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Abstract

Applying results of functional analysis about the extension of bounded
linear operators between Banach spaces, we prove that the completion
of the space of Henstock-Kurzweil integrable functions, defined on a
compact interval I in R under the Alexiewicz norm, is isometrically iso-
morphic to the space of the distributions which are the distributional
derivative of continuous functions. The proof is different from Bongiorno
- Panchapagesan’s.
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Introduction

Let I = [a, b] be a compact interval in R. In the vector space of Henstock-
Kurzweil integrable functions on I, the Alexiewicz seminorm is defined as

||f ||A = sup
x∈I

∣∣∣∣
∫ x

a

f(t)dt

∣∣∣∣ . (1)

The respective normed space is built using the quotient space determined
by the relation: f ∼ g if and only if f = g a.e, with respect to the Lebesgue
measure. We denote this normed space by HK(I).

It is known that the space HK(I) is not a Banach space (see [7]). From
this arises the important problem of finding “good” characterizations of its
completion. One application of this type is studied in ([8]). Bongiorno and
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Panchapagesan, in ([3]), prove that the completion of the space HK(I) is
isometrically isomorphic to the following Banach spaces:

Bc = {F ∈ C(I) : F (a) = 0}
and

Ac = {T ∈ D′(I) : there exists F ∈ Bc such that T = F ′},
where, F ′ is the distributional derivative of F.

The norm on Bc is the uniform norm ‖F‖∞ = sup{|F (t)| : t ∈ I} and the
norm on Ac is defined in the final section of this paper. The spaces involve at
above definitions are:

• C(I) the space of continuous functions on I.

• D(I) the space of test functions, defined on I.

• D′(I) the space of Schwartz distributions on I.

The Bongiorno-Panchapagesan proof uses the fact that the topological dual
space of HK(I) is the space of functions of bounded variation on I, BV (I).
We prove this result by using the theorems of extension of bounded linear
operators between Banach spaces (Theorem’s A, B), where it is not employ
that the topological dual space of HK(I) is BV (I). This may be important
for other cases where it is difficult to calculate the dual space. For example,
when we consider the space of Henstock-Kurzweil integrable functions defined
on an unbounded interval in R, under the Alexiewicz norm.This method is
also used to prove the extension of important transformations in analysis. For
example, it is used to define the Fourier transform on L2(R) .

1 Preliminaries

Let AC(I) be the space of all absolutely continuous functions on I and let
ACG∗(I) be the space of all generalized absolutely continuous functions in
restricted sense on I. It is known that AC(I) ⊂ ACG∗(I) ⊂ C(I), (see [5]).
Since AC(I) is dense in C(I), then ACG∗(I) is dense in C(I) too. If we take
the subspaces AC0(I) = {F ∈ AC(I) : F (a) = 0} and ACG∗0(I) = {F ∈
ACG∗(I) : F (a) = 0}, we have that AC0(I) ⊂ ACG∗0(I) ⊂ Bc and both
subspaces are dense in Bc.

Lemma 1.1. Let Φ : HK(I) → Bc defined as Φ(f) = F, where F (x) =∫ x

a
f . Then the range of Φ is dense in Bc.
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Proof. For each f ∈ HK(I) we have Φ(f) ∈ ACG∗0(I). Now, if h ∈ AC0(I),
then h′ is in Lebesgue space and Φ(h′)(x) = h(x) =

∫ x

a
h′, this says that

AC0(I) ⊂ Φ(HK(I)) ⊂ ACG∗0(I). We obtain that Φ(HK(I)) is dense in Bc.

The notation Φ will be reserved for the above function.

The basic notions that we will consider about isometric isomorphism and
the completion of a normed space, are the following.

Definition 1.2. Let (X, ‖ · ‖X) and (Y, ‖ · ‖Y ) normed spaces and let T :
X → Y a function.

a. T is an isometry, if for all x ∈ X, ‖T (x)‖Y = ‖x‖X . We have that T
should be continuous and one to one.

b. X is isometric to Y , if there exists an isometry of X onto Y .

c. T is a linear isometry, if T is an isometry and a linear operator.

d. T is an isometric isomorphism, if T is a linear isometry of X onto Y .

e. X and Y are isometrically isomorphic, if there exists an isometric iso-
morphic T of X onto Y .

Definition 1.3. Let X a normed space, the completion of X is defined as
the Banach space X̂, such that exists a linear isometry f : X → X̂, where f(X)

is dense in X̂. The norm on X̂ is defined as ‖x‖
�X = limn→∞ ‖xn‖X , where

{xn} ⊂ X is a sequence such that xn→x. Due to the inequality | ‖xn‖X −
‖x′

n‖X | ≤ ‖xn − x
′
n‖X, this norm is well defined.

It is customary to identify X as a subspace of X̂. We observe if X̂1 and
X̂2 are completions of a normed space X, then X̂1 and X̂2 are isometrics.

In ([4]), we get the next theorems

Theorem A. Let X a normed space, X̂ be its completion and Y be a
Banach space. If T : X → Y is a bounded linear operator, then there exists a
unique bounded linear operator T̂ : X̂ → Y such that

T̂
∣∣
X

= T and ‖T̂‖B( �X,Y ) = ‖T‖B(X,Y ),

where ‖ · ‖B(X,Y ) and ‖ · ‖B( �X,Y ) are the norms of bounded linear operators

from X to Y and from X̂ to Y , respectively.

Theorem B. Let X a normed space, X̂ be its completion and Y be a
Banach space. Let T : X → Y a linear isometry such that T (X) is dense



212 J. A. Escamilla R., F. J. Mendoza T. and N. Campos L.

in Y . Then T̂ : X̂ → Y , the operator of previous Theorem, is an isometric
isomorphism.

The completion of HK(I) should be denoted as ĤK(I).

It is known that for each f ∈ HK(I), the functional Tf : D(I) → R

defined as Tf(ϕ) =
∫ b

a
fϕ, for each ϕ ∈ D(I), is a distribution on I (see [6]).

Furthermore if F is the indefinite integral of f with base point a and applying
the Theorem of Integration by Parts, we have

Tf (ϕ) =

∫ b

a

fϕ = [ϕF ]ba −
∫ b

a

Fϕ′ = −
∫ b

a

Fϕ′ = T ′
F (ϕ),

so that Tf ∈ Ac. In section 3 we employ some basic properties of distributions
to prove that there is an isometric isomorphism from HK(I) to Ac.

2 The Isometric Isomorphism to Bc

By the properties of the Henstock-Kurzweil integral and by the equality

‖Φ(f)‖A = sup
x∈I

∣∣∣ ∫ x

a

f
∣∣∣ = ‖F‖∞,

the function Φ is a linear isometry. This helps us to prove the next theorem.

Theorem 2.1. ĤK(I) and Bc are isometrically isomorphic.

Proof. Since Φ is a linear isometry, by Theorem A, there exists only a bounded

linear operator Φ̂ : ĤK(I) → Bc which is an extension of Φ. By Lemma 1.1
the range of the function Φ is dense in Bc, then by Theorem B we have that
Φ̂ is an isometric isomorphism.

Like in the case of Φ, the notation Φ̂ should be reserved for the above
extension.

3 The Isometric Isomorphism to Ac

For each f ∈ ĤK(I), Φ̂(f) will be the indefinite integral of f with base point

a. Denoting Φ̂(f) as F , we can define the function Ψ : ĤK(I) → Ac by
Ψ(f) = T ′

F .
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Theorem 3.1. The operator Ψ : ĤK(I) → Ac defined by Ψ(f) = T ′
F is

an isomorphism.

Proof. The linearity of Ψ is a consecuence of properties of the distributional
derivative.

If T ∈ Ac, there exists F ∈ Bc such that T = T ′
F . Since Φ̂ is a bijection,

there exists a unique function f ∈ ĤK(I) such that F = Φ̂(f), where F is the
indefinite integral of f with base point a, so Ψ(f) = T ′

Φ̂(f)
= T .

Now we prove that Ψ is injective. Let f1, f2 ∈ ĤK(I) be such that Ψ(f1) =
Ψ(f2), that is, T ′

Φ̂(f1)
= T ′

Φ̂(f2)
, so that

T ′
Φ̂(f1)−Φ̂(f2)

= 0. (2)

Then, there exists c ∈ R such that

TΦ̂(f1)−Φ̂(f2)
= Tc,

this tells us that Φ̂(f1) − Φ̂(f2) = c. Since Φ̂(f1)(a) = Φ̂(f2)(a) = 0, then
c ≡ 0. So, Φ̂(f1) = Φ̂(f2), therefore f1 = f2.

Since Ψ is an isomorphism of ĤK(I) onto Ac, the function defined by

‖T‖ = ‖Φ̂(f)‖∞ = ‖f‖A,

where f ∈ ĤK(I) is such that T = T ′
Φ̂(f)

= Ψ(f), is a norm on Ac. We will

call it the Alexiewicz norm.
So, we have the next corollary.

Corollary 3.2. The isomorphism Ψ : ĤK(I) → Ac, of previous Theorem,
is an isometry.

A Comment
Similarly, the Theorems A and B, can be used to prove that: the completion

of the space of Henstock-Kurzweil integrable functions, defined on a unbounded
interval I in R under the Alexiewicz norm, is isometrically isomorphic to the
space of the distributions which are the distributional derivative of continuous
functions.

For other hand, let I = [a, b] be a compact interval in R and let X be a
Banach space. We denote by:

• HK(I, X) the space of Henstock-Kurzweil integrable functions, defined
on a compact interval I in X under the Alexiewicz norm.
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• C(I, X) the space of X-valued continuous functions on I.

• D(I, X) the space of X-test functions.

• D′(I, X) the space of X- Schwartz distributions on I.

• Bc(X) = {F ∈ C(I, X) : F (a) = 0}.
• Ac(X) = {T ∈ D′(I, X) : there exists F ∈ Bc(X) such that T = F ′},

where, F ′ is the distributional derivative of F.

Based on the discussion in this paper, we can do the following question:
Can we use the Theorems A and B to prove that: the completion of the space
HK(I, X) is isometrically isomorphic to the Banach spaces Bc(X) and Ac(X)?
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