) is infeasible 

A,B 0.00001 0.00001 0.9984 0.04538273 0.00001  

B,D System (3) is infeasible 

J,K System (3) is infeasible 

J,K,L System (3) is infeasible 

B,D,G System (3) is infeasible 

D,J,K System (3) is infeasible 

A,B,K,L 0.00001 0.00001 0.9984 0.04538273 0.00001  

A,B,D,G 0.00001 0.00001 0.9984 0.04538273 0.00001  

D,G,J,K System (3) is infeasible 

D,G,J,K,L System (3) is infeasible 

A,B,J,K,L 0.00001 0.00001 0.9984 0.04538273 0.00001  

A,B,D,G,K 0.00001 0.00001 0.9984 0.00001 0.006327722  

 

 
Table5 Influence of deleting efficient DMUs on efficiency status of  F 

 

Deleted 

DMU 
&� &� &( +� +�  

A System (2) is infeasible 

B System (2) is infeasible 

D System (2) is infeasible 

G System (2) is infeasible 

J System (2) is infeasible 

K System (2) is infeasible 

L System (2) is infeasible 

A,B System (3) is infeasible 

B,D System (3) is infeasible 

J,K System (3) is infeasible 

J,K,L 0.007858824 0.00001 -0.8084294 0.00001 0.003919412  

B,D,G System (3) is infeasible 

D,J,K System (3) is infeasible 

A,B,K,L System (3) is infeasible 

A,B,D,G System (3) is infeasible 

D,G,J,K System (3) is infeasible 

D,G,J,K,L 0.003138222 0.00001 0.277309 0.00001 0.003919412  

A,B,J,K,L 0.007858824 0.00001 -0.8084294 0.00001 0.003919412  

A,B,D,G,K System (3) is infeasible 
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Table6 Influence of deleting efficient DMUs on efficiency status of I 

 

Deleted 

DMU 
&� &� &( +� +�  

A 0.002719436 0.005162491 -0.032942 0.033252 0.00001  

B 0.003337367 0.0033087 0.03503033 0.033252 0.00001  

D System (2) is infeasible 

G System (2) is infeasible 

J System (2) is infeasible 

K System (2) is infeasible 

L 0.00317158 0.004800776 -0.08267785 0.033252 0.00001  

A,B 0.003681978 0.002274865 0.07293762 0.033252 0.00001  

B,D 0.003337367 0.0033087 0.03503033 0.033252 0.00001  

J,K System (3) is infeasible 

J,K,L 0.00317158 0.004800776 -0.08267785 0.033252 0.00001  

B,D,G 0.003337367 0.0033087 0.03503033 0.033252 0.00001  

D,J,K System (3) is infeasible 

A,B,K,L 0.004163375 0.002102937 -0.001335 0.033252 0.00001  

A,B,D,G 0.004117486 0.0009683429 0.1208434 0.033252 0.00001  

D,G,J,K System (3) is infeasible 

D,G,J,K,L 0.00317158 0.004800776 -0.08267785 0.033252 0.00001  

A,B,J,K,L 0.001726995 0.002973073 0.3745636 0.033252 0.00001  

A,B,D,G,K 0.00001 0.0132908 -0.33098 0.033252 0.000011  

 

Now through solving model (4) we can determine the minimum number of efficient 

DMUs among ?D, E, A, F, G, H, I@ that should be deleted in a way that the inefficient 

units become efficient. For this purpose we solve model (4) through using the software 

Lingo (Let M= 10J, - � 10KL)and the related results is reported in table7. 

 

 
Table7 Optimal value of objective function of model (4) 

 

 A=B( �C A=B( �E A=B( �F A=B( �H A=B( �I 

M∗ � 1 1 3 (4) is infeasible 1 

 

In Table7 O∗ � 1 for DMUP � C, E	and	I. This means the minimum number of DMUs 

among ?D, E, A, F, G, H, I@ that should be deleted in a way that C or E or I becomes 

efficient is equal to 1. As it can be seen in Table(2), C becomes efficient by deleting B, 

E becomes efficient by deleting A but I becomes efficient by deleting any of A or B. 

on the other hand O∗ � 3 for DMUP � F that means the minimum number of deleted 

DMUs for this unit is equal to 3, As it can be seen in Table (2), too. Deleted DMUs for 

F are J, K and L. Furthermore model (4) is infeasible for  A=B( �H that means H will 

not become efficient by deleting all of the efficient units A, B D, G, J, K and L.  
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5. Conclusion 
 

In this paper first a system has been presented to show whether an inefficient A=B  

becomes efficient or it still preserves its inefficiency through deleting an extreme 

efficient DMU. If the presented system is feasible then it becomes efficient and if it is 

infeasible then it preserves its inefficiency. The presented system has been generalized 

for deleting multiple DMUs. Furthermore a model has been presented to determine the 

minimum number of DMUs among a special set of DMUs that is necessary to delete 

for making an inefficient DMU to efficient one. For future studies, this idea may be 

used for ranking DMUs. Finally the mentioned systems and model have been utilized 

for a set of DMUs and the results have been reported.  
 

 

 

References 
 

 

[1] Banker R D, Charnes A and Cooper W W (1984). Some model for estimating 

technical and scale inefficiencies in data envelopment analysis, Manage. Sci. 30: 

1078-1092. 

 

[2] Charnes A, Cooper W W, Rhodes E (1978). Measuring the efficiency of decision 

making units. European Journal of Operational Research 2 (6): 429–444. 

 

[3] Charnes A, Cooper W W, Lewin A Y, Morey R C and Rousseau J J (1985). 

Sensitivity and stability analysis in DEA. Annals of Operations Research 2: 139–156. 

 

[4] Charnes A, Cooper W W and Li S (1989). Using DEA to evaluate relative 

efficiencies in the economic performance of Chinese-Key cities. Socio-Economic 

Planning Sciences 23: 325–344. 

 

[5] Cook W D and Seiford L M (2009). Data envelopment analysis (DEA) – Thirty 

years on. European Journal of Operational Research 192: 1–17. 

 

[6] Cooper W W, Li S, Seiford L M, Tone K, Thrall R M, Zhu J (2001). Sensitivity 

and Stability Analysis in DEA: Some Recent Developments, Journal of  Productivity 

Analysis 15: 217-246. 

 

[7] Cooper W W, Seiford L M and Tone K (2007). Data Envelopment Analysis. 

second edition, National Graduate Institute for Policy Studies, Japan, 2007 

 

[8] Jahanshahloo G R, Hosseinzadeh Lotfi F and Moradi M (2004). Sensitivity and 

Stability analysis in DEA with interval data. Applied Mathematics and Computation 

156:463-477. 

 



 

1192                                                                                              Abbas Ali Noora et al. 
 

 

 

[9] Jahanshahloo G R, Hosseinzadeh F, Shoja N, Sanei M and Tohidi G (2005a). 

Sensitivity and stability analysis in DEA.  Applied Mathematics and Computation 169: 

897-904. 

 

[10] Jahanshahloo G R, Hosseinzadeh Lotfi F, Shoja N, Tohidi G and Razavyan S 

(2005b). A one-model approach to classification and sensitivity analysis in DEA. 

Applied Mathematics and Computation 169: 887-896. 

 

[11] Jahanshahloo G R, Hosseinzadeh Lotfi F, Kharazmi S A and Khanmohammadi M 

(2012). Sevsitivity and stability analysis on the first and second levels of efficiency 

score relative to data error. Applied Mathematical Modelling 36: 6132-6136. 

 

[12] Li S K and Cheng Y Sh (2007). Solving the puzzles of structural efficiency. 

European Journal of Operational Research. 180: 713-722   

 

[13] Seiford L H (1996). Data envelopment analysis: The evolution of the state of the 

art (1978-1995), J Product Anal. 7: 99-137. 

 

[14] Seiford L M, Zhu J (1998). Stability regions for maintaining efficiency in data 

envelopment analysis. European Journal of Operations research 108: 127-139. 

 

[15] Zhu J (2001). Super-efficiency and DEA sensitivity analysis. European Journal of 

Operations research 129: 443-455. 

 

 

Received: January 5, 2013 


