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Abstract
The purpose of this paper is to characterize conditions for the con-
vergence of the Ishikawa iterative scheme with errors in the sense of
Agarwal et al. to the common fixed point of two ¢-hemicontractive
mappings in a nonempty convex subset of an arbitrary Banach space.
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1 Introduction and preliminaries

Let K be a nonempty subset of an arbitrary Banach space X and X™* be its
dual space. The symbols D(T) and F(T) stand for the domain and the set of
fixed points of T' (for a single-valued map 7' : X — X, x € X is called a fized
point of T iff T'(x) = ). We denote by J the normalized duality mapping from
X to 2% defined by

J@)={f e X :(x, f)= x|’ ="}, zeX

We shall denote the single-valued duality mapping by j.
Let T: D(T) € X — X be a mapping.

Definition 1.1. ([4],[10]) (1) T is said to be strongly pseudocontractive if
there exists a constant ¢ > 1 such that for all x, y € D(T), there exists
jlx —y) € J(z — y) satisfying

Re (Tx — Ty, j(z —y)) <t |jz — y|*.

(2) T is said to be strictly hemicontractive if F(T) # () and there exists
a constant ¢ > 1 such that for all x € D(T) and g € F(T), there exists
j(x —y) € J(xr — y) satisfying
Re (Tz —q,j(x —q)) <t |z —q|*.
(3) T is said to be ¢-strongly pseudocontractive if there exists a strictly
increasing function ¢ : [0,00) — [0,00) with ¢(0) = 0 such that for all z,
y € D(T), there exists j(x —y) € J(x — y) satisfying

Re (T2 — Ty, j(z —y)) < o —yl* = o(llz —yl) |« —y] -

(4) T is said to be ¢-hemicontractive if F(T) # () and if there exists a
strictly increasing function ¢ : [0, 00) — [0, 00) with ¢(0) = 0 such that for all
x € D(T) and q € F(T), there exists j(x —y) € J(x — y) satisfying

Re(Tz —q,j(x — q)) < llz — q|* — ¢(|lz — ql|) = — gl -

Clearly, each strictly hemicontractive mapping is ¢-hemicontractive. It was
shown in [4], [10] that the classes of strongly pseudocontractive (respectively, ¢-
strongly pseudocontractive) mappings with fixed points are proper subclasses
of the classes of strictly hemicontractive (respectively, ¢-hemicontractive) map-

pings.
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Chidume [3] established that the Mann iteration sequence converges strongly
to the unique fixed point of T in case T is a Lipschitz strongly pseudo-
contractive mapping from a bounded closed convex subset of L, (or [,) into
itself. Afterwards, several authors generalized this result of Chidume in various
directions [5]-[9], [11] and [12]-][14].

The purpose of this paper is to characterize conditions for the convergence
of the Ishikawa iterative scheme with errors in the sense of Agarwal et al. [1]
to the common fixed point of two ¢-hemicontractive mappings in a nonempty
convex subset of an arbitrary Banach space. Our results improve and generalize
most results in recent literature [5], [6], [8] and [13].

The following resuls are now well known.

Lemma 1.2. ([2]) For all z, y € X and j(x +y) € J(z +y), we have
lz + ylI* < [l2]* + 2Re (y, j(z + y)).

Lemma 1.3. Let {0,} be a sequence of nonnegative real numbers and {\,}
be a real sequence satisfying 0 < X\, <1 and )~ N, = co. Suppose that there
ezists a strictly increasing function ¢ : [0,00) — [0, 00) with ¢(0) = 0. If there
exists a positive integer ng such that

QTQLH < 6721 — M@ (0n41)0n11 + 0n + Yny VN> ng,

where o, > 0 for alln > 1, 0, = o(A\,) and Y.~ o Y < 00, then lim, o 6, = 0.

2 Main results

Now we prove our main results.

Theorem 2.1. Let K be a nonempty convex subset of an arbitrary Banach
space X and T, S : K — K be two uniformly continuous and ¢-hemicontractive
mappings. Suppose that {u,}>°, and {v,}5°, are bounded sequences in K and
{an}nZo, {bn}nZo, {en}nto, {an}nZo, {Uh}ate and {c, ;72 are sequences in [0, 1]
satisfying conditions

(i) an +by+cp=a, +b,+c, =1 foralln>0,
(i) limy,— oo by = limy, oo ¢, = limy, o0 b, = 0,
(i) Y2 b, = oo,
(iv) ¢, = o(b,).
For arbitrary xo € K, let {x,}5°, be a sequence defined iteratively by
{yn = anx/n + b,S1, + cpy, (2.1)
Tp1 = @ Ty + b Ty, + L vp, n>0.
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Then the following conditions are equivalent:
(a) {x,}52, converges strongly to the common fized point q¢ of T and S.
(b) {Tyn}2, is bounded.

Proof. From (iv), we have ¢, = t,b],, where t,, — 0 as n — oco. Since T

and S are ¢-hemicontractive, it follows that F/(T') N F(S) is a singleton. Let
F(T)N F(S) = {q} for some ¢ € K.

Suppose that lim, ., z, = ¢. Then from (ii) and the uniform continuity of
T and S, we yield that

lim y, = lim [a, 2, + 0,52, + chu,] = ¢,

n—oo n—oo

which implies that lim,,_,. Ty, = ¢. Therefore {T'y,, }2°, is bounded.
Put

M,y = ||zg — q|| +sup || Tyn — q|| + sup ||u, — q|| +sup [Jv, —q]| .
n>0 n>0 n>0

Obviously M; < co. It is clear that [|zg — p|| < M;. Let ||z, — p|| < M;. Next
we will prove that ||z,+1 — p|| < M.
Consider

[

= Ha/n(xn - Q) + b;(Tyn - Q) + C/n(vn - Q)H

< (1 =) l|wn = gll + b, [Ty — qll + ¢, [[vn — 4l
< (1 =b,) My + by, [Ty — qll + ¢, [[vn — 4l

= (1= 4)(lzo = qll + sup [Ty, — qll + sup|ju, — gl +sup [[o, — pl| )
n>0 n>0 n>0

+ 0, 1 Tyn — all + ¢, lvn — g
< llao = all + (1 =8, sup [Ty — all +8, [ T — ] )

+sup Ju, — gl + (L = b)) sup vn — gl + 8, [|on — q] )

n>0 n>0
< [lzo = gll + sup [[Tyn — gl + sup [[un — ]| + sup [Jvn, — q||
n>0 n>0 n>0

::A4L

So, from the above discussion, we can conclude that the sequence {z,, —q}32 is
bounded. Since S is uniformly continuous, so {[|Sz, — ¢||}2, is also bounded.
Thus there is a constant My > 0 satisfying

My = sup ||z, — q|| + sup || Sz, — q|| + sup ||y — q||
n>0 n>0 n>0

+ sup || Ty, — q|| + sup |[u, — q|| +sup [Jv, —q]| .
n>0 n>0 n>0
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Denote M = M; + M;. Obviously M < oc.
Let w, = ||Tyy — Txp41| for each n > 0. The uniform continuity of T
ensures that
lim w, =0

because
Hyn - anrlH
= |bn(Sxn — ) + V(X0 — Tyn) + cn(tn — xn) — ¢, (v, — ) ||
< b 1520 — @l + U, |20 — Tynll + cn llun — 20| + ¢, (v — 24|
< 2My(by + ¢ + (1 4+ t,)0))
—0

as n — 00.
By virtue of Lemma 1.2 and (2.1), we infer that

[l
= |la}(zn — @) + U, (Tyn — @) + ) (va — )|
< (1= 8,)* [lzn — qll* + 26, Re (Tyn — ¢, j(zns1 — @)

+ 2¢,Re (v, — ¢, j(Tng1 — q))
< (1=, [lzn — gqI* + 26, Re (Typ = Tnya, j (@041 — q))

+ 20, Re (Twni1 — ¢, §(ns1 — @) + 26, lvn — ql| [|2ns1 — gl
< (1=, l2n — qll* + 26, | Ty — Tnia || 12011 — g

+ 26, |1 — qlf* = 20, 6(||zns1 — qll) llznsr — gll + 2M°¢,
= (1= ) Jzn — ql® + 2Mbj,wy, + 20, ||zps1 — ql|”

= 20,0 (|znt1 — qll) llznsa — gl +2M7¢,.

(2.2)

Consider
s = plI* = llar, (@0 — @) + 8,(Tya = a) + €, (02 — Q)II
< ay o — qll* + b, 1Ty — all” + ¢, [lon — gl (2.3)
< lln = all” + M*(H, + ),
where the first inequality holds by the convexity of ||-||* .
Substituting (2.3) in (2.2), we get
|nen = all® < 11— 0L)* + 26, [l — gl + 2M], (wn + M (B, + 2t,))
= 26,0 ([Zn1 — gll) [|2ns1 — g
< Jlan — qll* + M, (3MY, + 2 (wy, + 2Mt,,)) (2.4)
= 26,0 ([|n 41 — gll) [|2ns1 — gl
= |l — al* + ln — 20, 0(|20s1 — all) 1201 — all,



868 N. Hussain, A. Rafiq and Shin Min Kang

where
l, = M(3Mb,, + 2 (w, + 2Mt,)) — 0 (2.5)

as n — 00.

Let § = inf{||z,11 —¢|| : n > 0}. We claim that 6 = 0. Otherwise 6 > 0.
Thus (2.5) implies that there exists a positive integer N7 > Ny such that
I, < ¢(6)0 for each n > Nj. In view of (2.4), we conclude that

|Znt1 — QH2 < [l@n — CIHQ — ¢(8)dby,, n > Ny,

which implies that
n=N1
which contradicts (iii). Therefore 6 = 0. Thus there exists a subsequence

{n, 41120 of {zn+1}5°, such that

lim x,,11 = q. (2.6)

1— 00

Let € > 0 be a fixed number. By virtue of (2.5)and (2.6), we can select a
positive integer 7y > N; such that

meoﬂ —q|| <€, l<ole)e, n>ny. (2.7)
Let p = n;,. By induction, we show that
|Zpm —q|| <€, m>1. (2.8)

Observe that (2.7) means that (2.8) is true for m = 1. Suppose that (2.8) is
true for some m > 1. If ||2p1mi1 — || > €, by (2.4) and (2.7), we know that

€ < ||2prm1 — gl
.1

H2 p+m'p+m
1-—20

p+m

S pr+m —(q

20/

p+m

1

p+m
<&y by sm®(€)e B 2by, ()€ <&
1 -2 1—20 7

pt+m p+m

zprmir = gll) Zprmr — 4l

which is impossible. Hence ||z,+m+1 —¢|| < e. That is, (2.8) holds for all
m > 1. Thus (2.8) ensures that lim,, .., x, = ¢. This completes the proof. [

Using the method of proof in Theorem 2.1, we have the following result.
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Theorem 2.2. Let X, K, T, S, {u,}>2,, {va}2, be as in Theorem 2.1.

SUppOS@ that {an}n 0> {b }n =0 {Cn}n =0 {an}n 0> {b, }n =0 and {Cn} = are
sequences in [0, 1] satisfying the conditions (1)-(iil) and > >~ ¢, < 0.

n=0""n

For arbitrary zo € K, let {x,}>2, be the sequence defined iteratively by
(2.1). Then the conclusions of Theorem 2.1 hold.

Proof. Substituting (2.3) in (2.2), we get

|Tni1 — QH2

< (1= 0,)% + 20 ] [l — gl + 20, (w, + M (B, + ¢,))
=20, 0([|2ns1 — qll) llznss — gl +2M7¢,

< |lza — ql* + MY, (2w, + M (3V), + 2¢,))
=20, 0([|2ns1 — ) llznss — gl +2M7¢,

= ||z — qlI* = 20,0 (| wn 1 — qll) llznsr — qll + 0,1, + 2M7C),,

where
I, =M (2w, + M (3b], + 2¢},)) — 0,
as n — 00.
It follows from Lemma 1.3 that lim, . ||z, — ¢|| = 0. O

Corollary 2.3. Let K be a nonempty convex subset of an arbitrary Banach
space X and T : K — K be a uniformly continuous and ¢-hemicontractive
mappings. Suppose that {u,}>>, and {vn}n ° o are bounded sequences in K
and {an 1220, {bn}o 0, {en}0, {a),}2%,, {015, and {c,}5° are sequences in
0, 1] satisfying the conditions (i)-(iv).

For arbitrary xo € K, let {x,}5°, be a sequence defined iteratively by

{yn = anx/n + b, T2, + chuy,, (2.9)
Tp1 = a,Tp + b Ty, + v, n>0.

Then the following conditions are equivalent:
(a) {xn}2 converges strongly to the fized point q of T.
(b) {Tyn}2, is bounded.

Corollary 2.4. Let X, K, T, {u,}32, and {v,}32, be as in Corollary 2.3.

SUppOS@ that {an}n 0 {b }n 0’ {Cn}n 0’ {an}n 0> {b, }n 0 and {Cn} =0 are
sequences in [0, 1] satisfying the conditions (i)-(iii) and > 2 ¢l < 0.

n=0"n

For arbitrary xo € K, let {x,}5°, be the sequence defined iteratively by
(2.9). Then the conclusions of Corollary 2.3 hold.

Corollary 2.5. Let K be a nonempty convex subset of an arbitrary Banach
space X and T, S : K — K be two uniformly continuous and ¢-hemicontractive



870 N. Hussain, A. Rafiq and Shin Min Kang

mappings. Suppose that {a, }5° o and {3, }52, are sequences in [0, 1] satisfying
conditions

(v) limy, o v, = 0 = lim,, o B,

(vi) 225—g om = 00

For arbitrary xy € K, let {x,}22, be a sequence defined iteratively by

{yn = (1 - Bn)xn + ﬂnsxm

Tpr1 = (1 —ap)zy + @, Ty, n>0.

Then the following conditions are equivalent:
(a) {x,}52 converges strongly to the common fized point q¢ of T and S.
(b) {Tyn}e2, is bounded.

Corollary 2.6. Let X, K, T be as in Corollary 2.5. Suppose that {c,}2,
and {5, }52, are sequences in [0,1] satisfying the conditions (v) and (vi).
For arbitrary xy € K, let {x,}22, be a sequence defined iteratively by

Tpr1 = (1 —ap)zy + @, Ty, n>0.

Then the following conditions are equivalent:
(a) {z,}52, converges strongly to the fized point q of T.
(0) {Tyn}22, is bounded.
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