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Abstract

The initial-boundary value problems for homogeneous wave equa-
tions are considered. We construct two examples of wave equations such
that the energy of some solution of the initial-boundary value problems
for the wave equations grows as time tends to infinity.
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1 Introduction

Examples of parametric resonance for the Cauchy problems to wave equations
with time dependent coefficients can be derived from properties of ordinary
differential equations, for example see [1], [2], [3] and [4]. Here parametric
resonance expresses a phenomena that some solution of the equation grows
as time tends to infinity thanks to time variation of the coefficients of the
equation. We shall construct two examples of parametric resonance for the
initial-boundary value problems to wave equations by a similar method.

Let Ω be a bounded domain in Rn with a smooth boundary ∂Ω. We
consider the initial-boundary value problem for a wave equation

∂2
t u− a(t)

∑n
i=1 ∂xi

(b(x)∂xi
u) = 0 in (0,∞)× Ω,

u(0, ·) = u0 ∈ H2(Ω) ∩H1
0 (Ω), ∂tu(0, ·) = u1 ∈ H1

0 (Ω),

u(t, x) = 0 on (0,∞)× ∂Ω

(1)
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where Hm(Ω) denotes the Sobolev space of order m ∈ N in Ω and H1
0 (Ω) de-

notes the closer of C∞
0 (Ω) with respect to the norm of H1(Ω). We shall impose

the following conditions on b(x): b(x) is smooth and strictly positive and has
bounded derivatives of all order in Ω. Let us take a positive eigenvalue µ of L
with an eigenfunction e(x) ∈ H2(Ω) ∩H1

0 (Ω) where L = −
∑n

i=1 ∂xi
(b(x)∂xi

).
Let E(u; t) denote the standard energy;

E(u; t) =

∫
Ω

(
|∂tu|2 + a(t)b(x)

n∑
i=1

|∂xi
u|2
)

dx.

The next is our main result.

Theorem 1.1 (i) Let c(t) be smooth, positive, periodic and not a constant
on R. Then one can find λ > 0 and one dimensional subspace V of C2 so that
by setting a(t) = λc(t) the solution u of (1) satisfies with constants C1, C2 > 0

E(u; t) ≥ C1 exp (C2t) (2)

on [0,∞) if the vector t
(
(u0, e)L2(Ω) (u1, e)L2(Ω)

)
is not in V .

(ii) For every k > 0 one can find a(t) ∈ C∞([0,∞)) so that a(t) is strictly
positive on [0,∞) and for some constants C0, Ch > 0

|a(t)− 1| ≤ C0t
−1,

∣∣a(h)(t)∣∣ ≤ Cht
−1 on [1,∞), (3)

h = 1, 2, . . ., and the solution u of (1) satisfies with a constant C > 0

E(u; t) ≥ Ctk (4)

for sufficiently large t if (u0, e)L2(Ω) = 0, (u1, e)L2(Ω) ̸= 0 hold.

2 Proof of Theorem 1.1

For simplicity we shall impose ∥e∥L2(Ω) = 1. Let a(t) be the coefficient of the
equation in (1) and smooth, strictly positive and have bounded derivatives of
all order on [0,∞). Let y(t) be a solution of

y′′(t) + µa(t)y(t) = 0 on [0,∞) (5)

with y(0) = (u0, e)L2(Ω), y
′(0) = (u1, e)L2(Ω).

Lemma 2.1 There exists a constant C > 0 such that for every solution u
of (1) we have

E(u; t) ≥ C
1∑

k=0

∣∣y(k)(t)∣∣2 on [0,∞).
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Proof. Let us put v(t) = (u(t, ·), e)L2(Ω). Then v(t) ∈ C2([0,∞)), v(j)(t) =(
∂j
tu(t, ·), e

)
L2(Ω)

, j = 0, 1, 2, on [0,∞) and v(j)(0) = (uj, e)L2(Ω), j = 0, 1.

Integrations by parts provide

v′′(t) + µa(t)v(t) =
(
∂2
t u(t, ·), e

)
L2(Ω)

+ a(t)(u(t, ·), Le)L2(Ω) = 0

on [0,∞). These imply that v(t) = y(t) on [0,∞). We have from Schwarz’s
inequality∥∥∂j

tu(t, ·)
∥∥
L2(Ω)

≥
∣∣∣(∂j

tu(t, ·), e
)
L2(Ω)

∣∣∣ = ∣∣y(j)(t)∣∣ , j = 0, 1,

on [0,∞). Since Ω is bounded and u(t, ·) ∈ H1
0 (Ω) for each t ∈ [0,∞), the

Poincaré inequality yields for some constant C > 0

C ∥∂xi
u(t, ·)∥L2(Ω) ≥ ∥u(t, ·)∥L2(Ω), i = 1, . . . , n,

on [0,∞). Hence the conclusion is true. □

First we shall show (i) of Theorem 1.1. Let us set a(t) = λc(t). Then the
equation (5) is Hill’s equation with a parameter µλ. We denote by Xµλ(t, 0)
the fundamental matrix for the solution operator of (5) taking t

(
y(0) y′(0)

)
to t

(
y(t) y′(t)

)
. Thanks to well known properties of Hill’s equation there

exists λ0 > 0 such that we have

Xµλ0(t, 0)w1 = exp(ηt)p(t), Xµλ0(t, 0)w2 = exp(−ηt)q(t) on [0,∞)

where w1, w2 ∈ C2 are linearly independent, η > 0 and p(t), q(t) are elements
of C∞([0,∞);C2) and periodic, for example see the proof of Theorems 1 and
2 in [1]. Let V be the subspace of C2 generated by w2. Then with a constant
C > 0

|Xµλ0(t, 0)w|C2 ≥ C exp(ηt) on [0,∞), (6)

if w ∈ C2 \ V where | · |C2 denotes the usual norm of C2. Hence (2) follows
from Lemma 2.1.

Next we shall show (ii) of Theorem 1.1. Let us set φ(t) = ltl−1/
(
tl +M

)
,

α(t) = 1− 4φ(t) sin(2t)− 2φ′(t) sin2(t)− 4φ2(t) sin4(t)

where l ∈ N, M > 0 and put a(t) = α(
√
µt). Then a(t) is smooth and fulfills

the condition (3). Let us take M > 0 so that a(t) is strictly positive on [0,∞).
Let us put

w(t) =
√
µ−1 sin(

√
µt) exp

(∫ √
µt

0

φ(s)2 sin2 s ds

)
.
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Then w(t) is a solution of (5) with w(0) = 0, w′(0) = 1. Hence it follows from
the assumption of u0, u1 that y(t) = (u1, e)L2(Ω) w(t) on [0,∞). We have∫ t

0

φ(s)2 sin2 s ds = log(tl +M)− logM −
∫ t

0

φ(s) cos(2s) ds (7)

on [0,∞). Since φ(t) is monotonically decreasing on
[
{M(l − 1)}1/l ,∞

)
and

limt→∞ φ(t) = 0, the third term of the right-hand side of (7) converges to some
real number as t tends to infinity. Hence for some constant C > 0

|w(t)| ≥ C |sin(√µt)| tl,
|w′(t)| ≥ C

∣∣cos(√µt) + 2 sin3(
√
µt)φ(

√
µt)
∣∣ tl

on [0,∞). Thus (4) is induced from Lemma 2.1, because limt→∞ φ(t) = 0 and
l is any natural number. □
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