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Abstract

In present paper certain aspects of weak shocks in steady non equi-
librium two phase flows along a curved wall is investigated. It is assumed
that gas is in non-equilibrium with a finite reaction rate for case of mod-
erate particle loading when various transport effects are neglected. A
flow phenomenon in characteristic plane is investigated and its behavior
at the first frozen Mach wave is discussed. The position and condition
of breakdown of the solution and condition necessary for no shock for-
mation on the first frozen Mach line is also obtained and discussed.
Using perturbation method governing equations up to second order of
approximation is obtained and from there it is concluded that for a set
of boundary conditions at the shock waves homogeneous parts are same
for first and second order approximation. To ensure the consistency
of second order boundary conditions, its non-homogeneous terms are
related appropriately and these relations are obtained.
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1 Introduction

By two-phase flows we mean a special type of flow in which mechan-
ics of two- phases of matter is considered simultaneously.The study of wave
propagation in a mixture of gas and dust particles has received great attention
during the last several decades [4]. There are many engineering applications
for flow of a medium that consists of a suspension of powdered material or
liquid droplets in a gas. The mathematical analysis of such two phase flows is
considerably more difficult than that of pure gas flows, and one of the usual
simplifying assumptions is that the volume occupied by the particles can be
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neglected. In many important cases, the particles represent less than one half
of the mass of the gas particle mixture, and the density of the particle mate-
rial is more than a thousand times larger than the gas density. Under such
conditions, the particle volume fraction is of the order of 10−4 only and the
assumption of a negligible particle volume is then well satisfied.The supersonic
flow of a non-equilibrium gas past a sharp corner has been discussed by [5]. In
the present paper an attempt is made to study certain aspects of weak shocks
in steady non-equilibrium two phase flows along a curved wall.

2 Governing Equations and Boundary Condi-

tions

Equations governing the non equilibrium steady two dimensional motion of
gas particle mixture for case of moderate particle loading are [3].

uρ,x + vρ,y + ρ(u,x + v,y) = 0, (1)

uu,x + vu,y + [1/ρ(1 + η)]p,x = 0, (2)

uv,x + vv,y + [1/ρ(1 + η)]p,y = 0, (3)

uh,x + vh,y − [1/ρ(1 + η)][up,x + vp,y] = 0, (4)

uq,x + vq,y = w = [q − qe]/τt + ....., (5)

where x and y be cartesian coordinates parallel and perpendicular to the on-
coming uniform flow,with origin at the corner or the beginning of the bend,u
and v are the velocity components along the x and y axis. p, ρ and η denotes
the pressure,density and mass flow ratio.q and τt denotes progress variable of
the medium and relaxation time respectively.The expression qe denote the lo-
cal equilibrium value of progress variable q at the given pressure p and entropy
s and w = w(p, s, q),is a known source function.A comma followed by an index
denotes the partial derivatives with respect to that index. Gibbs relation for
presents case becomes,

Tds = dh− [1/ρ(1 + η)]dp+ Adq (6)

Equation(4) and (5) can be rewritten as,

up,x + vp,y + ρ(1 + η)a2
f [u,x + v,y] + ρ(1 + η)a2

fσw = 0, (7)

T [us,x + vs,y] = Aw = [(h,qq)e(q − qe)2]/τt + ....., (8)

where A is affinity of internal transformation, af is the frozen sound speed of
the medium given by,
a2
f = [p(γm− q)]/[ρ(1 + η)(1− q)] , γm = [γ(1 + ηξ)]/(1 + ηξγ) and ξ = c/cp,is
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the ratio of specific heats of a gas particle mixture for a diatomic gas and
various relative specific heats.
Using thermodynamic equilibrium conditions and condition that,
Mf = [(u2+v2)/a2

f ]
1/2 is greater than unity, the system of equations (2),(3),(5),(7)

and (8) posseses three families of real characteristics, the outgoing and incom-
ing Mach waves and stream lines. Slope of stream lines and outgoing Mach
wave are determined by,

(dy/dx) = (v/u), (9)

(dy/dx) =
[
{uv + af (u

2 + v2 − a2
f )

1/2}/(u2 − a2
f )
]

= λ, (10)

respectively.
Following [5] we introduce the characteristic parameters α and β,which are
functions of x and y, such as,

(dy/dx) = (y,β/x,β) = λ,whenα(x, y) = constant (11)

and,

(dy/dx) = (y,α/x,α) = (u/v), whenβ(x, y) = constant (12)

The set of equations(2),(3),(5),(7) and (8) can be rewritten in terms of char-
acteristic variable α and β given as,

ρ(1 + η)(λ− (v/u))ux,βu,α + λx,βp,α − (v/u)x,αp,β = 0, (13)

ρ(1 + η)(λ− (v/u))ux,βv,α − x,βp,α + x,αp,β = 0, (14)

uq,α = x,αw = −x,α(q − qe)τ−1 + ...., (15)

(λ− (v/u))ux,βp,α + ρ(1 + η)a2
f (λx,βu,α − (v/u)x,αu,β

−x,βv,α + v,βx,α) + ρ(1 + η)a2
f (λ− (v/u))x,βx,ασw = 0,

(16)

Tus,α = −Ax,αw = [(h,qq)ex,α(q − qe)2]τ−1 + ....., (17)

If the shape of the wall is described by equation y = F (x) , an equation (11)
and (12) show that α is constant along an outgoing Mach wave and β is con-
stant along stream line. If we assumes thatα = 0 on first frozen Mach line and
β = 0,on the wall, then condition that flow should be tangential to the surface
of the wall implies that,

x = α, y = F (α), (v/u) = F ,(α), at β = 0, (18)

Thus flow region is divided into two parts, one is of the uniform flow and the
other is of the flow disturbed by the presence of the curved wall. The boundary
of these two regions is the first frozen Mach line or shock wave.The boundary
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conditions and Rankine-Hugonoit relations in this case are given by,

p = p0, ρ = ρ0, u = u0, q = q0, s = s0, v = 0, y = β, x,β = x,β0 , atα = 0, (19)

(u− v cot δ) = ρ0(1 + η)u0, h− (u2,+v2)/2 = h0 + u2
0/2,

p− p0 = ρ0(1 + η)u0(u0 − u), v = (u0 − u) cot δ, q = q0

}
(20)

where subscript 0 denotes the free stream condition which are assumed to be
in thermodynamic equilibrium and δ being shock angle.

3 Behaviour At The First Frozen Mach Wave

In this section a flow phenomenon in characteristic plane is investigated and
its behavior at the first frozen Mach wave is discussed. The position and
condition of breakdown of the solution and condition necessary for no shock
formation on the first frozen Mach line is also obtained and discussed. If we
assume that the wall is a continuous curved bend and all of the quantities
p, ρ, q, s, af , σ, u, v and w are continuous in the neighborhood of the first frozen
Mach line , and all these quantities have their subscript 0 at first frozen Mach
line,then by hypothesis,
q = qe = q0 and w = 0, at α = 0 and,

p,β = ρ,β(1 + η) = u,β = v,β = q,β = s,β = 0, at α = 0, (21)

Thus from equations (13),(14),(15) and (17)

p,α = −ρ0(1 + η)u0, u,α = ρ0(1 + η)u0v,αλ0, q,α = 0, s,α = 0, at α = 0,
(22)

Differentiating equation (16),with respect to α and using the forgoing results
we find that at the first frozen Mach wave α = 0 ,

p,αβ + ρ0(1 + η)u0v,αβλ0 + ρ0(1 + η)σ0u0λ
2
0x,β0(∂w/∂α)0 = 0, (23)

where λ0 is the slope of the first frozen Mach wave.

ρ0(1 + η)σ0(∂w/∂α)0 = (1/τ0){(1/a2
e0

)− (1/a2
f0

)}p,α, (24)

where τ0 = −[(∂w/∂q)p,s]0, ae0 is the equilibrium sound speed in the free
stream.
Substituting (22) and (24) into (23) we have,

v,αβ + {1/(2τ0u0)}(B2
0 − 1)x,β0v,α = 0, (25)

where, B0 is the equilibrium Mach number in the free stream, and Me0 is
greater than unity. Integrating equation (25) with respect to β on the line of
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constant (α = 0), we have,

v,α = v,α0 exp[−{1/(2τ0u0)}(B2
0 − 1)(x− x0)], (26)

which gives the dependence of v,α at the first frozen Mach line on x where v,α0

is the value of v,α at α = 0 when x = x0.
In present section we are interested in finding shock formation distance and
condition of breaking along frozen Mach line for which we first compute (∂v/∂x)
at the first frozen Mach line.To find,

{(∂v/∂x)} = {v,α/x,α}, (27)

we use equations (11) and (12) along with boundary condition (21) at
α = 0,which gives

λ,αx,β0 + λ0x,αβ = 0. (28)

As,

af,α = [(∂af/∂p)(s,q)]p,α = (λ0/2)[{u0/af0}{Γf0 − 1}]v,α, (29)

where, Γ = 1 + {γm/(1 + η)}(1− q0)− {q0/(1 + η)},
substituting af,α from equation (29) into equation (10), we have,

λ,α = [M3
f0
{Γf0 + 1}/2af0B4

f0
]v,α. (30)

Substituting (30) into (28) and using v,α in (26), we obtain,

x,αβ = −{(M3
f0

Γf0)/(2af0B
3
f0

)}x,β0v,α0 exp{−Λxβ0(β − β0)}, (31)

where, Λ = (B2
0 − 1)/(2τ0u0)

Integrating (31) with respect to β on the line of constant α = o , we obtain,

x,α = x,α0 [1− (ξ/u0)(∂v/∂x)0{1− exp{−Λ(x− x0)}}], (32)

where x,α0 is the value of x,α at x = xo. If we define function ξ such as
ξ = [M4

f0
af0/B

3
f0

Λ], and if,[(∂v/∂x)0 > u0/ξ], the characteristics pile up at
the first frozen Mach line to form a shock wave at x = xc given by,

xc = x0 + Λ−1 ln[1− (u0/ξ)(∂v/∂x)−1
0 ]−1, (33)

where xα and the Jacobian J vanish. Equation (33) shows that the point of
breakdown moves outwards along the first frozen Mach line.For a completely
frozen flow, xc = x0 + (Λ−1u0/ξ)(∂v/∂x)−1

0 the results obtained by [2] and [1]
where they have calculated shock formation distence in terms of initial curva-
ture of corner. From equations (26), (27) and (32) we can calculate the value
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of (∂v/∂x) at the first frozen Mach line which is

(∂v/∂x) =
(∂v/∂x)0 exp{−Λ(x− x0)}

{1− (ξ/u0)(∂v/∂x)0{1− exp{−Λ(x− x0)}}
, (34)

Consequently, if (∂v/∂x)c is negative,(∂v/∂x) at the first frozen Mach line in-
creases monotonically to zero as x increases.If (∂v/∂x)c is positive and has a
magnitude greater than (u0/ξ),(∂v/∂x) at the first frozen Mach wave it will
steepen up into a shock wave at x = xc , as shown by curve a in the fig-
ure. However if,(∂v/∂x)c = (u0/ξ) ,then(∂v/∂x)(α=0) remain constant and is
independent of x as shown by curve b. If(∂v/∂x)c is negative and less than
u0/ξ wave will decay out as illustrated by curves e, f, g, which gives no shock
formation condition a contradiction to the result that all compressive wave
terminates into a shock-wave.

{Figure}- The variation of (∂v/∂x) at the first frozen Mach line.
To relate (∂v/∂x)0 with the coefficient of the second order derivative F

′′
(x) = 0

of the shape of the wall y = F (x), we take xo = 0, thus equation (34) can be
rewritten in the following form,

(∂v/∂x) = [u0F
′′
(0) exp{−Λx}]/[1− ξF ′′

(0)){1− exp{−Λx}}] (35)

and in particular if F
′′
(0)→ − inf, We have simply,

(∂v/∂x) = [−(u0/ξ) exp{−Λx}]/[1− exp{−Λx}]
which gives the partial derivative of the y - component of velocity with respect
to x at the first frozen Mach line of a Prandtl Meyer flow. Condition necessary
for no shock to form on the first frozen mach line is, given by,

F
′′
(0) < 1/ξ. (36)

Equation (36) shows that even if the wall shape is of compressible corner at
x = 0 (i.e.F

′′
> 0), the shock wave is not always formed on the first frozen
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Mach line which is a contradiction that all compressive wave terminates into
the shock wave.

4 Perturbation Equations and Boundary Con-

ditions

In this section using perturbation method,governing equations up to second
order of approximation is obtained and from there it is concluded that for a
set of boundary conditions at the shock waves homogeneous parts are same
for first and second order approximation. To ensure the consistency of second
order boundary conditions, its non homogeneous terms are related appropri-
ately and these relations are obtained. For this purpose let the wall be a
concave or convex with a small deflection angle and be described by the equa-
tion y = εR(x),where ε(<< 1) may be taken as the slope of the wall at x = 0
and R(x) ≈ o(1), so that the boundary conditions (18) becomes,

x = α, y = εR(α), (v/u) = εR
′
(α), at β = 0. (37)

Since ε is a small parameter, we shall seek a solution of the form of,

ψ(α, β) = ψ0(α, β) + εψ1(α, β) + ε2ψ2(α, β) + .... (38)

Since ψ(α, β) denotes any one of the dependent variables concerned, substitut-
ing (38) into (10), (11),(12),and (13) to (17) and collecting the terms of like
order in ε, we obtain a set of equations governing the variable of order as given
below.
Thus equations governing in terms of zeroth order are given by,

y0,β = λ0x0,β , y0,α = 0 , (39)

where λ0 = B−1
f0

= tanµf0 , µf0 being the frozen Mach angle in the free stream,
and of order ε are given as,

ρ0(1 + η)u0x0,βv1,α −Bf0x0,βp1,α +Bf0x0,αp1,β = 0,
T0u0s1,α = 0, p1,α + ρ0(1 + η)u0u1,α = 0
u0x0,βp1,α + ρ0(1 + η)a2

f0
(x0,βu1,α −Bf0x0,βv1,α +Bf0x0,αv1,β)+

ρ0(1 + η)a2
f0
x0,αx0,βw1σ0 = 0,

u0q1,α = x0,α , w1 = −x0,α(q1 − qe1)τ−1
0 , y1,β = B−1

f0
x1,β + λ1x0,β ,

y1,α = (v1/u0)x0,α , λ1 = (af0M
2
f0
af1 − u0u1 + u0v1Bf0)/(a

2
f0
B3
f0

),


(40)

where, af1 = (∂af/∂p)0p1 + (∂af/∂s)0s1 + (∂af/∂q)0q1.
In a similar manner, it follows from (19) and (27) that,

y0(α, 0) = α , y0(0, β) = β (41)
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p1 = ρ1(1 + η) = u1 = s1 = v1 = y1 = q1 = 0 , at α = 0 (42)

x1 = 0 , y1 = R(α) , v1 = u0R
′
(α) , at β = 0 (43)

Substituting (28) into the Rankine-Hugoniot relation (20),we obtain a set of
boundary conditions at the shock wave. The shock relations of order ε are
given by,

ρ0(1 + η)(u1 − v1 cot δ0) + u0(ρ,p0p1 + ρ,s0s1 + ρ,q0q1)(1 + η) = 0,
p1 + ρ0(1 + η)u0u1 = 0, (h,p0p1 + h,s0s1 + h,q0q1) + u0u1 = 0,
v1 + u1 cot δ0 = 0, q1 = 0, s1 = 0.

 (44)

Equations (44) are a homogeneous system in p1, s1, u1, v1 and q1. If these are
not simultaneously zero at the shock wave, the determinant of the coefficients
of the system must vanish. It follows that,cot δ0 = (M2

f0
− 1)1/2 = Bf0 ,that is,

the slope of the shock wave is equal to that of the frozen Mach wave in the
free stream to zeroth-order in ε. Making use of the relation,cot δ0 = Bf0 , we
obtain from (44) the following relations,

p1 = −ρ0(1 + η)u0, u1 = v1(ρ0(1 + η)u0/Bf0), q1 = 0, s1 = 0. (45)

Likewise, collecting the terms of ε2 we obtain,

ρ0(1 + η)(u2 − v2 cot δ0) + u0(ρ,p0p2 + ρ,s0s2 + ρ,q0q2)(1 + η)
= ρ0(1 + η)M2

f0
δ1v1 + ρ0(1 + η)u0(Γf0/a

2
f0

)(M2
f0
/B2

f0
)v2

1,
p2 + ρ0(1 + η)u0u2 = 0, (h,p0p2 + h,s0s2 + h,q0q2) + u0u2 = 0,
v2 + u2 cot δ0 = (M2

f0
/Bf0)δ1v1, q2 = 0, s2 = 0.

 (46)

In deriving (46) use has been made of (45) in simplifying the first order terms.
Now the homogeneous part of (44) and (46) are the same, in particular, their
determinants are zero when,cot δ0 = Bf0 . To insure that the system (46) is
consistent, its non homogeneous terms must be related appropriately. This
relationship may be obtain by eliminating the second order quantities from
the (46), thus,

δ1 = (1/2)(Γf0M
2
f0
/B2

f0
)(v1/u0) (47)

and

cot δ = Bf0 − (1/2)Γf0(M
4
f0
/B2

f0
)ε(v1/u0) (48)

5 Result and Discussion

For expansion wave (∂v/∂x) decreases and damped out ultimatily. For com-
pression wave it will grow up and terminates into a shock wave at a critical
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distance xc as shown by curve a. Thus behaviour of wave at first frozen Mach
wave is more or less similar to that for non-eqilibrium flows as discussed by
[5] and presence of particle delay the shock formation. If (∂v/∂x)c is positive
and has magnitude less than (u0/ξ),it decreases as illustrated by curve c and d
for case u0/2ξ < (∂v/∂x)c < u0/ξ and 0 < (∂v/∂x)c < u0/2ξ respectivelly.For
case (∂v/∂x)c = (u0/ξ) , it remains constant and is independent of x as shown
by curve b.If(∂v/∂x)c is negative and less than u0/ξ wave will decay out as
illustrated by curves e, f, g, which gives no shock formation condition a contra-
diction to the result that all compressive wave terminates into a shock-wave.In
section four using perturbation technique we have obtained a set of boundary
conditions at the shock which are homogeneous for first and second approx-
imation but to ensure the consistency of second order boundary conditions
appropriate relations are obtained.
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