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Abstract

In this paper, we study the existence of positive solutions to the
summation boundary value problem

A%u(t — 1)+ a(t)f(u) =0, te{1,2,..,T},

n
u(0) =0, uT+1)= aZu(s),
s=1

where f is continuous, 7" > 3 is a fixed positive integer, n € {1,2,...,T —
1},0<a< 772(2;112) and Au(t—1) = u(t)—u(t—1). We show the existence
of at least one positive solution if f is either superlinear or sublinear by

applying the fixed point theorem in cones.
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1 Introduction

The study of the existence of solutions of multipoint boundary value prob-
lems for linear second-order ordinary differential and difference equations was
initiated by Ilin and Moiseev [1]. Then Gupta [2] studied three-point bound-
ary value problems for nonlinear second-order ordinary differential equations.
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Since then, nonlinear second-order three-point boundary value problems have
also been studied by many authors, one may see the text books [3-4] and the
papers [6-11]. However, all these papers are concerned with problems with
three-point boundary condition restrictions on the difference of the solutions
and the solutions themselves, for example,

u(0) =0, WT+1)=0

u(0) =0, au(s) = u(T + 1),

u(0) =0, u(T + 1) — au(s) = b.
u(0) — aAu(0) =0, u(T + 1) = Bu(s).
u(0) — aAu(0) =0, Au(T+1)=0

and so forth.

In [6], Leggett-Williams developed a fixed point theorem to prove the ex-
istence of three positive solutions for Hammerstein integral equations. Since
then, this theorem has been reported to be a successful technique for dealing
with the existence of three solutions for the two-point boundary value problems
of differential and difference equations; see [7,8]. In [9], X. Lin and W. Liu
using the properties of the associate Green’s function and Leggett-Williams
fixed point theorem, studied the existence of positive solutions of the problem.

In [10], G. Zhang and R. Medina studied the existence of positive solutions
for second order boundary value problems of difference equations by apply-
ing the Krasnoselskii’s fixed point theorem. In [11], J. Henderson and H.B.
Thompson used lower and upper solution methods.

In this paper, we consider the existence of positive solutions to the equation

A*u(t — 1) +a(t)f(u) =0, te{l,2,..,T}, (1)
with the three-point summation boundary condition
"
w(0)=0, ul+1)=a> uls), (2)
s=1

where f is continuous, T' > 3 is a fixed positive integer, n € {1,2,...,T — 1}.

The aim of this paper is to give some results for existence of positive solu-
tions to (1)-(2), assuming that 0 < a < iéﬁ) and f is either superlinear or
sublinear. Set

fo = lim M, foo = lim M
u—0t U u—oo U
Then fy = 0 and f, = oo correspond to the superlinear case, and f, = co and
fso = 0 correspond to the sublinear case.
Let N be the nonnegative integer, we let N, ; = {k € N| i < k < j}
and N, = Ny,. By the positive solution of (1)-(2) we mean that a function
u(t) : Npyp — [0,00) and satisfies the problem (1)-(2).
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Throughout this paper, we suppose the following conditions hold:
(H1) f € C([0,00), [0, 0));
(H2) a € C(Np41,[0,00)) and there exists ¢ty € N, r11 such that a(tg) > 0.
The proof of the main theorem is based upon an application of the following
Krasnoselskii’s fixed point theorem in a cone.

Theorem 1.1. ([5]). Let E be a Banach space, and let K C E be a cone.
Assume 1, Qg are open subsets of E with 0 € 0y, Q1 C s, and let

AKQ(QQ\Ql)%K

be a completely continuous operator such that
(1) |Aul| < fJul], we KNoQ, and ||Aul| = |jul|, v e K NoQy; or
(i) ||Aul| = ||lu|l, we KN, and ||Au| < ||ul|, we K NIQy.

Then A has a fized point in K N (s \ ).

2 Preliminary

We now state and prove several lemmas before stating our main results.

Lemma 2.1. Let a # 2242 Then for y € C(Nriq,[0,00)), the problem

n(n+1)
A2u(t — 1) + y(t) = O, t e Nl,T: (3)
u(0) =0, w(T+1)=a) ufs), (4)
s=1
has a unique solution
2t

u(t) ST — s+ 1)y(s)

s=1
n

2T +2—an(n+1)

at
2T +2 —an(n+1)

t—1

— ) (t—s)y(s), t €Ny

s=1

Proof. From A%u(t — 1) = Au(t) — Au(t — 1) and the first equation of (3),
we get

) (n—s)(n—s+1)y(s)

s=1

Ault) — Auft — 1) = —y(t),
Au(t —1) — Au(t —2) = —y(t — 1),

Au(l) — Au(0) = —y(1).
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We sum the above equations to obtain
t

Au(t) = Au(0) = > y(s),t € Ny. (5)

s=1

q
We define Zy(s) = 0; if p < ¢. Similarly, we sum (5) from t = 0 to t = h,

s=p
and by using the boundary condition «(0) = 0 in (4), we obtain

h
u(h+1) = (h+ 1)Au(0) = Y (h+1—s)y(s),h € Ny,
s=1

by changing the variable from A + 1 to ¢, we have

t—1

u(t) = tAu(0) — Z(t —8)y(s),t € Npyq. (6)
s=1
From (6),
n n—1 n—s
1
u(s) nn+1) (s
2
s=1 s=1 [=1
-1
_ 1) oy LS _
= 5 5 ; s+ 1)y(s)
U
Again using the boundary condition u(7 + 1) = « Z u , we obtain
s=1
T n—1
an(n+1 «
G )= S0 = s+ 1y(s) = D ()~ 23— s)m -5+ ()
s=1 s=1
Thus
9 T
A = T— 1
U0 = S e+ 1) 2T = s+ 1)y(s)

s=1
«
2T +2 —an(n+1)
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Therefore, (3)-(4) has a unique solution

2t
2T +2 —an(n+1)

[~
~
”
+

u(t) =

Ly(s)

s=1
B at -
2T +2 —an(n+1)

t—

(n—s)(n—s+1)y(s)

s=1

—_

(t—s)y(s), t € Npy.

s=1

O

Lemma 2.2. Let 0 < a < 772(23:12) If y € C(Npyq,[0,00)) and y(t) = 0 for

t € Ny p, then the unique solution u of (3)-(4) satisfies u > 0 fort € Npy.

Proof. From the fact that A?u(t—1) = u(t+1)—2u(t)+u(t—1) = —y(t) <0,
we get u(t) 2 % (t+1) < M

imply that = e -
Hence,

w(T+1)  u(n)

T11 < 7 , nE N17T_1. (7)
Moreover, we know that
()>EUM)brl<n, (8)
we get,
U 9 1
u(s) >—u(n) + —u(n) + ... + ~u(n)
— Ui 1 1
=5Mmﬂ+2+m+w] (n+ Du(n)
. 1
u(s) >3 (n+ 1)uln). 9

If u(T'+ 1) > 0, then, by (7) and the boundary condition u(0) = 0 imply
that u(t) > 0 for t € Np;.
Assume that u(7'+ 1) < 0. From (4), we have

n

Zu(s) < 0. (10)

s=1
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By (7),(9) and (10), implies that u(n) < 0. Hence,

wlT+1) o O an+1) -~ ann+1)uln) _ uln)
T+1 _T+1Z;M$>>ZT+2UWN_2T+2 n ” n

Y

which contradicts with (7). O

Lemma 2.3. Let an(n+1) > 2T +2. Ify € C(Npy1,[0,00)) and y(t) > 0
fort € Ny, then (3)-(4) has no positive solution.

Proof. Assume (3)-(4) has a positive solution u.

If u(T +1) > 0, then Z ) > 0 and by (7) and (9), imply that u(n) > 0

s=1
and
u(T +1) jéu an 1) oy o+ Dum)  uln)
T+1 T+18:1 2T + 2 2T +2 7 n’

which contradicts with (7).

U
If w(T'+ 1) =0, then Zu(s) = 0 and by (9), imply that u(¢) = 0 for all
s=1
t € Ny ,. If there exists 7 € N, 41 7 such that u(7) > 0, then u(0) = @ < uTT),
which contradicts with (8).
Therefore, no positive solutions exist. O

In the rest of the paper, we assume that 0 < an(n+1) < 27+ 2. Moreover,
we will work in the Banach space C(Np,1,[0,00)), and only the sup norm is
used.

Lemma 2.4. Let 0 < a < Q(Tj:lz If y € C(Npi1,[0,00)) and y > 0, then

the unique solution u of the problem (3)-(4) satisfies

inf u(t) > 7lul,
1

te€Ny, T4

where

7 cww+l)aw+iXT+1—m} (1)

’W:mm{T+1’2T+2’2T+2—amn+m

Proof. Let u(t) be maximal at t = 7 and ||u|| = u(r). We divide the proof
into three cases.

Case (7). If n <7 < T+ 1 and inf,ey u(t) = u(n), then

n,T+1

u() _ ulr) _ ulr)
n = 1 T T+1




Positive solutions of a second-order difference equation 97

Thus,

inf
tEI\IT}:TJrl u< ) T + 1

Case (i1). If n <7 < T+ 1 and inf,ey, ..., u(t) = u(T + 1), then (4), (7) and
(9) implies

T+ 1) = uls) > an(n+1) [u(n)] s onntbulr) Janm+l) oy

— 2 n+1 2 T4+17 2T 42
Therefore,
- an(n+1)
fou(t) >
tEI\llyr:T+1 U( ) 2T + 2 H H

Case (i71). If 7 <n < T+ 1, then infyey, ., u(t) = w(T +1). Using (4) and
(7), we have

w(T + 1) —u(n)

u(r) <u(T+1)+ Tr1 (t—(T+1))
wW(T +1) + “<TT++? - Z(m (0 — (T+1))
P

T'+1—n

2T +2 —an(n+1)

:u(TH)Ot(??H)(TH—n)'

This implies

IWT+1-—
inf u(t) > a+ (T +1-n),
teN, 711 2T + 2 — an(n + 1)

This completes the proof. 0

3 Main Results

Now we are in the position to establish the main result.

Theorem 3.1. Assume (H1) and (H2) hold. Then the problem (1)-(2) has
at least one positive solution in the case
(i) fo =0 and fsx = oo (superlinear) or
(i1) fo =00 and foo =0 (sublinear).
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Proof. It is known that 0 < a < Tigﬁ) From Lemma 2.1, u is a solution to

the boundary value problem (1)-(2) if and only if u is a fixed point of operator
A, where A is defined by

- ot
2T +2—an(n+1)

> (T —s+1a(s)f(u(s))

u(t)

t—

" — 8)(— s+ Dals) f(u(s)) — 3t — s)a(s) Flu(s))

s=1 s=1

at
2T +2 —an(n+1)

=(Au)(t).

Denote

K ={u|u € C(Npiq,[0,00)),u >0, inf wu(t)>=7|ul}.

tENn7T+1

where v is defined in (11).

It is obvious that K is a cone in C'(Np4q,[0,00)). by Lemma 2.4, A(K) C
K. It is also easy to check that A : K — K is completely continuous.
Superlinear case. fy =0 and f,, = oo. Since fy = 0, we may choose H; > 0
so that f(u) < eu, for 0 < u < Hy, where € > 0 satisfies

T

Z(T — s+ 1a(s) < 1.

s=1

2¢(T+ 1)
2T +2 —an(n+1)

Thus, if we let
0 = {u € C(Ng1,[0,00)) | |lull < Hi},
then for u € K N0y, we get

2t
<
2T +2 —an(n+1)

E

Au(t)

(T = s+ 1)a(s) f(u(s))

1

v
I

< 2te
S2T +2—an(n+1)

E

(T — s+ 1)a(s)u(s)

v
I

2¢(T+1)
S2T +2 —an(n+1)

E

(T = s+ Da(s)||ull < [|ull.

s=1

Thus [|Au|| < ||ul|, v € K N 0O;.
Further, since f,, = oo, there exists Hy > 0 such that f(u) > pu, for
u > Hs, where p > 0 is chosen so that

2npry
2T +2 —an

TR Z(T — s+ 1a(s) > 1.
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Let Hy = max{2Hy, 22} and Qp = {u € C(Ng41,[0,00)) | |lull < Hs}. Then
u € K N oSy implies

inf  u(t) = A|ul| = v Hy > o,

and so
A =5 g 1) 250 8+ D))
— (n—s)(n— s+ Da(s)f(u(s)) = > (n — s)a(s) f(u(s))

2T +2—an(n+1)

s=1 1

(T = s+ Da(s) f(u(s))

w
Il

_ 2n
2T +2—an(n+1)

E

s=1

—

3

arn
2T +2 —an(n+1)

(* = 2ns + s* + 1 — s)a(s) f (u(s))

T
—_

b e > (21 2= anln-+ D)l = s)als)F(u(s)
e i;” — 5 (o) ()
e I (0l5) = Gy sa(s) £ (u(s)
T ar +&;7(i72&_;(7z7)+ ) Z:a(s)f( )+ 57 fg(fna;(;L 1) ’71 sal(s)f(u(s))
T e ) Z sa(s)(u(s))
R, S+ SIS o
ToT + 2 —2277(77 +1) ZT;(T T Dl )

,_\

2(T+1-n) ”Zsa
2I'+2 —an(n+1)

3 <‘r‘a
|
—_ =

an )
+ 2T +2 —an(n+1) Z s —s7)a(s)f(u(s))

s=1
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2n

> s D) Do 8 el (o)

Au(n) >

[M] =

5=0

2np
2T+2—om(7]+1)

(M~

(T — s+ 1)a(s)u(s)

2npry
“2T+2—an(n+1)

e

(T = s+ Da(s)||lull = [Jul].
5=
Hence, ||Au|| = ||ul|, v € K N0Q,y. By the first part of Theorem ??7, A has
a fixed point in K N (Qy \ Q) such that H; < |jul| < Hs.
Sublinear case. fy = oo and f,, = 0. Since f; = oo, choose Hs > 0 such
that f(u) > Mu for 0 < u < Hsz, where M > 0 satisfies

T

o Z(T — s+ 1a(s)a(s) > 1.

S=n

2nyM
2T 4+ 2 — an(

Let
23 = {u € C(Np41,[0,00)) | ||ull < Hs},
then for u € K N 0S3, we get

Au(n) =g i(T — s+ Da(s)f(u(s))
S (77 ~ )~ 5+ Da(s)F(u(s)
- Z:(n — )als) (u(s))
T SET;T — s a(s)f(u(5))
>2T+22_ni/7[7(77+1)§;(T—s+1) (s)u(s)
> T g@ — s+ Da(s)ul > [ull

Thus, ||Au| > |Jull, v € K N dQs. Now, since fo = 0, there exists H; > 0 so
that f(u) < A\u for u > H4, where A > 0 satisfies

T
INT + 1)
_ <1
2T+2—ann+1§: s+ 1)als)

s=1
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Choose Hy = max{2H3, %} Let
4 = {u € C(Nry1,[0,00)) [ [lull < Ha},
then v € K N 0 implies

inf  u(t) > ||lul| = vHy > H,.

teNn,TJrl

Therefore,

T

ST — s+ Da(s)f(u(s))

s=1

- ot
2T +2—an(n+1)

Au(t)

—_

3

at
2T +2 —an(n+1)

t—1

= > (t—s)a(s)f(uls))

s=1

(n = s)(n — s+ 1a(s) f(uls))

1

©
Il

2t
<
2T +2 —an(n+1)

E

Au(t) (T — s+ 1)a(s)f(u(s))

w
Il
—_

- 2)t
S2T +2 —an(n+1)

E

(T — s+ 1)a(s)u(s)

1

2MT+1)
S2T +2—an(n+1)

E

(T = s+ Da(s)||ull < [lull.

1

S

Thus [|Au|| < ||u||, v € K N0Qy4. By the second part of Theorem 7?7, A has
a fixed point v in K N (Q4 \ Q3), such that Hy < |jul| < Hy. This completes
the sublinear part of the theorem. Therefore, the problem (1)-(2) has at least
one positive solution. O

4 Some examples

In this section, in order to illustrate our result, we consider some examples.
Example 4.1 Consider the BVP

Au(t — 1) + 2" =0, t € Nig, (12)

w(0) =0,  u(5) = gZu(s). (13)

s=1
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Set =2, n=2, T =4, a(t) =, f(u) =uF.
We can show that
2T + 2

2

3 n(n+1)°

CaseI: k € (1,00). In this case, fo =0, foo = 00 and (i) of theorem 3.1 holds.
Then BVP (4.1)-(4.2) has at least one positive solution.

Case I : k € (0,1). In this case, fo = 00, foo = 0 and (ii) of theorem 3.1
holds. Then BVP (4.1)-(4.2) has at least one positive solution.

5
O<a==-<-=-=
@ 3

Example 4.2 Consider the BVP

A2u(t— 1) + ette(ﬂsinu+ 2cosu

u2 ) - 0, t E N174, (14)

w(0) =0, u(5) = %Zu(s), (15)

s=1

Set =1, =3, T =4, a(t) = 'tr, f(u) = Tadessn,
We can show that

2T+ 2

5
0<a= L el
6 n(mn+1)

1<
3

Through a simple calculation we can get fy = 0o, fo = 0. Thus, by (i)
of theorem 3.1, we can get BVP (4.3)-(4.4) has at least one positive solution.
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