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Abstract

As a theoretical investigation, we develop a new regularization method-
ology for ill-posed problems wherein not only the regularization parame-
ter but also the eigenvalues of the regularization seminorm are computed
from the data. We show that its “zero-order” (minimum prior informa-
tion) version is a convergent technique associated with an unusual set
of subspaces on which convergence rates can be computed. In certain
non-minimum information settings the method has potential advantages
over standard regularization methods.

Mathematics Subject Classification: 47A52, 45Q05, 65J20, 34A55

Keywords: inverse problems, ill-posed problems, regularization

1. Introduction

Generally speaking, inverse problems concern analysis of imprecise data re-
lated to a function (signal) that has also been transformed (corrupted) by an
operator lacking a bounded inverse. Problems of this type, which arise read-
ily in the context of partial differential equations (e.g., elliptic equations un-
der Cauchy conditions, or first kind Fredholm integral equations with square-
integrable kernels), were initially considered nonsensical by Hadamard (a senti-
ment endorsed by Courant-Hilbert [1]). However, these ill-posed problems are
important in many applications, and successful treatments became available
by the mid-20th century (following work of Tikhonov [7] and Wiener [3]). As
regards these methods, a known bound on the signal norm goes a long way in
taming the effects of the implied unbounded operator. But when, as usual, a
bound on the signal norm is not given, various a posteriori approaches exploit-
ing the available data can still be applied to choose a noise-level-dependent
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regularization parameter for order-optimal regularization of these problems
[2]. The question we examine is: why stop there? For example, in addition
to the weight of its influence as determined by the regularization parameter,
why not use the data to supply various other features of a Tikhonov regu-
larization seminorm - such as its eigenvalues? One motivation for this is a
result in [4], where to solve ill-posed problems of a particular form the entire
regularization seminorm is constructed from the data - leading to markedly
improved results over standard Tihhonov regularization. Because of the id-
iosyncratic nature of the problems treated in the latter (e.g., solution of a
Sylvester equation, AX + XB = Y , where given ill-conditioned matrices A, B
and imprecise data matrix Y it is required to find a useful solution matrix X),
that specific approach is not applicable to general inverse problems - but it
nevertheless does beg the question of increasing the number of “regularization
parameters” determined by the data. While it is conceivable that this could
have practical implications because of the decreased demands on prior knowl-
edge of a “good” regularization seminorm, our present objective is to augment
theory rather than practice, by addressing whether the above program is even
possible.

Thus, in this paper we will develop a regularization method for general lin-
ear inverse problems that supplies all of the eigenvalues of the regularization
seminorm (more precisely, we regularize using a prior chosen orthogonal oper-
ator rather than a prior chosen seminorm). If it were to happen that a superb
candidate for the eigenfunctions of the regularization seminorm is available
(i.e., knowledge of an orthogonal system with which most of the true solution
can be expected to be expanded using a relatively small number of terms),
then it will be seen that this method can provide a vastly improved solution
estimate compared to that available with Tikhonov regularization (since the
Tikhonov method has no way to exploit a favored set of eigenfunctions by
themselves). We also compare this method in the setting where a favored set
of eigenfunctions is not known a priori - in which case it utilizes the eigenfunc-
tions of the transfer operator. It is shown that in this minimum information
setting the method is a convergent regularization technique distinct from zero-
order Tikhonov regularization, associated with an unusual set of subspaces on
which convergence rates can be computed.

2. Development of the method

Despite their markedly differing underlying assumptions and formalism,
the stochastic [6] (Bayesian) and deterministic [2] (e.g., Tikhonov) regulariza-
tion schemes usually address the same real-world problems, and thus each can
be interpreted in light of the other. For linear problems, the regularization
parameter α multiplied by the regularization seminorm H in the Tikhonov
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approach corresponds to the noise variance δ2 multiplied by the inverse of the
signal covariance in the stochastic approach assuming a white noise model (a
well known result e.g., reviewed in [4]). In the stochastic approach, a good
choice for the covariance of the signal random function x has the feature that
the square-root of its inverse, i.e., H1/2, is such that the expectation of the
square of each component of H1/2x is unity (this follows immediately from the
definition of covariance operator, assuming it is positive-definite). Thus, we
are motivated to develop a deterministic method using a constraint suggested
by that feature, e.g., one in which regularization seminorm H and solution es-
timate xest are constructed such that the squares of the components of H1/2xest

are unity (this general line of reasoning, as ultimately applied to the Sylvester
equation, is more fully presented in [4]).

In the sequel, we will assume a deterministic setting of inverse problems as
described by the following:

Assumption D: We are given an operator F : X → Y, with X and Y separa-
ble Hilbert spaces, and the pseudoinverse of F is unbounded. For a particular
x ∈ X and a particular y ∈ Y,

y = Fx, (1)

though x and y are unknown, and we are instead given yδ ∈ Y such that
‖y − yδ‖ ≤ δ. It is desired to compute xδ ∈ X depending continuously on yδ,
and such that xδ → x∗ as δ → 0, where x∗ ∈ X is such that y = Fx∗ (solution
estimate convergence).

For simplicity, we will also assume that X and Y are function spaces with the
L2-norm.

Evidently, xδ = F †yδ will not qualify as a solution mechanism fulfilling
the convergence requirement of Assumption D, since the pseudoinverse F † is
unbounded - leading to unbounded amplification of (y − yδ). Tikhonov reg-
ularization employing the discrepancy principle is probably the most popular
regularization technique (though it does not always guarantee order-optimal
convergence rates): there is a large region of X containing solution candidates
consistent with the supplied data yδ, comprising the point set

Ωc ≡ {z ∈ X : ‖Fz − yδ‖ ≤ cδ}, (2)

for a choice of c > 1, and the solution estimate is chosen to be the point of Ωc

minimizing some seminorm, i.e.,

arg min
z∈Ωc

{z′Hz} .

For linear F and a linear seminorm H , the solution estimate is a member of the
boundary ∂Ωc. When H is the identity operator and F is linear, the method
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is convergent. However, flexibility in the choice of H allows one to factor in
some prior knowledge of the true solution characteristics, which can lead to an
improved solution estimate.

So that approach is characterized by prior selection of a particular positive-
semidefinite operator H with a solution estimate format creating a correspon-
dence between H† and a signal covariance operator for the stochastic for-
mulation where x is a random function. Instead, we presume choice of an
orthonormal basis {qi} for X , defining an orthogonal operator Q, so that the
coordinates of z ∈ X are given by (q′1z,q

′
2z, . . .) = Qz. Our goal here is to de-

velop a method wherein Q corresponds to a Karhunen-Loeve transform, and
the associated regularization seminorm is constructed such that the squares of
the solution estimate components equal the variances of the components of the
random function implied by the covariance corresponding to the constructed
seminorm pseudoinverse (an equivalent statement to that given at the end of
the first paragraph of this section). We will refer to a method accomplish-
ing this goal as an orthogonal regularization method, since the outcome of the
procedure depends on prior selection of an orthogonal operator (rather than a
positive semidefinite operator).

It turns out (rather surprisingly) that this program is equivalent to provid-
ing a solution estimate minimizing the geometric mean of the absolute values
of components of points of a particular finite dimensional version of Ωc. In
fact, one can imagine the geometric mean arising in two ways:

• Via its null space. The null space comes from the fact that the geometric
mean of a set of values is zero if any of the values is zero. We can easily
extend this null space property to an infinite-dimensional set. Thus,
consider the set of j-th components of the points of Ωc. If any member
of this set is zero, we accordingly redefine the j-th component of each
point of Ωc to be zero. That is, consider the maximal subset of the above
basis elements of X such that for each member of the subset no point of
Ωc has a corresponding component that is zero. The basis elements in this
subset span a subspace Xn ⊂ X . We will shortly see that the dimension
of Xn is finite for bounded linear F (so n denotes the dimension of Xn).
Let Yn be the range of F when its domain is restricted to Xn, and let Pn

be the orthogonal projection of Y to Yn. For a choice of c > 1, we then
introduce

Ωc
n ≡ {z ∈ Xn : ‖Fz − Pnyδ‖ ≤ cδ}. (3)

• Via its role as a norm surrogate. We take the solution estimate xδ
c to be

the point of Ωc
n having minimum geometric mean of the absolute values

of its components.

We will refer to xδ
c above as the orthogonal regularization solution estimate.

To accomplish our ends, it is necessary to demonstrate that
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1. Ωc
n is finite dimensional (so that the geometric mean can be applied to

the points of this set),

2. the solution estimate converges in the sense expressed by Assumption D,

3. convergence rates can be computed,

4. efficient solution estimate computation is feasible,

5. the solution estimate is consistent with the corresponding covariance
operator (in the sense described in the first paragraph of this section).

As it happens, construction of Ωc
n and explicit calculation of the minimum

of the geometric mean are not necessary. That formulation is only used to
prove some relevant theorems. Rather, the solution satisfying the above is
automatically found with an iterative technique tied to the original goal of
calculating a solution estimate and “covariance operator” having the previously
specified properties.

Regarding point 1 listed in the prior paragraph,

Proposition 1 If F is linear and bounded, then the dimension of ∂Ωc
n is finite.

If F is also compact, then ∂Ωc
n is also compact, connected, and confined to an

open orthant.

Proof. Since x is a member of the separable Hilbert space X , for any ε > 0
there is a k such that for all j > k we have |q′jx| < εδ. If the dimension of
Ωc

n is not finite, there will be an arbitrarily large i such that all members Ωc
n

have nonzero i-th component - and so we can choose such an i to satisfy i > k.
Let x‡ be the point whose components are the same as those of x except that
its i-th component is zero. Then by the linearity of F , we have ‖Fx‡ − yδ‖ =
‖(Fx − yδ) − F (0, . . . , 0, q′ix, 0, . . .)‖ ≤ ‖Fx − yδ‖ + ‖F‖ |q′ix| ≤ (1 + ‖F‖ε)δ.
Thus, if we choose ε such that (1+‖F‖ε) < c (which is always possible, since F
is bounded), then x‡ is a member of Ωc having zero i-th component, meaning
that the i-th component of all points of Ωc

n will also be zero. This contradicts
the assertion that the i-th component of all points of Ωc

n are nonzero - identified
as such from the assumption that Ωc

n is infinite dimensional. Consequently, Ωc
n

must be finite dimensional, and the first assertion of the proposition follows.
If F is compact and linear, Ωc

n is the region bounded by the ellipsoid

∂Ωc
n = {z ∈ Xn : ‖Fz − Pnyδ‖2 = (cδ)2}, (4)

and thus Ωc
n and ∂Ωc

n are compact connected point sets. ∂Ωc
n must be confined

to an open orthant of Xn since it is the boundary of compact connected Ωc
n,

the latter consisting of points having only nonzero components. �
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Since the dimension of Xn is n < ∞, we will consider {qi}n
i=1 to span this

subspace of X . Accordingly, we will refer to orthants of this n-dimensional
space.

Regarding listed points 4 and 5 in the penultimate paragraph before the
prior proposition, it is of interest that our regularization solution estimate is a
fixed point of a particular dynamical system. Thus, for a complete orthonormal
system {qi} spanning X and defining the components of its points as well as
orthogonal operator Q, and for any w ∈ X , we define an operator Hw whose
domain is a subspace of X where for all i the i-th component of any point in
this subspace is zero if the i-th component of w is zero, and such that if z is in
the domain of this operator then Hwz has a nonzero i-th component only if the
i-th component of w is nonzero, and a nonzero i-th component of Hwz is the
i-th component of z divided by the square of the i-th component of w. Note
that, necessarily, Hw maps its domain to itself. If none of the components of
w vanish, we can write this operator as

Hw = Q
(
diag{(q′iw)2})−1

Q′. (5)

Proposition 2 For linear F and the operators Hw as defined above for each
w ∈ X , let κ > 0 satisfy

(cδ)2 + ‖yδ − Pnyδ‖2 = (κδ)2. (6)

Then the orthogonal regularization solution estimate xδ
c is a fixed point of the

operator A : X → X given by

A[w] ≡ arg min
z∈Ωκ

z′Hwz. (7)

Proof. As a first observation, note if p is a fixed point of A it can have
only finitely many nonzero components since it is required that such a point
be in the domain of H

1/2
p . That is, writing p =

∑
i(q

′
ip)qi, and from the

definition of Hp preceding the statement of this proposition, it is clear that

p′Hpp =
(∑

{i: qip�=0} 1
)

would otherwise be infinite.

Consider the function f : Xn → R with f(z) =
∏n

i=1 |zi| (the n-th power of
the geometric mean of the absolute values of a point’s components). There is a
finite nonempty set of points of ∂Ωc

n that are each a point of tangency with some
level set of f . Let p = (p1, . . . , pn) be one of these points of tangency having
the smallest level set value. By definition, xδ

c = p. The level set of f tangent
to ∂Ωc

n at p is the manifold G ≡ {z ∈ Xn :
∏n

i=1 |zi| = γp}, where γp ∈ R
+ is

such that G is tangent to ∂Ωc at the point p. A simple calculation shows that
a vector normal to the tangent space of G at the point p is proportional to(

p−1
1 , . . . , p−1

n

)
. (8)
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Now consider the ellipsoid

E ≡ {z ∈ Xn : z′Hpz = βp} =

{
z ∈ Xn :

n∑
i=1

z2
i

p2
i

= βp

}
,

where βp is chosen such that this ellipsoid passes through p. The tangent space
of this ellipsoid at p also evidently has (8) as a normal vector. Thus, G and
E are tangent at p. But we have already seen that G is tangent to ∂Ωc

n at p.

Hence E is tangent to ∂Ωc
n at p, and so p is an extremum of ‖H1/2

p z‖2 on Ωc
n.

Now, the ellipsoid Ωc
n is confined to an open orthant and the point on it

of smallest geometric mean of its component absolute values must be unique.
Consider the function g : Xn → R with g(z) = z′Hpz. For each level set of f ,
there is a level set of g tangent to it in the orthant containing Ωc

n, and it is
easily seen that for these two particular levels sets in that orthant there is only
one point of tangency. A level set of f corresponding to a sufficiently small
value of f will not intersect ∂Ωc

n (since ∂Ωc
n is confined to an open orthant of

Xn). Thus, again consider the smallest value of f such that the corresponding
level set of f intersects ∂Ωc

n. This, again, is the point xδ
c = p, the orthogonal

regularization estimate. From our argument above, p must also be on the level
set of g having smallest value of g such that the level set intersects ∂Ωc

n. Thus,

p will be a minimum of ‖H1/2
p z‖2 for z ∈ Ωc

n, i.e., p = arg minz∈Ωc
n
z′Hpz. But

note that from (6), ∂Ωc
n ⊂ ∂Ωκ. This means that

A[p] = arg min
z∈Ωκ

z′Hpz = arg min
z∈Ωc

n

z′Hpz = p, (9)

because the domain of H
1/2
p is Xn, and the only part of this domain intersecting

Ωκ is Ωc
n. The proposition then follows. �

According to the Lagrange multiplier principle, (4) and (9) imply existence
of α > 0 such that for p = xδ

c,

p = arg min
z∈Xn

(‖Fz − Pny
δ‖2 + αz′Hpz

)
. (10)

Since F is linear, a variational argument applied to (10) yields

p = (F ′F + αHp)
−1F ′Pnyδ. (11)

Interpreted from the stochastic standpoint with a white noise model, (αHp)
−1

is the covariance of the random vector x divided by the noise variance (the
right-hand-side of (11) in that case expresses the mean of the posterior distri-
bution for the signal random vector). It is thus apparent that the orthogonal
regularization solution estimate xδ

c = p satisfies the desire that it be consistent
with the associated covariance operator in the sense of the first paragraph of
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this section, since the components of H
1/2
p p ∈ Xn are all equal to unity (as is

clear from the paragraph containing (5)).

Furthermore, if the fixed point in Proposition 2 is attracting, repeated
iteration of an operator related to A (employing α as on the right-hand-side
of (10)) presents a possible efficient computation mechanism. The practicality
of this is demonstrated in Section 4 and Section 5.

In general, this regularization approach would be compelling if one had
a particularly good choice of coordinate system with which to expand the
solution estimate (i.e., using a minimal number of its axes). In this case, it
would have a great theoretical advantage over Tikhonov regularization (which
is unable to employ a favored set of eigenfunctions without accompanying
eigenvalues). However, in a ‘zero-order’ (i.e., minimum information) setting
with compact linear F , one can choose the default orthogonal operator to be
defined by the eigenfunctions of F ′F , which we examine in the next section.

3. Demonstrations in the zero-order case

Under conditions of minimum prior information, the covariance of the signal
random function would be proportional to the identity. Since F acts as a filter
on the signal x, the “favored” eigenfunctions for orthogonal regularization
under these conditions are those of the filter operator F . We will show that
the “zero-order” orthogonal regularization method converges, and compute its
convergence rates on a particular family of subspaces of X .

Theorem 1 If F is linear and compact then the orthogonal regularization so-
lution estimate with orthogonal operator given by the eigenfunctions of F ′F
converges to x† ≡ F †y.

Proof. For a choice of c > 1, the admissible solution estimate set is given by
(3). The orthogonal regularization solution estimate resides on ∂Ωc

n. Given
the singular value expansion F =

∑
uiσivi, any point z ∈ ∂Ωc

n must satisfy

∑
{i: vi⊂Xn}

(σi(v
′
iz) − u′

iy
δ)2

(cδ)2
= 1. (12)

Since ∂Ωc
n is confined to an open orthant, every i in the sum in (12) is such

that

|u′
iy

δ| > cδ, (13)

since if this were violated for i = k then the ellipsoid ∂Ωc
n would enclose a

volume containing a point whose k-th component is zero.
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Let δ̄ ≡ (yδ − Fx), so that ‖δ̄‖ ≤ δ. If the subspace defined by vi is not
collapsed to the origin in the orthogonal projection of ∂Ωc to ∂Ωc

n, then (13)
implies

cδ < |u′
iy

δ| = |σi(v
′
ix) + u′

iδ̄| ≤ σi|v′
ix| + δ.

Thus,

(c − 1)
δ

σi
< |v′

ix|. (14)

This equation is nontrivial since c > 1.
Let xc be the orthogonal projection of x to Xn. We have

‖x† − xδ
c‖ ≤ ‖x† − xc‖ + ‖xc − xδ

c‖, (15)

where x† ≡ F †y. Since ‖Fx − yδ‖2 ≤ δ2, it is clear that ‖Fxc − Pnyδ‖2 ≤ δ2,
and so

∑
(σiv

′
ixc−u′

iy
δ)2/δ2 ≤ 1, where the sum is over the i satisfying (14) and

has n terms. Thus, xc lies in the region bounded by an ellipsoid with principle
radii of the form δ/σi - each principal radius with respect to a “center” having
i-th component u′

iy
δ/σi. Since c > 1, it follows that xc is within the volume

bounded by ∂Ωc
n (i.e., comparing with (12)). Consequently, the distance from

xc to any point of ∂Ωc
n is smaller than twice the longest principal radius of

∂Ωc
n. According to (12), the longest principal radius of ellipsoid ∂Ωc

n is cδ/σm,
where σm is the smallest of the n singular values appearing in (12). Thus,
since xδ

c is on ∂Ωc
n, for the “amplification error” we have the bound

‖xc − xδ
c‖ ≤ 2

(
c δ

σm

)
. (16)

As δ → 0, suppose σm does not tend to zero. Then ‖xc − xδ
c‖ = O(δ) and

the amplification error tends to zero. Thus, suppose σm → 0 as δ → 0. Since
x ∈ X , |v′

mx| → 0 as δ → 0. But, according to (14), (c − 1)(δ/σm) < |v′
mx|.

Hence, the right-hand-side of (16) tends to zero with δ. Thus, the second term
on the right-hand-side of (15) tends to zero with δ.

For the “truncation error” ‖x† − xc‖ (the error due to excluding from the
solution estimate all components that become zero after projecting X to Xn),

‖x† − xc‖ ≤
⎛
⎝ ∑

{i: |v′ix†|<(c−1)(δ/σi)}
(v′

ix
†)2

⎞
⎠

1/2

, (17)

where the sum on the right-hand-side converges since x ∈ X . The right-hand-
side above must tend to zero with δ, since as δ tends to zero every v′

ix
† 	= 0

will be excluded from the sum on the right-hand-side.
Thus, the two terms on the right-hand-side of (15) tend to zero with δ, and

the theorem follows. �
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To obtain convergence rate estimates for regularization methods, it is al-
ways necessary to put constraints on x with respect to F . Suppose x is assumed
to be in the range of (F ′F )μ for a choice of μ > 0, where the domain is X . As
μ ranges over all positive values, this provides the usual 1-parameter family of
constraints [2] associated with the restriction of x to one of the spaces

Xμ = {z ∈ X : z = (F ′F )μr, with r ∈ X}.

Since X has been assumed to have the L2-norm, we also have

Xμ = {z ∈ X : z = (F ′F )μr, with {v′
ir} ∈ 
2}, (18)

where 
q is sequence space (the space of real infinite sequences {zi} such that∑ |zi|q < ∞). In other words, for the μ-th constraint, it is assumed that
there is r =

∑
i(v

′
ir)vi, with {v′

ir} ∈ 
2, such that x = (F ′F )μr. No reg-
ularization method can achieve better convergence results than O(δ2μ/(2μ+1).
For the case of the most popular method, Tikhonov regularization with H
being the identity operator and with the regularization parameter selected by
the discrepancy method, this order-optimal convergence is guaranteed only for
0 < μ ≤ 1/2 (“saturation” occurs with Tikhonov regularization) [2]. As it
happens, convergence rate O(δ2μ/(2μ+1)) is guaranteed by zero-order orthog-
onal regularization for any μ > 0 only if r is in a particular subset of Xμ.
For example (as will be seen below), if μ = 1/2, this convergence rate is only
guaranteed if {v′

ir} ∈ 
1, rather than the less stringent requirement {v′
ir} ∈ 
2

(as with zero-order Tikhonov regularization). On the other hand, orthogonal
regularization does not experience the saturation phenomenon characteristic
of Tikhonov regularization (the fact that the Tikhonov method cannot achieve
order-optimal convergence rates for μ > 1 even for regularization parame-
ter selection methods that are better than the discrepancy principle). For
μ > 1 there will be portions of Xμ for which convergence order O(δ2μ/(2μ+1)
is achieved for orthogonal regularization, but not achieved by Tikhonov regu-
larization (because for Tikhonov regularization there is no given relationship
between {v′

ix} and {σi}, so that {v′
ix} ∈ 
2/(2μ+1) is irrelevant to a calculated

convergence rate for x ∈ Xμ).

Thus, in contrast to (18), we define

X̄μ ≡ {z ∈ X : z = (F ′F )μr, with {v′
ir} ∈ 


2
2μ+1}.

Corollary 1 Under the assumptions of Theorem 1, suppose x ∈ X̄μ. Then

‖x − xδ
c‖ = O

(
δ

2μ
2μ+1

)
.
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Proof. By assumption, we can write x = (F ′F )μr such that {v′
ir} ∈ 
2/(2μ+1).

Since 2/(2μ + 1) < 2 for μ > 0, it follows that {v′
ir} ∈ 
2, and so we have

r ∈ X . Thus, r =
∑

(v′
ir)vi, and x = (F ′F )μr implies

x =
∑

i

σ2μ
i (v′

ir)vi. (19)

Hence, x can have a nonzero i-th component only if σi 	= 0. So, x = x†.
Equations (17) and (19) imply a truncation error satisfying

‖x − xc‖ ≤
⎛
⎝ ∑

{i: |v′ix|<(c−1)(δ/σi)}
(v′

ix)2

⎞
⎠

1/2

=

⎛
⎜⎝ ∑

{i: σ2μ+1
i <[(c−1)/|v′ir|]δ}

σ4μ
i (v′

ir)
2

⎞
⎟⎠

1/2

≤ [(c − 1)δ]
2μ

2μ+1

( ∞∑
i=1

|v′
ir|

2
2μ+1

)1/2

= O
(
δ

2μ
2μ+1

)
, (20)

where the final equality follows from the theorem assumption that {v′
ir} ∈


2/(2μ+1) (i.e., x ∈ X̄μ).
Regarding the amplification error, (19) implies that for all the i such that

(14) holds (indexing the only components contributing to the amplification
error),

(c − 1)δ < σi|v′
ix| = σ2μ+1

i |v′
ir|. (21)

As in the proof of Theorem 1, let m be the largest integer such that (14) holds.
Equation (21) then implies that(

(c − 1)δ

‖r‖
) 1

2μ+1

< σm. (22)

Equations (16) and (22) with c > 1 imply

‖xc − xδ
c‖ ≤ 2

(
c δ

σm

)
= O(δ

2μ
2μ+1 ). (23)

Since ‖x− xδ
c‖ ≤ ‖x− xc‖+ ‖xc − xδ

c‖, the corollary follows from (20) and
(23). �

4. An iterative method for 0-order orthogonal regularization

Inspired by Proposition 2 and (10), for each α > 0 we define a mapping
Aα : X → X with Aα[0] ≡ 0, and for w 	= 0,

Aα[w] ≡ arg min
z∈D[Hw]

{‖Fz − yδ‖2 + α(z′Hwz)
}

, (24)
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where D[Hw] is the domain of Hw. We will refer to w = 0 as the trivial fixed
point. Note that, as with A, a nontrivial fixed point p of Aα, which we choose as
our solution estimate, will also satisfy our desire that that nonzero components
of H

1/2
p p are unity. That is, it will be associated with the seminorm Hp, and

from the paragraph containing (5) it is evident that the components of H
1/2
p p

are each unity.
If F is linear and compact and w has no zero components, then (5) and a

variational argument applied to (24) leads to

Aα[w] =
(
F ′F + α[Q(diag{(q′iw)2})−1Q′]

)−1
F ′yδ (25)

(equation (25) arises by setting the Frechet derivative of the expression in
braces on the right-hand-side of (24) to zero, etc.). Equation (25) requires
some care in interpretation when there are terms for which qiw = 0. However,
using the singular value expansion, F =

∑
i uiσiv

′
i, we obtain an expression

that is always valid on the right-hand-side below,

Aα[w] =
∑

{i: v′iw �=0}

σi(u
′
iy

δ)

σ2
i + α/(v′

iw)2
vi =

∑
i

σi(u
′
iy

δ)(v′
iw)2

σ2
i (v

′
iw)2 + α

vi. (26)

A nontrivial fixed point p of the mapping Aα[·] must satisfy

Aα[p] =
∑

{i: v′ip�=0}

σi(u
′
iy

δ)

σ2
i + α/(v′

ip)2
vi = p =

∑
{i: v′ip�=0}

(v′
ip)vi. (27)

Since the coefficients of vi in the two sums in (27) are equal, we obtain

σiv
′
ip =

u′
iy

δ ±√(u′
iy

δ)2 − 4α

2
. (28)

Thus, every nontrivial fixed point of Aα is of the form

p =
1

2

∑
{i: (u′

iy
δ)2>4α}

vi

σi

(
u′

iy
δ ±

√
(u′

iy
δ)2 − 4α

)
. (29)

Note that the fixed points of of Aα are indeed truncations - i.e., they involve
only the finitely many terms of the sum (the number of terms is finite since
‖yδ‖ < ∞, so that uiy

δ → 0 as i → ∞, and an i-th term appears in the sum
in (29) only if u′

iy
δ > 4α).

Since in general one might wish to iterate Aα to obtain the solution es-
timate, one can examine conditions under which there is an attracting fixed
point.
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Theorem 2 Under the assumptions of Theorem 1 and assuming at least one
member of {(u′

iy
δ)2} is greater than 4α, operator Aα has at least one attracting

nontrivial fixed point. The attracting fixed points of Aα all have the same i-th
component unless 4α < (u′

iy
δ)2 < 5α.

Proof. Nontrivial fixed points of Aα exist and are of the form indicated by the
right-hand-side of (29) since, by assumption, that sum has at least one term.
The following will refer only to nontrivial fixed points.

For fixed point p to be attracting, it is necessary that ‖D[Aα[p]]‖ < 1,
where D is the derivative. Using (26), we obtain

D[Aα[w]] =
∑

i

(
2α (σiv

′
iw)(u′

iy
δ)

(σ2
i (v

′
iw)2 + α)2

)
vi v

′
i. (30)

Considering the radicals in (28) and (29), for a fixed point w = p it must be
that D[Aα[p]] has only finitely many terms in its expansion on the right-hand-
side of (30). That is, for w = p the term inside the sum on the right-hand-side
of (30) only appears for i such that v′

ip 	= 0, and the statement immediately
preceding this theorem indicates that there can be only finitely many such
terms for a fixed point (furthermore, note from (30) that the derivative is
continuous in neighborhood of p). Thus, for p to be attracting it is sufficient
for these finitely many terms that

2α |(σiv
′
ip)(u′

iy
δ)| < (σ2

i (v
′
ip)2 + α)2. (31)

Inserting (28) into the above, one quickly obtains

2α

(
u′

iy
δ ±√(uiyδ)2 − 4α

2

)(
u′

iy
δ ∓√(uiyδ)2 − 4α

2

)

<

(
u′

iy
δ ±√(uiyδ)2 − 4α

2

)4

+ α2.

The left-hand-side above is just 2α2, and so criterion (31) becomes

4α <
(
u′

iy
δ ±

√
(u′

iy
δ)2 − 4α

)2

. (32)

There are two possibilities in the above expression: either the sign of the radical
matches the sign of u′

iy
δ, or it does not.

Thus, suppose first that the sign in front of the radical in (32) does not
match the sign of u′

iy
δ. Then assuming u′

iy
δ > 0 (the alternative case being

handled analogously) the criterion for attraction becomes

2
√

α < u′
iy

δ −
√

(u′
iy

δ)2 − 4α =
2α√

(u′
iy

δ)2 − ξ
, (33)
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for a particular ξ ∈ [0, 4α], where the above equality comes from the Mean
Value Theorem. Expression (33) simplifies to (u′

iy
δ)2 < α+ξ. Since ξ ∈ [0, 4α],

p being attractive at least requires that (u′
iy

δ)2 < 5α. But (u′
iy

δ)2 > 4α, since
imaginary terms in the expression on the right-hand-side of (29) cannot occur.
Hence, if the sign in front of the radical in (32) does not match the sign of
u′

iy
δ, the fixed point cannot be attracting unless 4α < (u′

iy
δ)2 < 5α. For all

other i, it will be required that the sign in front of the radical in (32) does
match the sign of u′

iy
δ.

Finally, suppose that in (32) the sign of the radical matches the sign of
u′

iy
δ. In that case, criterion (32) is automatically satisfied since every term in

(29) already satisfies 4α < (u′
iy

δ)2. Thus, we have an attracting fixed point
given by (29), when for each i the sign in front of the radical matches the sign
of u′

iy
δ. �

In order for the iterative solution estimate to assuredly converge to x†,
it is necessary that α in Theorem 2 be consistent with the choice of c > 1
in the proof of Theorem 1. In fact, it is clear from the proof of Theorem 2
that the attracting nontrivial fixed point of Aα is a truncation of terms in
the sum expressing the solution estimate as a linear combination of members
of a subset of the basis elements, with vi a member of this set if and only if
4α < (u′

iy
δ)2. According to (13), the orthogonal regularization solution es-

timate is a linear combination of members of a subset of the basis elements,
with vi a member of this set if and only if c2δ2 < (u′

iy
δ)2. Indeed, from the

Lagrange multiplier principle, the methods give the same solution estimate if
α = (c2/4)δ2. Interestingly, according to the deterministic-stochastic corre-
spondence touched on in the first paragraph of Section 2, the regularization
parameter α of this deterministic approach should correspond to the noise vari-
ance (i.e., since it multiplies a regularization seminorm corresponding to the
inverse of a covariance operator for the signal random function). Given that
δ2 in the deterministic approach is a bound on the square of noise magnitude
‖Fyδ − x‖2, this choice α = δ2/4 (for c = 1) is quite what would be expected
for a corresponding noise variance - and suggests the reasonableness of the
method.

Finally, absent knowledge of δ, one might use a large range of solution
estimates obtained from the iterative method for different α to produce an
L-curve [5] with which to select a favored solution estimate. In fact, in Section
5 we will implement a variant of our iterative method, where for each step of
the iteration (25) the α for that step is selected from an L-curve relevant to
that single iteration step.
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Figure 1: Results of the iterative orthogonal regularization scheme with the
defining orthogonal operator Q taken to be the identity, compared with zero-
order Tikhonov regularization, for a source x composed of multiple spikes on
a zero baseline.

5. Zero-order and non-zero-order illustrations

In this section we will produce solution estimates via iteration of the map-
ping Aα. For the non-minimum information setting where Q is not the eigen-
vector matrix of F ′F , Aα is defined by (25) rather than (26). We first examine
this procedure for the case where the selected orthogonal operator Q is truly
efficient as regards expression of the true solution (“few” eigenfunctions are
required to express all important aspects of the solution). It is in principle
sufficient to consider the Q = I case (with I the identity operator), given that
a different choice of Q can be factored into F . That is, y = Fx is equivalent
to y = FQ(Q′x).

Thus, in a finite dimensional setting appropriate for numerical realization,
Figure 1 shows results of the iterative orthogonal regularization scheme (based
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Figure 2: Results in the same format at Figure 1, but where the orthogonal
operator Q defining the orthogonal regularization is given by the eigenfunctions
of F ′F .
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on (25)) for Q = I, with a source x composed of multiple spikes on a zero
baseline. F is a simple Gaussian smoothing matrix. Its effect, and the noise
level, can be gauged by comparing the plots of x and data yδ = y + noise.
The seed for the initial iteration step is given by V U ′yδ where U, V are the
eigenvector matrices of FF ′ and F ′F , respectively (in this example, V U ′ = I,
since our smoothing matrix F is real and symmetric). The corners of the L-
curves in the second row of figures are a convenient means of identifying useful
regularization parameter values. The L-curve show for the orthogonal regular-
ization method is that of the final iteration step. These curves are supplied to
demonstrate that the L-curve mechanism continues to exist for this orthogonal
regularization scheme (only the relevant portions around the L-curve corners
are shown). In the relative error curves of the last row of figures, the horizontal
axis indicates variation over thirty orders of magnitude of the regularization
parameter. The lowest relative error solution estimates shown in the first row
of figures correspond to selection of α associated with a solution estimate near
the respective L-curve corners shown in the second row of figures. The first
figure in the last row is a plot of the L-curve corner (abscissa, ordinate) for
each step of the iteration. That is, for each step in the iteration a regulariza-
tion seminorm results from the solution estimate of the prior iteration step,
and the regularization parameter utilized to get the solution estimate for each
new iteration step is chosen by the L-curve corner derived from varying the
regularization parameter over thirty orders of magnitude for that particular
iteration step. The L-curve corner ordered pairs bunch together in later itera-
tions, consistent with “convergence” of the iteration to a fixed point of an Aα.
With this noise level, the orthogonal regularization estimate is clearly superior
to that of zero-order Tikhonov.

Figure 2 shows results of this procedure when the columns of Q are the
eigenvectors of F ′F (zero-order orthogonal regularization).
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