
Int. Journal of Math. Analysis, Vol. 6, 2012, no. 34, 1671 - 1678

Diaspora Operators

V. Swaminathan 1 and K. Chandrasekhara Rao

Department of Mathematics
Srinivasa Ramanujan Centre

SASTRA University
Kumbakonam, India

Abstract

Anti-morphism between lattices is introduced and some properties
are investigated. Based on this, notion of diaspora operator is intro-
duced and the compatibility of anti-morphisms with this diaspora op-
erator on complemented lattices is investigated.
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1 Introduction

The nearness between sets is dealt by closure operators[1], that are more gen-
eral than the Kuratowski ones, were studied by many authors and occur in
numerous branches of mathematics, in particular, set theory, general topology,
geometry, algebra, mathematical logic, category theory and more recently in
graph theory. And they are utilized also in many other fields, especially in
theoretical biology, computer science etc. - see e.g. [8], and [6].

But, on the contrary, many sets are diasporic in nature. For example, the
Kleene star, set of all strings over a set of alphabet in theory of languages.
Some characteristics of the sets which are distributed, that are diasporic, are
derived in this paper.

Based on the anti-homomorphism between groups discussed in [2], a notion
of anti-morphisms between the lattices is introduced. With the help of this
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map, a new operator, diaspora operator, is defined on L. Mapping on diaspora
systems are defined along with diasporic continuity and diasporic regularity.
The equivalences are also established.

For the definitions we have used, one can refer [3] and [4].

2 Lattice Anti-Morphisms

Notion of join-meet and meet-join morphisms are as follows:

Definition 2.1. φ is join-meet morphism when φ(x ∨ y) = φ(x) ∧ φ(y). φ
is meet-join morphism when φ(x ∧ y) = φ(x) ∨ φ(y).

Lemma 2.2. (i) Any join-meet morphism from a join-semilattice to a meet-
semilattice is antitone; so is any meet-join morphism from meet-semilattice to
join-semilattice.
(ii) Any antitone bijection with antitone inverse is a lattice anti-isomorphism.

Definition 2.3. [4] An ideal is a non-void subset J of a lattice (or join-
semilattice) L with the properties:

(i) a ∈ J, x ∈ L, x ≤ a ⇒ x ∈ J and
(ii) a ∈ J, b ∈ J ⇒ a ∨ b ∈ J .

The dual (in lattice or meet-semi lattice) is called a dual ideal (or meet-ideal).

From the definition one can obtain the following results:

Lemma 2.4. Under any meet-join morphism θ of a meet-semilattice L onto
a join-semilattice M with 0, the set ker θ of antecedents of 0 is an ideal in L.

θ is a lattice anti-morphism when it is both join-meet and meet-join mor-
phism.

Lemma 2.5. Let L and L′ be two lattices and f from L onto L′. If f
is lattice homomorphism then it preserves order[4] and if it is lattice anti-
homomorphism then it is order inverting.

Theorem 2.6. (i) A bijective map of a lattice L into a lattice L′ is a lattice
anti-isomorphism if and only if it and its inverse are order reverting.
(ii) Let L be a distributive lattice and let f : L → L′ be a surjective homomor-
phism or anti-homomorphism. Then L′ is also distributive.
(iii) Let f : L → L′ be a surjective map. If L is modular, then L′ is also
modular when f is either homomorphism or anti-homomorphism.
(iv) Let L be a complemented lattice. Let fA : L → L′ be a surjective anti-
homomorphism. Then L′ is also complemented.
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(v) Let L be a complemented lattice. Let fA : L → L′ be a surjective anti-
homomorphism. Then given fA(a) ∈ L′, there exists fA(a′) ∈ L′ such that
fA(a) ∨ fA(a′) = fA(0) and fA(a) ∧ fA(a′) = fA(1) so that fA(0) is the maxi-
mal element and fA(1) is the minimal element of L′.

Let L = (L,≤)) and L′ = (L′,≤′) will be complete complemented lattices with
the least elements denoted by 0 and 0′, greatest elements denoted by 1 and 1′,
the joins denoted by

∨
(or ∨) and

∨′ (or ∨′) and meets by
∧

(or ∧) and
∧′

(or ∧′) respectively.

Definition 2.7. [7] Let f : L → L′ be a map. The map f−1 : L′ → L
given by f−1(x′) =

∨
{x; f(x) = x′} whenever x′ ∈ L′ is called the inversion of

f . An element x′ ∈ L′ is said to be invertible if f−1(x′) > 0. Thus, x′ is not
invertible if x = 0 is the only element with f(x) = x′ or if there is no such an
element x.

Definition 2.8. Let fA : L → L′ be a map. The map f−1
A : L′ → L given

by f−1
A (x′) =

∧
{x; fA(x) = x′} whenever x′ ∈ L′ is called the anti-inversion of

fA. An element x′ ∈ L′ is said to be anti-invertible if f−1
A (x′) < 1. Thus, x′ is

not anti-invertible if x = 1 is the only element with fA(x) = x′ or if there is
no such an element x.

Definition 2.9. A map fA : L → L′ is said to be anti-morphism if the
following four conditions are satisfied whenever x, y ∈ L and x′, y′ ∈ L′:

[AM0] fA(x) = 0′ ⇒ x = 1(anti-conservativity);
[AM1] x ≤ y ⇒ fA(y) ≤′ fA(x)(anti-monotonicity);
[AM2] y′ ≤′ fA(f−1

A (y′)) whenever y′ is invertible(anti-inverse anti-consistency);
[AM3] x′ ≤′ y′ ⇒ f−1

A (y′) ≤ f−1
A (x′)(anti-inverse anti-monotonicity).

If fA is anti-monotone and y′ is anti-invertible then fA(y) = y′ gives y ≤
f−1

A (y′). Implies fA[f−1
A (y′)] ≤′ fA(y) = y′. Using AM2, fA[f−1

A (y′)] = y′ for all
invertible elements y′ ∈ L′ as in the case of lattice morphism[7]. fA : L → L′

is anti-inverse anti-consistent if and only if for every anti-invertible element
y′ ∈ L′, there exists a least element y ∈ L with fA(y) = y′. The anti-inverse
anti-monotonicity implies when ever y′ ∈ L′ is anti-invertible and z′ ≤′ y′, z′

is invertible. Conversely, x′ is not invertible when ever there is a non-anti-
invertible element y′ with y′ ≤′ x′. If fA is an anti-morphism, then fA(x) ≤′ y′

is equivalent to f−1
A (y′) ≤ x whenever y′ is anti-invertible. Thus fA and f−1

A

constitute a covariant Galois connection[3] between L and the set of all anti-
invertible elements of L′.

Example 2.10. Table 1 illustrates 5 maps fAk
: 2X → 2X′

, k = 1, . . . , 5,
where X = {a, b, c}, X ′ = {x, y, z}. Both power sets 2X and 2X′

are consid-
ered to be complete complemented lattices with respect to set inclusion.
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Y ∈ 2X fA1(y) fA2(y) fA3(y) fA4(y) fA5(y)
∅ ∅ ∅ ∅ ∅ ∅
{a} {xyz} {xyz} {xyz} {xyz} {xyz}
{b} {xyz} {xyz} {xyz} {xyz} {xy}
{c} {xyz} {x} {yz} {x} {xyz}
{ab} {xy} {y} {xy} {xyz} {y}
{ac} {xz} {x} {yz} {xy} {x}
{bc} {yz} ∅ {xyz} {xy} {x}
{abc} ∅ ∅ ∅ ∅ ∅

AM0 ¬AM0 AM0 AM0 AM0
Anti AM1 AM1 ¬AM1 AM1 AM1

Morphism AM2 AM2 AM2 ¬AM2 AM2
AM3 AM3 AM3 AM3 ¬AM3

Morphism M3 M3 M3 ¬M3 M3
M4 M4 M4 ¬M4 ¬M4

Table 1: Five maps between power sets

The leftmost column denotes the 8 elements of 2X . The other columns de-
note the images of each of the elements under fAk

, k = 1, . . . , 5. Only fA1

is anti-morphism. Clearly, fA2 is not anti-conservative because fA2({b, c}) =
∅. The map fA3 is not anti-monotone because fA3({c}) = {y, z} � {x, y, z} =
fA3({b, c}). Further, fA4 is not anti-inverse anti-consistent because y′ = {x, y} 
′

{x} = fA4 [f
−1
A4

({x, y})] = fA4 [f
−1
A4

(y′)]. Finally, fA5 is not anti-inverse anti-
monotone because {x} ≤′ {x, y} but f−1

A5
({x}) = {c} � {b} = f−1

A5
({x, y}).

But one can easily see that each of the maps fAk
, k = 2, . . . , 5, satisfies the

remaining three of the four conditions AM0, AM1, AM2 and AM3. Therefore,
the conditions AM0, AM1, AM2 and AM3 are independent.

In this example, fA4 is neither inverse consistent nor inverse monotone. Where
as fA5 is not an inverse monotone but inverse consistent. Also in example 2.3
of [7], the function fA2 is anti-inverse anti-monotone but it is not an anti-
inverse anti-consistent. Thus all the above six conditions, AM0, AM1, AM2,
AM3, M3 and M4, are independent.

Definition 2.11. A map fA : L → L′ is said to be anti-additive if we have
fA(x ∨ y) = fA(x) ∧ fA(y) whenever x, y ∈ L.

Also anti-morphism need not be anti-additive. For example, the function fA1

in example 2.10 is not anti-additive, since, fA1 [{a, c}∨{b, c}] = fA1({a, b, c}) =
∅ ⊂ {z} = {x, z} ∧ {y, z} = fA1({a, c}) ∧ fA1({b, c}).

Proposition 2.12. Let fA : L → L′ be an anti-additive, anti-conservative
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and anti-inverse anti-consistent map. Then the following conditions are equiv-
alent: (a) fA is a anti-morphism, (b) fA is anti-inverse anti-monotone, (c)
if y′, z′ ∈ L′ are elements with y′ ≤′ z′ and y′ anti-invertible, then z′ is anti-
invertible.

Proof. We prove only (c) ⇒ (b) as the other implications are easy to prove.
Suppose that y′ is anti-invertible, since fA is anti-additive and both y′ and z′

are anti-invertible, we have y′ = y′∧′z′ ≤′ fA(f−1
A (y′)∨f−1

A (z′)). Consequently,
f−1

A (y′) ∨ f−1
A (z′) ≤ f−1

A (y′), completes the proof.

Lemma 2.13. Let L′′ = (L′′,≤′′) be a complete complemented lattice, let
fA : L → L′ and gA : L′ → L′′ be anti-inverse anti-monotone maps. And gA

be, moreover, inverse consistent. Then (gA◦fA)−1(y′′) = f−1
A (g−1

A (y′′)) for each
y′′ ∈ L′′.

Proof. Let y′′ ∈ L′′ and y ∈ L be elements with gA(fA(y)) = y′′. Then
g−1

A (y′′) ≤′ g−1
A (gA(fA(y))) ≤′ fA(y) because gA is anti-inverse anti-monotone.

Now, since also fA is anti-inverse anti-monotone, we get y ≤ f−1
A (fA(y)) ≤

f−1
A (g−1

A (y′′)). Consequently, (gA ◦ fA)−1(y′′) =
∧
{y ∈ L; gA(fA(y)) = y′′} ≥

f−1
A (g−1

A (y′′)).
Further, for an arbitrary subset z ∈ L, fA(z) = g−1

A (y′′) implies gA(fA(z)) =
gA(g−1

A (y′′)) = y′′ by the inverse consistency of gA. Using this fact we obtain
f−1

A (g−1
A (y′′)) =

∧
{z ∈ L; fA(y) = g−1

A (y′′)} ≥
∧
{z ∈ L; gA(fA(z)) = y′′} =

(gA ◦ fA)−1(y′′).

Lemma 2.14. Let L′′ = (L′′,≤′′) be a complete complemented lattice, let
fA : L → L′ be anti-inverse anti-monotone and anti-inverse anti-consistent.
Also let gA : L′ → L′′ be anti-inverse consistent. Then (gA ◦ fA)−1(y′′) =
f−1

A (g−1
A (y′′)) for each y′′ ∈ L′′.

Proof. Let y′′ ∈ L′′. Then for an arbitrary subset z ∈ L, fA(z) = g−1
A (y′′) by

anti-inverse consistency of gA. Therefore, fA(z) ≤′ g−1
A (gA(fA(y))) ≤′ g−1

A (y′′).
Now, since also fA is anti-inverse anti-monotone, we get f−1

A (g−1
A (y′′)) ≤ z.

Consequently, f−1
A (g−1

A (y′′)) ≤
∧
{z ∈ L; gA(fA(z)) = y′′} ≤ (gA ◦ fA)−1(y′′)}.

fA is anti-inverse anti-consistency gives y ≤ f−1
A [fA(y)] ≤ f−1

A [g−1
A (y′′)] if

fA(y) = g−1
A (y′′), implies (gA ◦ fA)−1(y′′) ≤ f−1

A (g−1
A (y′′)) gives the required

result.

Proposition 2.15. Let fA : L → L′ be anti-morphism and gA : L′ → L′′

be morphism. Also let gA be anti-inverse monotone. Then the composition
(gA ◦ fA) : L → L′′ is an anti-morphism.

Proof. Let y′′ ∈ L′′ be an invertible element with respect to (gA ◦ fA). Let
there be an element y ∈ L, y < 1 with gA[fA(y)] = y′′.
(gA ◦ fA)(1) = gA[fA(1)] = gA(0) = 0 gives (gA ◦ fA) is anti-conservative.
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x ≤ y gives fA(y) ≤ fA(x), x ∨ y = y and (gA ◦ fA)(x ∨ y) = (gA ◦ fA)(y) =
gA[fA(y)]. Now (gA ◦ fA)(x ∨ y) = gA[fA(x ∨ y)] = gA[fA(x) ∧ fA(y)] =
gA[fA(x)]∧gA[fA(y)]. Thus, gA[fA(x)]∧gA[fA(y)] = gA[fA(y)] gives gA[fA(y)] ≤′′

gA[fA(x)] implies (gA ◦ fA) is anti-monotone.
Let y′′ ∈ L′′ be an invertible element w.r.t (gA ◦ fA). Then there exists an
element y ∈ L, y < 1 with gA[fA(y)] = y′′. fA(y) ≤′ g−1

A [gA(fA(y))] = g−1
A (y′′)

implies y′′ is invertible w.r.t gA since fA is anti-conservative. fA is anti-inverse
anti-monotone gives f−1

A [g−1
A (y′′)] ≤ f−1

A [fA(y)] ≤ y implies g−1
A (y′′) is invertible

w.r.t. fA. Now, y′′ = gA{g−1
A (y′′)} = gA{fA(f−1

A [g−1
A (y′′)])} = (gA ◦ fA){(gA ◦

fA)−1(y′′)}. By lemma 2.14 (gA ◦ fA) is anti-inverse anti-consistent.
Finally, let x′′, y′′ ∈ L′′ with x′′ ≤′′ y′′. Then g−1

A (x′′) ≤′ g−1
A (y′′) as gA is anti-

inverse monotone. Therefore, f−1
A [g−1

A (y′′)] ≤ f−1
A [g−1

A (x′′)] as fA is anti-inverse
anti-monotone, gives (gA ◦ fA)−1(y′′) ≤ (gA ◦ fA)−1(x′′). Thus by lemma 2.13,
(gA ◦ fA)−1 is anti-inverse anti-monotone, which completes the proof.

3 Diaspora Operator

Birkhoff[3] established that the subsets of a set L is closed with respect to
any closure property on L form a complete lattice. Šlapal[7] defined a closure
operator u and morphism which is conservative(M0), monotone(M1), inverse
consistent(M2) and inverse monotone(M3). He established that the above
conditions of morphism are independent. Closure operators express nearness
between sets[5], with the general assumption that A∩B 6= φ implies A is near
to B.

On the contrary to the above, the concept on the sets which are diasporic
in nature are dealt in this work. In this case one can obtain d(A) = {x :
{x} is diasporic from A}. The new operator is as follows:

Definition 3.1. A diaspora operator on a complete complemented lattice
L = (L,≤) with the least element 0 and greatest element 1 is a map d : L → L
which is

(0) anti-grounded (i.e., d(1) = 0),
(1) anti-extensive (i.e., ∀x ∈ L : x ≥ [d(x)]c),
(2) antitone (i.e., ∀x, y ∈ L : x ≤ y ⇒ d(x) ≥ d(y)),
(3) anti-idempotent (i.e., ∀x ∈ L : d[d(x)] = [d(x)]c.

The pair (L, d) where L is a complemented lattice and d is an diaspora operator
on L is called a diaspora system. An element x ∈ L is said to be diasporic if
[d(x)]c = x.

Example 3.2. Consider the complete complemented lattice 〈L3,≤3〉 in which
every element has a unique complement. Define diaspora k as follows: d(〈0, 0, 0〉) =
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〈1, 1, 1〉; d(〈1, 0, 0〉) = 〈0, 1, 1〉; d(〈0, 1, 0〉) = 〈1, 0, 1〉; d(〈0, 0, 1〉) = 〈1, 1, 0〉;
d(〈1, 1, 0〉) = 〈0, 0, 1〉; d(〈1, 0, 1〉) = 〈0, 1, 0〉; d(〈0, 1, 1〉) = 〈1, 0, 0〉 and d(〈1, 1, 1〉) =
〈0, 0, 0〉. Clearly (L3, d) is diaspora space.

Definition 3.3. A function fD : (X; d) → (Y ; d′), where (X; d) and (Y ; d′)
are diaspora systems, is said to be

1. diasporic-regular if for all x ∈ L, fD([d(x)]c) = fD(x) when ever fD(x) ∈
L′ is diasporic;

2. diasporic-continuous if for all x ∈ L, fD([d(x)]c) ≤′ [d′(fD(x))]c;

From the above definition we have,

Proposition 3.4. If fD is diasporic-continuous and x is diasporic then
fD(x) is diasporic.

Definition 3.3 and properties of anti-morphism yields

Theorem 3.5. Let (L, d) and (L′, d′) be diaspora systems and let fD : L →
L′ be an anti-morphism. Then the following conditions are equivalent:

(i) fD is diasporic-continuous,
(ii) fD is diasporic-regular,
(iii) for all x ∈ L, f−1

D [(d(y′))c] ≤ [d(f−1
D (y′))]c,

(iv) for all x ∈ L, y′ ∈ L′ is diasporic implies f−1
D (y) is diasporic.

Proposition 3.6. Let (L, d), (L′, d′) and (L′′, d′′) be diaspora systems and
let fD : L → L′ and gD : L′ → L′′ be maps. If fD and gD are diasporic-
continuous maps and gD monotone, then (gD ◦ fD) is diasporic-continuous.

From theorem 3.5 and proposition 3.6 we have the following proposition.

Proposition 3.7. Consider the diaspora systems and maps described in
proposition 3.6. If fD and gD are diasporic-regular, then so is (gD ◦ fD).

Proposition 3.8. Let (L, d) and (L′, d′) be diaspora systems and let fD :
L → L′ be anti-monotone. Then fD(x) is diasporic if and only if [d′(fD(x))]c ≤′

fD([d(x)]c) for all x ∈ L.

Definition 3.3(2) and proposition 3.8 gives,

Corollary 3.9. Let (L, d) and (L′, d′) be diaspora systems and let fD : L →
L′ be anti-monotone map. Then fD is diasporic and diasporic-continuous if
and only if fD[(d(x))c] = fD(x) for all x ∈ L.

From corollary 3.9 and theorem 3.5 we have,

Corollary 3.10. Let (L, d) and (L′, d′) be diaspora systems and let fD :
L → L′ be a anti-morphism map. Then fD is diasporic and diasporic-regular
if and only if fD[(d(x))c] = fD(x) for all x ∈ L.
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