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Abstract. Let X be a semi-inner product module over a Banach ∗-algebra
A and γ a C∗-seminorm or a positive linear functional on A, we define a real
function Γ on X by Γ(x) = (γ(〈x, x〉))1/2. we find necessary and sufficient
conditions for the triangle equality Γ(x+y) = Γ(x)+Γ(y) of elements x and y
in a semi-inner product module over unital Banach ∗-algebras, unital hermitian
Banach ∗-algebras and A∗-algebras in terms of the numerical range.
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1. Introduction

The classical numerical range of an operator T ∈ B(H) is defined as the set

W (T ) = {〈Tx, x〉 : x ∈ H, ‖x‖ = 1}.
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Let A be a C∗-algebra, a state on A is a positive functional ϕ on A such that
‖ϕ‖ = 1. The set of all states on A will be denoted by S(A), and the numerical
range of arbitrary element a ∈ A is defined by

V (a) = {ϕ(a) : ϕ is a state on A}.
The norm equality

‖x+ y‖ = ‖x‖ + ‖y‖(1.1)

in normed linear spaces is well known and considered. Barraa and Boumazgour
[3] characterized the norm equality for Hilbert space operators, in terms of the
numerical range:

‖T1 + T2‖ = ‖T1‖ + ‖T2‖ if and only if ‖T1‖‖T2‖ ∈W (T ∗
1T2)

−.

Nakamoto and Takahasi [8] generalized it for elements of C∗-algebras:

‖a+ b‖ = ‖a‖ + ‖b‖ if and only if ‖a‖‖b‖ ∈ V (a∗b).

Arambasic and Rajic in [1] presented a necessary and sufficient condition for
the norm equality (1.1) of elements x and y in a pre-Hilbert C∗-module in
terms of the numerical range.
Hilbert C∗-modules form a category in between Banach spaces and Hilbert
spaces and obey the same axioms as a Hilbert space except that the inner
product takes values in a general C∗-algebra than the complex number C. This
simple generalization gives a lot of trouble. Fundamental and familiar Hilbert
space properties like Pythagoras equality, self-duality and decomposition into
orthogonal complements must be given up. Moreover, a bounded module map
between Hilbert C∗-modules need not have an adjoint; not every adjointable
operator need have a polar decomposition. Hence to get its applications, we
have to use it with great care. In Particular for semi-inner modules over ∗-
algebras.

In this paper we give the equality (1.1) for C∗-seminorms replacing norms in
certain abstract structures called semi-inner product modules over ∗-algebras.
In the special case over unital hermitian Banach ∗-algebras we give a necessary
and sufficient condition for the triangle equality of the Pták important func-
tions (see Remark 2). In order to do that we state and prove a version of [7,
Theorem 3.3.6] for ∗-algebras and unital hermitian Banach ∗-algebras (i.e., the
following Remark 1(c), Proposition 1). Furthermore, we need Schwarz type
inequalities for C∗-semi norms and positive linear functionals on mentioned
algebras, see the inequalities (2.6) and (2.7).

2. Preliminary

Let A be a ∗-algebra. We define A+ by

A+ =

{
n∑

k=1

a∗kak : n ∈ N, ak ∈ A for k = 1, 2, ..., n

}
,
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and call the elements of A+ positive.
The set A+ of positive elements is obviously a convex cone (i.e., it is closed

under convex combinations and multiplication by positive constants). Hence,
we call A+ the positive cone. By definition, zero belongs to A+. It is also
clear that each positive element is hermitian. A seminorm γ on A is a real-
valued function on A such that for a, b ∈ A and λ ∈ C: γ(a) ≥ 0, γ(λa) =
|λ|γ(a), γ(a+ b) ≤ γ(a)+γ(b). A seminorm γ on A is called a C∗-seminorm
if it satisfies the C∗-condition: γ(a∗a) = (γ(a))2 (a ∈ A). By Sebestyen’s
theorem [5, Theorem 38.1] every C∗-seminorm γ on a ∗-algebra A is submul-
tiplicative, i.e., γ(ab) ≤ γ(a)γ(b) (a, b ∈ A), and by [4, Section 39, Lemma 2
(i)] γ(a) = γ(a∗).

For every a ∈ A, the spectral radius of a is defined to be r(a) = sup{|λ| :
λ ∈ σA(a)}, the special function Pták ρ on ∗-algebra A defined to be ρ :
A → [0,∞), where ρ(a) = r(a∗a)1/2. This function has important roles in
Banach ∗-algebras, for example on C∗-algebras ρ is equals to the norm and
on hermitian Banach ∗-algebras ρ is the greatest C∗-seminorm. Also, by [9,
Proposition 9.5.3.(h)] every spectral C∗-seminorm on a ∗-algebra is equals to
the Pták function. By utilizing properties of the spectral radius and the Pták
function, V. Pták [10] showed that an elegant theory for Banach ∗-algebras
arises from the inequality r(a) ≤ ρ(a).
This inequality characterizes hermitian (and symmetric) Banach ∗-algebras,
and further characterizations of C∗-algebras follow as a result of Pták theory.

Definition 1. Let A be a ∗-algebra. A semi-inner product A-module (or
semi-inner product ∗-module) is a complex vector space which is also a right
A-module X with a sesquilinear semi-inner product 〈·, ·〉 : X × X → A,
fulfilling

〈x, ya〉 = 〈x, y〉 a (right linearity)

〈x, x〉 ∈ A+ (positivity)

for x, y ∈ X, a ∈ A. Furthermore, if X satisfies the strict positivity condition

x = 0 if 〈x, x〉 = 0, (strict positivity)

then X is called an inner product A-module (or inner product ∗-module).
Let γ be a seminorm or a positive linear functional on A and Γ(x) =

(γ (〈x, x〉))1/2 (x ∈ X). If Γ is a seminorm on a semi-inner product A-module
X, then (X,Γ) is said to be a semi-Hilbert A-module.

If Γ is a norm on an inner product A-module X, then (X,Γ) is said to be a
pre-Hilbert A-module.

A pre-Hilbert A-module which is complete with respect to its norm is called
a Hilbert A-module.

Since 〈x+ y, x+ y〉 and 〈x+ iy, x+ iy〉 are self adjoint, therefore we get the
following Corollary.
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Corollary 1. If X is a semi-inner product ∗-module then the following sym-
metry condition holds:

〈x, y〉∗ = 〈y, x〉 for x, y ∈ X. (symmetry)

If X is a semi-inner product C∗-module, then the following Schwarz inequal-
ity holds:

‖〈x, y〉‖2 ≤ ‖〈x, x〉‖‖〈y, y〉‖ (x, y ∈ X).(2.1)

(e.g. [11, Lemma 15.1.3]).
Now let A be a ∗-algebra, ϕ a positive linear functional on A and X be

a semi-inner A-module and Φ(x) = (ϕ(〈x, x〉))1
2 (x ∈ X). We can define a

sesquilinear form on X ×X by σ(x, y) = ϕ (〈x, y〉); the Schwarz inequality for
σ implies that

|ϕ (〈x, y〉)|2 ≤ ϕ (〈x, x〉)ϕ (〈y, y〉) .(2.2)

Or

|ϕ (〈x, y〉)| ≤ Φ(x)Φ(y).(2.3)

This implies that

Φ(x+ y) ≤ Φ(x) + Φ(y),(2.4)

and

Φ(x+ y) = Φ(x) + Φ(y) if and only if ϕ (〈x, y〉) = Φ(x)Φ(y).(2.5)

In [6, Proposition 1, Remark 1] the authors present two other forms of the
Schwarz inequality in semi-inner A-moduleX, one for positive linear functional
ϕ on A:

ϕ (〈x, y〉 〈y, x〉) ≤ ϕ (〈x, x〉) r (〈y, y〉) ,(2.6)

another one for C∗-seminorm γ on A:

γ (〈x, y〉)2 ≤ γ (〈x, x〉) γ (〈y, y〉) .(2.7)

They also show that (2.6) is a refinement of (2.1).

Example 1. (a) Let A be a ∗-algebra and γ a positive linear functional or
a C∗-seminorm on A. It is known that (A, γ) is a semi-Hilbert A-module
over itself with the inner product defined by 〈a, b〉 := a∗b, in this case
Γ = γ.

(b) Let A be a hermitian Banach ∗-algebra and ρ be the Pták function on A.
If X is a semi-inner product A-module and P (x) = (ρ(〈x, x〉))1/2(x ∈ X),
then by (2.7), (X,P ) is a semi-Hilbert A-module.
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3. unital banach ∗-algebras

We will assume unless stated otherwise throughout this section that A is
a unital Banach ∗-algebra and γ is a C∗-seminorm on A. A state on A is a
positive linear functional ϕ on A such that ϕ(1) = 1. The set of all states on
A will be denoted by S(A).
If ϕ is a positive linear functional on A, then by [9, Proposition 9.4.22 (i)] the
Hilbert bound ‖ϕ‖H = sup{|ϕ(a)|2 : a ∈ A; ϕ(a∗a) ≤ 1} is equals to ϕ(1).
Hence ϕ is a state iff ‖ϕ‖H = 1. When studying algebras without identity it
common to define a state as a positive linear functional ϕ such that ‖ϕ‖H = 1.

Notation. We denoted by S(A, γ) the set of all positive linear functionals
ϕ on A such that
|ϕ(a)| ≤ γ(a) (a ∈ A) and ϕ(1) = 1. Also we define

V (a, γ) = {ϕ(a) : ϕ ∈ S(A, γ)} (a ∈ A).

Remark 1. (a) It is obvious that S(A, γ) ⊆ S(A) and V (a, γ) ⊆ V (a).
(b) On any unital Banach ∗-algebra A there is a very useful seminorm, called

the Gelfand-Naimark seminorm, which is greatest C∗-seminorm on A.
We denoted it by α, which is defined to be α(x) = sup{ϕ(x∗x)1/2 : ϕ ∈
S(A)}(x ∈ A). In this case S(A, α) = S(A) by [5, Propositon 30.5 (c)].
Furthermore γ(a) ≤ ρ(a) since by [5, Propositon 30.5 (f)] α(a) ≤ ρ(a).

(c) Suppose that a is a positive element of A, by [2, Theorem 6.1.4] there
exists a self-adjoint element b in A such that a = b2. Now [4, Section 39,
Lemma 11] implies that there exists a ϕ ∈ S(A, γ) such that ϕ(a) = γ(a).
That is a generalization of [7, Theorem 3.3.6] for unital Banach ∗-algebras.

In the next theorem we generalize [1, Theorem 2.1] to semi-Hilbert A-
modules.

Theorem 1. Let (X,Γ) be a semi-Hilbert A-module where Γ(x) = (γ(〈x, x〉))1/2(x ∈
X) and x, y ∈ X. Then the equality Γ(x+ y) = Γ(x) + Γ(y) holds if and only
if Γ(x)Γ(y) ∈ V (〈x, y〉, γ).
Proof. Suppose Γ(x + y) = Γ(x) + Γ(y), by Remark 1(c) there is a positive
linear functional ϕ ∈ S(A, γ) such that

ϕ(〈x+ y, x+ y〉) = γ(〈x+ y, x+ y〉) = Γ(x+ y)2.

Therefore Φ(x + y) = Γ(x + y) and since ϕ ∈ S(A, γ) we have Φ(x) ≤ Γ(x)
and Φ(y) ≤ Γ(y). Now using the triangle inequality (2.4) and the assumption
we get

Γ(x+ y) = Φ(x+ y) ≤ Φ(x) + Φ(y)

≤ Γ(x) + Γ(y) = Γ(x+ y).

It follows that

[Γ(x) − Φ(x)] + [Γ(y) − Φ(y)] = 0,
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therefore Γ(x) = Φ(x),Γ(y) = Φ(y) and Φ(x + y) = Φ(x) + Φ(y). Now by
(2.5), ϕ(〈x, y〉) = Φ(x)Φ(y) = Γ(x)Γ(y) hence Γ(x)Γ(y) ∈ V (〈x, y〉, γ).

Conversely, suppose Γ(x)Γ(y) ∈ V (〈x, y〉, γ). Then there is a ϕ ∈ S(A, γ)
such that ϕ(< x, y >) = Γ(x)Γ(y) and Φ(x) ≤ Γ(x),Φ(y) ≤ Γ(y). From the
Schwarz inequality (2.3) we obtain

Γ(x)Γ(y) = |ϕ(〈x, y〉)| ≤ Φ(x)Φ(y) ≤ Γ(x)Γ(y)

and then Φ(x) = Γ(x),Φ(y) = Γ(y) and ϕ(〈x, y〉) = Φ(x)Φ(y). By (2.5) we
get Φ(x+ y) = Φ(x) + Φ(y) consequently

Γ(x) + Γ(y) = Φ(x) + Φ(y) = Φ(x+ y) ≤ Γ(x+ y).

The proof is completed.

Corollary 2. [1, Theorem 2.1] Let A be a C∗-algebra, X a pre-Hilbert A-
module and x, y ∈ X. Then the equality ‖x+ y‖ = ‖x‖+ ‖y‖ holds if and only
if ‖x‖‖y‖ ∈ V (〈x, y〉).

4. unital hermitian banach ∗-algebras

We recall that the involution in a ∗-algebra A is said to be hermitian if
every hermitian element in A has real spectrum. When the involution in a
∗-algebra A is hermitian then A is called hermitian algebra. Many ∗-algebras
are hermitian, for instance all C∗-algebras are hermitian, as are the group
algebras of abelian or compact groups. We will assume unless stated otherwise
throughout this section that A is a unital hermitian Banach ∗-algebra and ρ
is the Pták function on A.

The following proposition is a generalization of [7, Theorem 3.3.6] for unital
hermitian Banach ∗-algebras.

Proposition 1. If a is a normal element of A then there is a state ϕ on A
such that |ϕ(a)| = r(a) = ρ(a).

Proof. We may assume that a = 0. Let B be a maximal commutative ∗-
subalgebra containing a, 1, we know that B is closed. Let Ω(B) be the set of
characters (multiplicative linear functionals) on B and for a ∈ B, â be the map
τ �→ τ(a) from Ω(B) to the set of complex numbers. Since B is abelian and
â is continuous on the compact space Ω(B), there is a character τ on B such
that r(a) = ‖â‖∞ = |τ(a)|. Therefore, for each b ∈ B

|τ(b)|2 = ¯τ(b).τ(b) = τ(b∗).τ(b) = τ(b∗b) ≤ r(b∗b) = ρ(b)2.

Since ρ is a seminorm on A, by the Hahn-Banach theorem, there is an extension
ϕ of τ from B to A such that |ϕ(a)| ≤ ρ(a) (a ∈ A). Since τ is multiplicative
and ϕ extends τ we have ϕ(1) = 1 hence ϕ is a state by [5, Theorem 33.11]
and |ϕ(a)| = r(a) = ρ(a).

Remark 2. Let A be a unital hermitian Banach ∗-algebra, (X,P ) a pre-
Hilbert A-module where P (x) = (ρ(〈x, x〉))1/2(x ∈ X).
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(i) By [5, Proposition 33.12] the Pták function ρ is equals to the Gelfand-
Naimark seminorm α therefore S(A, ρ) = S(A, α) = S(A) and so V (a, ρ) =
V (a). In this case Theorem 1 becomes: the equality P (x+ y) = P (x) +
P (y) holds iff P (x)P (y) ∈ V (〈x, y〉).

(ii) It is known that (A, ρ) is a semi-Hilbert A-module over itself with the
inner product defined by 〈x, y〉 := x∗y. In this case, P = ρ therefore for
x, y ∈ A we have

ρ(x+ y) = ρ(x) + ρ(y) if and only if ρ(x)ρ(y) ∈ V (x∗y, ρ) = V (x∗y).

(iii) If 〈x, y〉 is a self-adjoint element of A for some x, y ∈ X. The Proposi-
tion 1 and Theorem 1 imply that the following statements are mutually
equivalent:

(a) P (x+ y) = P (x) + P (y).
(b) ρ(〈x, y〉) = P (x)P (y).

That is interesting in its own right.

5. A∗-modules

We recall that a Banach ∗-algebra (A, ‖.‖) is said to be an A∗-algebra pro-
vided there exists on A a second norm |.|, not necessarily complete, which is a
C∗-norm. The second norm will be called an auxiliary norm and the comple-
tion of (A, |.|) is a C∗-algebra and is denoted by C∗(A). Any C∗-algebra is an
A∗-algebra. An important example of a Banach ∗-algebra whose norm does
not satisfy the condition ‖x‖2 = ‖x∗x‖, but is an A∗-algebra, is the group al-
gebra L1(G) of a locally compact group G. Another example of an A∗-algebra
is provided by any semisimple real commutative Banach algebra. In this case,
the involution is the identity map and auxiliary norm is the spectral radius
r. Also a semisimple hermitian Banach ∗-algebra is an A∗-algebra [4, Section
41, Corollary 10]. Gelfand and Naimark [5] give an example of an A∗-algebra,
which is not hermitian.

Theorem 2. Let A be a unital A∗-algebra, (X, ‖.‖) a pre-Hilbert A∗-module
where ‖x‖ = |〈x, x〉|1/2. Then, for all x, y ∈ X, ‖x + y‖ = ‖x‖ + ‖y‖ holds if
and only if ‖x‖‖y‖ ∈ V (〈x, y〉).
Proof. Put B = C∗(A), first we show that S(B)|A the set of all restrictions to
A of each member in S(B) is equals to S(A). Let ϕ be a state on A∗- algebra
A. Define ϕ̃ on A1 = A⊕C1 the unitization of A by ϕ̃(a+λ1) = ϕ(a)+λ. The
proof of Proposition (21.7) of [5] shows that ϕ̃ is a positive linear functional on
A1, also ϕ̃(1) = 1 therefore ϕ̃ is a state on A1. By the Hahn-Banach theorem,

there is an extension ψ̃ of ϕ̃ from A1 to B1 such that ψ̃(1) = ϕ̃(1) = 1.

Therefore ψ := ψ̃|B is positive and ϕ = ψ|A, i.e., every state on A is the
restriction to A of some state on B. Now suppose ϕ is a state on B. Since
A is unital so B, therefore ϕ|A the restriction ϕ to A is a state on A. Hence
S(B)|A = S(A).
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Now if a is a normal element of A∗-algebra A then a is a normal element of
C∗-algebra B therefore there is a state ϕ on B, consequently on A such that
|ϕ(a)| = |a|. This and Theorem 1 imply that for all x, y ∈ X, ‖x + y‖ =
‖x‖ + ‖y‖ holds if and only if ‖x‖‖y‖ ∈ V (〈x, y〉).

References
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