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Abstract

This paper presents how a singular matrix of order n×n formulated
using special properties to its immediate low order n-1×n-1 and we have
also found that any square matrix taken randomly from an n×n special
properties’ singular matrix is also singular. This work shows the results
of various operations subjected to a reduced singular matrix.
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1 Introduction

This paper is based on the work [1] done by K.Arulmani et al. K.Arulmani
and K.C.Rao have identified special properties for forming a singular matrix.
A singular matrix is a noninvertible matrix and therefore its determinant value
is zero.

1.1 Construction of a singular matrix

The following are the special properties identified, that can be used to construct
a singular matrix:
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a11 + a22 − a21 = a12

a21 + a32 − a31 = a22

a12 + a23 − a22 = a13

a22 + a33 − a32 = a23

The determinant of special properties’ matrix is zero except matrix of order
(2×2) and (1×1) and the sum of elements in the two diagonals is also equal.
Any matrix formed using the above special properties is singular.

2 Reducing a matrix to its immediate low or-

der

2.1 Reduction Theorem

An special properties’ matrix of order n ×n can be reduced to a new matrix of
order (n-1)×(n-1) which is also singular. The resultant matrix also satisfies
the special properties.

Let us a consider a matrix A =

⎛
⎜⎜⎜⎝

a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44

⎞
⎟⎟⎟⎠

The matrix A is reduced to a 3 X 3 matrix

⎛
⎜⎝

a b c
d e f
g h i

⎞
⎟⎠ when the following

is substituted in the reduced matrix:

a = a11 + a12 + a21 + a22 (1)

b = a12 + a13 + a22 + a23 (2)

c = a13 + a14 + a23 + a24 (3)

d = a21 + a22 + a31 + a32 (4)

e = a22 + a23 + a32 + a33 (5)

f = a23 + a24 + a33 + a34 (6)

g = a31 + a32 + a41 + a42 (7)

h = a32 + a33 + a42 + a43 (8)

i = a33 + a34 + a43 + a44 (9)
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⎛
⎜⎝

a b c
d e f
g h i

⎞
⎟⎠ is a singular matrix since its determinant

a b c
d e f
g h i

= 0.

2.2 Examples

Let use consider the following matrix of order 4 × 4

A =

⎛
⎜⎜⎜⎝

5 10 15 20
25 30 35 40
45 50 55 60
65 70 75 80

⎞
⎟⎟⎟⎠

This can be reduced to a new matrix of order 3 × 3 as shown below:

N=

⎛
⎜⎝

70 90 110
150 170 190
230 250 270

⎞
⎟⎠ and det(N) = 0

2.3 Row and Column Elimination

Removing equal number of any rows and any columns results in a singular
matrix.

Example 1:

Let us consider the matrix A (see section 2.2)

By removing the last row and last column results in the following matrix:

B =

⎛
⎜⎝

5 10 15
25 30 35
45 50 55

⎞
⎟⎠

The Matrix B is singular and its determinant value is zero.

Example 2:

By removing the second row and third column from the matrix A (see section
2.2) results in the following singular matrix C whose determinant value is
also zero.
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C =

⎛
⎜⎝

5 10 20
45 50 60
65 70 80

⎞
⎟⎠

2.4 Row and Column Swapping

Swapping rows or columns also results in a singular matrix.

Example 1:

Exchanging first row and last row in the matrix C (shown in the example 2
under section 2.3) results in a following singular matrix D.

D =

⎛
⎜⎝

65 70 80
45 50 60
5 10 20

⎞
⎟⎠

Example 2:

Exchanging second column and fourth column in the matrix A (see section
2.2) gives the matrix E which is a singular matrix.

E =

⎛
⎜⎜⎜⎝

5 20 15 10
25 40 35 30
45 60 55 50
65 80 75 70

⎞
⎟⎟⎟⎠

2.5 Choosing a square matrix at random

Let us consider the following 10 X 10 matrix:

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

69 79 75 77 74 80 83 88 87 94
72 82 78 80 77 83 86 91 90 97
70 80 76 78 75 81 84 89 88 95
74 84 80 82 79 85 88 93 92 99
76 86 82 84 81 87 90 95 94 101
74 84 80 82 79 85 88 93 92 99
75 85 81 83 80 86 89 94 93 100
70 80 76 78 75 81 84 89 88 95
71 81 77 79 76 82 85 90 89 96
72 82 78 80 77 83 86 91 90 97

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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Some example matrices chosen at random are shown below. These matrices
are singular.

(i)

⎛
⎜⎝

77 74 80
80 77 83
78 75 81

⎞
⎟⎠ (ii)

⎛
⎜⎜⎜⎝

85 81 83 80
80 76 78 75
81 77 79 76
82 78 80 77

⎞
⎟⎟⎟⎠ (iii)

⎛
⎜⎜⎜⎜⎜⎜⎝

85 88 93 92 99
86 89 94 93 100
81 84 89 88 95
82 85 90 89 96
83 86 91 90 97

⎞
⎟⎟⎟⎟⎟⎟⎠

3 Conclusion

It has been found that a matrix S of order n×n generated through the special
properties was reduced to subsequent lower order matrices recursively. All the
reduced matrices were singular compliant with the special properties. Swap-
ping columns or rows, eliminating equal number of rows and columns and
choosing a square matrix of any order at random leads to a special properties’
singular matrix.

All example matrices were also tested using MAT LAB and found that all
were singular.
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