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Abstract

In this paper, the adomian decomposition method is applied to non-
linear heat equation with exponential nonlinearity. This method is
tested for some examples. The results obtained show that the method
is efficient and accurate. This study showed also, the speed of the con-
vergent of Adomian decomposition method.
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1 Introduction

The Adomian decomposition method (ADM) developed by Adomian in 1984
[1,2].This method consist of splitting the given equation into linear and nonlin-
ear parts, inverting the higher-order derivative operator contained in the linear
operator on both sides, identifying the initial conditions and the first term of
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the series solution, decomposing the nonlinear function in terms of special poly-
nomials called Adomian’s polynomials [3,4], and finding the successive terms
of series solution by recurrent relation using Adomian’s polynomials. The prof
of the convergence for the ADM was discussed by charrault [5]. The ADM has
been successfully applied to solve a large class of linear and nonlinear problems
such that algebraic equation [6], differential equation [7], system of differen-
tial equation [8], partial differential equation PDE [9] and system of partial
differential equation [10,11]. In this paper, we consider the heat equation [12]

ut = (A(u)ux)x + C(u)

where u = u(t, x) is the unknown function and A(u) and C(u) are arbitrary
smooth functions. The indices t and x denote differentiating with respect to
these variables.This equation is used to model a wide range of phenomena in
physics, engineering, chemistry and biology [13].

Some new methods as Lie symmetry reduced method [14] and anti reduc-
tion method [15,16] which transforms the nonlinear partial differential equation
to system of ordinary differential equation, has been introduced in the research
literature to find particular exact solution to PDE. In this paper, nonlinear heat
equation with exponential nonlinearity is solved by using ADM. The numerical
results are compared with the exact solutions. This comparison show that the
method is a powerful method for solving this equation.

2 The standard Adomian decomposition method

We consider nonlinear heat equation.

{
ut = (A(u)ux)x + C(u)
u(x, 0) = g(x)

(1)

Where u = u(x, t) is unknown function, the indices t and x denote differ-
entiating with respect to these variables. A(u), is the arbitrary function, it
is concentration dependent conductivity. Such equation arise in plasma and
solid state physics and polymer science [13]. In an operator form, equation (1)
can be writhen as

L(u) = N(u) (2)

where the differential operator L is given as:

L(.) =
d

dt
(.) (3)

and
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N(u) = ((A(u)ux)x + C(u) (4)

The inverse operator L−1 is consider a one fold integral operator defined
by,

L−1(.) =
∫ t

0
(.)ds (5)

If we operate L−1 in the right hand side of (2) and the use the initial
condition u(x, 0) = g(x), we have.

u(x, t) = g(x) + L−1(N(u(x, t))) (6)

The ADM introduce the solution u(x, t) in an infinite series form as.

u(x, t) =
∞∑

n=0

un(x, t) (7)

where, the components un(x, t) are determined recurrently, the nonlinear
operator N(u) can be decomposed into an infinite series of polynomials given
by.

N(u) =
∞∑

n=0

An (8)

where An, called Adomian polynomials [3,4], has been introduced by the
Adomian himself by the formula.

An(u0, u1, u2, ..., un) =
1

n!

dn

dλn
[N(

n∑
i=0

λiui)]λ=0 (9)

n = 0, 1, 2, ...
If we now use equation (7) and (8) in (6) we have.

∞∑
n=0

un = g(x) + L−1(
∞∑

n=0

An) (10)

according to adomian, u0(x, t) is identified with the initial data g(x) and
the following recurrence.

{
u0(x, t) = g(x)
un+1(x, t) = L−1(An), n ≥ 0

(11)

The Adomian polynomials that represent the nonlinear terms N have the
following form.



728 R. Jebari et al.

A0 = C(u0) + A′(u0)(u0x)
2 + A(u0)u0xx

A1 = 2A′(u0)u0xu1x + u1(C
′(u0) + A′′(u0)(u0x)

2 + A′(u0)u0xx) + A(u0)u1xx

A2 =
1

2
(2u2(C

′(u0) + A′′(u0)(u0x)
2 + A′(u0)u0xx)

+ u2
1(C

′′(u0) + A(3)(u0)(u0x)
2 + A′′(u0)u0xx)

+ 2u1(2A
′′(u0)u0xu1xx + A′(u0)u1xx) + 2(A′(u0)((u1x)

2 + 2u0xu2x) + A(u0)u2xx))

(12)

we must state here that in practice all term of the series in (6) cannot be
determined and the solution will be approximated by series of the form.

ΦN (x, t) =
N∑

n=0

un(x, t) (13)

With (12), we obtain series solution for our equation (1).

3 Application and results

For an illustration of our discussion, we use three test problems. We shall
also consider the performance of the method discussed with the theoretical
solution.

Example 1
For A(u) = au exp(αu)ux and C(u) = 0 the equation (1) is given by

{
ut = a(u exp(αu)ux)x

u(x, 0) = 1
α

log(C1x + C2), C1, C2 ∈ R
(14)

The theoretical solution given as [17].

u(x, t) =
1

α
log(C1x +

a

α
C2

1 t + C2) (15)

We apply ADM operator to equation (13) we obtain.

u0 =
1

α
log(C1x + C2)

u1 =
atC2

1

α2(C2 + xC1)

u2 = − a2t2C4
1

2α3(C2 + xC1)2

u3 =
a3t3C6

1

3α4(C0 + xC1)3
(16)
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Using the first four computed terms,the approximate solution is given by

Φ3 = u0 + u1 + u2 + u3 (17)

The graphs of the exact and approximate solutions are depicted in Figs.
1, The absolute error between the four approximate solution and the exact
solution is reported in Table 1.

(xi/ti) 0.02 0.04 0.06 0.08 1
0.02 1.54128.10−7 9.70777.10−8 6.50433.10−8 4.56866.10−8 3.33084.10−8

0.04 1.23149.10−6 7.75792.10−7 5.19859.10−7 3.65189.10−7 2.6267.10−7

0.06 4.1511.10−6 2.6155.10−6 1.75288.10−6 1.23149.10−6 8.9798.10−7

0.08 9.82742.10−6 6.1931.10−6 4.1511.10−6 2.91666.10−6 2.12695.10−6

1 1.91704.10−5 1.2083.10−5 8.10006.10−6 5.69188.10−6 4.1511.10−6

Table 1: The absolute error |u(x, t) − Φ3(x, t)| when, C1 = C2 = α = a = b =
0.01

Figure 1: approximate solution and exact solution when C1 = C2 = α = a =
0.01
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Example 2
For A(u) = au exp(αu)ux and C(u) = b the equation(1)is given by

{
ut = a(u exp(αu)ux)x + b

u(x, 0) = 1
α

log(C1x +
aC2

1

bα2 + C2), C1, C2 ∈ R
(18)

The theoretical solution given as [17].

u(x, t) =
1

α
log(C1 exp(bαt)x +

aC2
1

bα2
exp(2bαt) + C2) (19)

By using the ADM, we have.

u0 =
1

α
log(C1x +

aC2
1

bα2
+ C2)

u1 = t(b +
abC2

1

bxα2C1 + aC2
1 + bα2C2

)

u2 =
ab3t2C2

1 (xC1 + C2)

2(bxα2C1 + aC2
1 + bα2C2)2

u3 =
ab4t3C2

1α
4(xC1 + C2)(bxα2C1 − aC2

1 + bα2C2)

6(bxα2C1 + aC2
1 + bα2C2)3

(20)

In scheme (11) determines the components un, n ≥ 0. It is possible to
calculate more components in the decomposition series to enhance the approx-
imation. Then, one recursively determine every term of series

∑∞
n=0 un(x, t).

the obtained numerical approximate solution Φ3 for the Example 2 is compared
with the exact solution (19) where

Φ3 = u0 + u1 + u2 + u3 (21)

The profile of the approximate solution and exact solution of the Eq.(18) is
given in Fig.2. The absolute error has been determined and recorded in Table
2.

Example 3
For A(u) = au exp(αu)ux and C(u) = b exp(−αu) the equation(1) is given

by

{
ut = a(u exp(αu)ux)x + b exp(−αu)
u(x, 0) = 1

α
log(C1x + C2), C1, C2 ∈ R

(22)

The theoretical solution given as [17].
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(xi/ti) 0.02 0.04 0.06 0.08 1
0.02 3.54561.10−12 5.47473.10−12 7.07789.10−12 8.43414.10−12 9.55325.10−12

0.04 2.84044.10−11 4.37712.10−11 5.66898.10−11 6.74678.10−11 7.63691.10−11

0.06 9.58682.10−11 1.47713.10−10 1.91304.10−10 2.2767.10−10 2.57682.10−10

0.08 2.27212.10−10 3.50095.10−10 4.53417.10−10 5.39611.10−10 6.10797.10−10

1 4.43746.10−10 6.83744.10−10 8.85519.10−10 1.05386.10−9 1.1929.10−9

Table 2: The absolute error |u(x, t) − Φ3(x, t)| when, C1 = C2 = α = a = b =
0.01

Figure 2: approximate solution and exact solution when C1 = C2 = α = a =
b = 0.01

u(x, t) =
1

α
log(C1x + (

aC2
1

α
+ bα)t + C2) (23)

By using the ADM, we have.

u0 =
1

α
log(C1x + C2)

u1 =
t(bα2 + aC2

1 )

α2(xC1 + C2)

u2 = − t2(bα2 + aC2
1)

2

2α3(xC1 + C2)2

u3 =
t3(bα2 + aC2

1 )3

3α4(xC1 + C2)3
(24)
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The remaining components un, n ≥ 0 can be completely determined such
that each term is obtained by using the previous terms, and the series solutions
thus entirely evaluated. So the approximate solution corresponding to equation
(22) is given by

Φ3 = u0 + u1 + u2 + u3 (25)

Table.3 shows the difference of the exact solution and the approximate
solution of the absolute error. We plot in Fig.3 the approximate solution and
the exact solution.

(xi/ti) 2 4 6 8 10
2 7.81788.10−7 1.01749.10−7 2.65341.10−8 9.71994.10−9 4.35861.10−9

4 1.23781.10−5 1.6177.10−6 4.22626.10−7 1.54972.10−7 6.95361.10−8

6 6.2018.10−5 8.13827.10−6 2.12991.10−6 7.81788.10−7 3.51012.10−7

8 1.94008.10−4 2.55607.10−5 6.70138.10−6 2.46218.10−6 1.10618.10−6

10 4.68874.10−4 6.2018.10−5 1.62878.10−5 5.99022.10−6 2.69291.10−6

Table 3: The absolute error |u(x, t) − Φ3(x, t)| when, C1 = C2 = α = a = b =
0.01

Figure 3: approximate solution and exact solution when C1 = C2 = α = a =
b = 0.01
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4 Conclusion

In this paper, we showed the accuracy, applicability and simplicity of Ado-
mian decomposition method applied to nonlinear feat equation with exponen-
tial nonlinearity. This method is very powerful and an efficient technique for
solving different kinds of problems arising in various fields of science and en-
gineering and present a rapid convergence for the solution. The convergent
of Adomian series solution obtained in four term of approximation to exact
solution.

In our work, we use the mathematica 0.6 to calculate the series obtained
from the iteration method. The method can be also extended to other nonlin-
ear problems.
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