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Abstract
In this paper we continue the study of fuzzy hypergroups by introducing the notion of fuzzy normal subhypergroup based on fuzzy space
as a generalisation of fuzzy normal subgroup. and to find out the relationships of fuzzy normal subhypergroups and the classical fuzzy normal
subhypergroups.
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1

Introduction

B. Davvaz in Davvaz (2003) presented a new and natural interpretation of
sub-hypergroups in a partially ordered algebra. He also in B. Davvaz (1999)
introduced the concept of fuzzy sub-hypergroup of a hypergroup as well as
the fuzzy Hv -group. He and Corsini in Davvaz B and Corsini P (2007) introduced the notion of a fuzzy and anti fuzzy n-ary sub-hypergroup of an n-ary
hypergroup.
The fuzzy normal subgroups were studied by Wangming Wu Wangming
(1986, 1988). Salleh in Abdul Razak (1996) gave us a new approach of the
notion of fuzzy normal subgroups to continue the theory of fuzzy groups obtained by Dib Dib (1994). After that, the fuzzy normal subgroups were
introduced by Dib and Hassan Dib and Hassan (1998), in a similar manner
to Salleh, which depends on the concept of fuzzy space which serves as the
concept of the universal set in the ordinary algebra. Fathi in Fathi M and
Salleh A. R. (2010) introduced the concept of fuzzy hypergroups and fuzzy
subhypergroups.
Our interest in this paper is to deﬁne fuzzy normal subhypergroup in a
fuzzy hypergroup deﬁned in Fathi M and Salleh A. R. (2010), and to ﬁnd out
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the relationship between this fuzzy normal subhypergroup and the classical
fuzzy normal subhypergroups.

2

Preliminaries

In this section we recall some deﬁnitions and results which will be used in the
paper.
Definition 2.1 (Dib [6]) A fuzzy space (X, I) is the set of all ordered pairs
(x, I); x ∈ X,
(X, I) = {(x, I) : x ∈ X}, where (x, I) = {(x, r) : r ∈ I}.
The ordered pair (x, I) is called a fuzzy element in the fuzzy space (X, I).
Definition 2.2 (Dib [6]) A fuzzy subspace U of the fuzzy space (X, I) is the
collection of all ordered pairs (x, ux ), where x ∈ U◦ for some U◦ ∈ X and ux
is a subset of I, which contains at least one element beside the zero element.
If it happens that x ∈
/ U◦ , then ux = 0. An empty fuzzy subspace is deﬁned as
{(x, ∅x ) : x ∈ U◦ }.
For a fuzzy subset A of X, A induces the following fuzzy subspace H(A)
(called the induced fuzzy subspace by A) of X:
H(A) = {(x, [0, A(x)]), x ∈ A◦ }
where A◦ = {x ∈ X, A(x) = 0} is the support of A.
Definition 2.3 (Dib [6]) A fuzzy binary operation F = (F, fxy ) on the fuzzy
space X is a fuzzy function F from X × X to X with comembership
functions fxy : II −→ I that satisfy
1. fxy (r, s) = 0 iﬀ r = 0 or s = 0,
2. fxy are onto , i.e.,fxy (II) = I for all (x, y) ∈ X × X.
Recall that the action of the fuzzy function ♦ = (, xy ) on fuzzy elements
of the fuzzy space (H, I) can be symbolized as follows:
(x, I)♦(y, I) = (x  y, xy (II)) = ( (x, y), I).
Definition 2.4 (Dib [7]) Let (X, I), F be a fuzzy group having the fuzzy
sub-group U = {(x, ux ); x ∈ U◦ }. Contrary to the ordinary case, the fuzzy
elements (x, ux ) of the fuzzy sub-group U are not necessary associative with
fuzzy elements (x, I) of the fuzzy group (X, I), F in the usual sense. That is,
αF(βFγ) = (αFβ)Fγ,
where α, β and γ are some fuzzy elements of U or (X, I) such that one or two
of α, β or γ belong to U.
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Definition 2.5 (Dib [7]) The fuzzy sub-group U of the fuzzy group ((X, I), F )
is called a fuzzy normal sub-group if
(1) U is associative in ((X, I), F ).
(2) (x, I)U = U(x, I) such that x ∈ X.
Definition 2.6 ( Fathi [5]) Let (H, I) be a non-empty fuzzy space. A fuzzy hyperstructure (hypergroupoid), denoted by (H, I), ♦ is a fuzzy space together
with a fuzzy function having onto co-membership functions (referred to as a
fuzzy hyperoperation) ♦ : (H, I)×(H, I) → P ∗ (H, I) , where P ∗ (H, I) denotes
the set of all nonempty fuzzy subspaces of (H, I) and
♦ = (, xy ) with : H × H → P ∗ (H) and xy : I × I → I.
A fuzzy hyperoperation ♦ = (, xy ) on (H, I) is said to be uniform if
the associated co-membership functions xy are identical, i.e.,xy =  for all
x, y ∈ H. A uniform fuzzy hyperstructure (H, I), ♦is a fuzzy hyperstructure
(H, I); ♦ with uniform fuzzy hyperoperation.
Theorem 2.7 ( Fathi [5]) To each fuzzy hyperstructure (H, I), ♦ there is
an associated ordinary hyperstructure H,  which is isomorphic to the fuzzy
hyperstructure (H, I), ♦ by the correspondence (x, I) ↔ x.
Definition 2.8 ( Fathi [5]) A fuzzy hypergroup is a fuzzy hyperstrucure (H, I), ♦
satisfying the following axioms:
(i) ((x, I)♦(y, I)) ♦(z, I) = (x, I)♦ ((y, I)♦(z, I)),
for all (x, I), (y, I), (z, I) in (H, I),
(ii) (x, I)♦(H, I) = (H, I)♦(x, I) = (H, I),
for all (x, I) in (H, I).
Definition 2.9 (Fathi [5]) A fuzzy Hv -group is a fuzzy hyperstructure (H, I), ♦
satisfying the following conditions:
(i) ((x, I)♦(y, I)) ♦(z, I) ∩ (x, I)♦ ((y, I)♦(z, I)) = φ,
for all (x, I), (y, I), (z, I) ∈ (H, I),
(ii) (x, I)♦(H, I) = (H, I)♦(x, I) = (H, I),
for all (x, I) ∈ (H, I).
Definition 2.10 ( Fathi [5]) Let (H, I), ♦ be a fuzzy hypergroup (fuzzy Hv group) and let U = {(x, ux ) : x ∈ U◦ }be a fuzzy subspace of (H, I). Then
U ; ♦ is called a fuzzy subhypergroup (fuzzy Hv -subgroup) of the fuzzy hypergroup (H, I), ♦ if ♦ is closed on the fuzzy subspace U and U, ♦ satisﬁes the
conditions of an ordinary hypergroup (Hv -group).
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Theorem 2.11 ( Fathi [5]) H◦ (A), ♦, H(A), ♦ and H(A), ♦ are fuzzy
subhypergroups (fuzzy Hv -subgroups) of the fuzzy hypergroup (fuzzy Hv -group)
(H, I), ♦ iﬀ
(1) (A◦ , ) is an ordinary subhypergroup (Hv -subgroup) of the ordinary hypergroup (Hv -subgroup) (H, ).
(2)

3

xy

(A(x), A(y)) = inf {A(z) : z ∈ x

y}, for all x, y ∈ A◦ .

Associative fuzzy subhypergroups

In this section we will introduce the notion of associative fuzzy subhypergroup
and then deﬁne the normal subhypergroup based on associative fuzzy subhypergroup to obtain interesting results regarding fuzzy hypergroups and related
fuzzy normal subhypergroups.
Let (H, I), F be a fuzzy hypergroup having fuzzy subhypergroup U =
{(x, ux ) : x ∈ U◦ }. Contrary to the ordinary case, the fuzzy elements (x, ux ) of
the fuzzy subhypergroup U are not necessarily associative with fuzzy elements
(x, I) of the fuzzy hypergroup (H, I), F. That is
αF (βF γ) = (αF β)F γ,
where α, β and γ are some fuzzy elements of U or (H, I) such that one or two
sets of these fuzzy elements subset to U.
Example 3.1 Let H = {−1, 1, −i, i}. Deﬁne the fuzzy binary hyperoperation
F = (F, fxy ) on (H, I) such that F : H × H → P ∗ (H) with F (x, y) = xF y =
{xy} for all x, y ∈ H, and the comembership functions have the following
forms:
⎧ rs
√
if rs < α
⎪
⎪
⎨ α
f11 (r, s) =
,
rs−1
√
if rs ≥ α
1 + 1+
⎪
α
⎪
⎩
⎧
⎪
⎪
⎪
⎨
f−11 (r, s) = f1−1 (r, s) =

rs
√
α

⎪
1+
⎪
⎪
⎩

if rs <
√
1−√ β
(rs
1− αβ

− 1)

if rs ≥

√

αβ

√

αβ

,
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⎧
⎪
⎪
⎪
⎨
f−1−1 (r, s) =

√
α
rs
β

⎪
1+
⎪
⎪
⎩

if rs ≤ β

√
1− α
(rs
1−β

− 1)

if rs > β

,

and the other comembership functions are deﬁned by the product rs, where
α, β are given ﬁxed real numbers satisfying 0 < β < α < 1.
Clearly (H,
a fuzzy hypergroup. Also the fuzzy subspace
√
√ I), F  deﬁnes
U = {(1, [0, α]), (−1, [0, β])} together with the fuzzy binary hyperoperation
F deﬁne a fuzzy subhypergroup of (H, I), F .
Now, we notice that

√ 
(1, I)F (1, [0, α]) F (−1, [0, β]) =
√
√

αβ + β
1− β
√ −1
√
,
−1, 0, 1 +
1+ α
1 − αβ


On the other hand


 
√
(1, I)F (1, [0, α])F(−1, [0, β]) =

√
1− β
√
{−1}, 0, 1 +
1 − αβ

√
1− β 
√ ( αβ − 1)
1 − αβ


.

That is, the set of fuzzy elements of U are not associative with the set of fuzzy
elements of (H, I).
Definition 3.2 A fuzzy subhypergroup (U, F) of a fuzzy hypergroup
(H, I), F is said to be associative in (H, I), F if the fuzzy elements of U are
associative with fuzzy elements of (H, I), F, i.e.
αF(βFγ) = (αFβ)Fγ,
for arbitrary choices of fuzzy elements α, β, γ of U and (H, I).
Example 3.3 Let H = {−1, 1, −i, i}. Deﬁne the fuzzy binary hyperoperation
F = (F, fxy ) on (H, I) such that F : H × H → P ∗ (H) is deﬁne as F(x, y) =
{xy}, and the comembership functions are for all x, y ∈ H by
fxy (r, s) = r ∧ s.
Obviously the fuzzy subspace U = {(1, [0, 14 ]), (−1, [0, 18 )} deﬁnes an associative
fuzzy subhypergroup of (H, I), F  under F .
The above deﬁnitions and examples have the following interesting results.
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Theorem 3.4 Let (H, I), F with F = F, f be a uniform fuzzy hypergroup
such that f (r, 1) = f (1, r) = r. Then every fuzzy sub-hypergroup U of the fuzzy
hypergroup (H, I), F is an associative fuzzy sub-hypergroup in (H, I), F.
Proof Let (U, F ) be a fuzzy sub-hypergroup of the fuzzy hypergroup (H, I), F .
Consider the fuzzy elements (x, I), (y, I) and (z, I) of U or (H, I) such that
one or two of these fuzzy elements belong to U.
Now using the properties of F and the associativity of F we have
(x, I)F ((y, I)F (z, I)) = (x, I)F {(yF z, F (I × I)}
= (x, I)F {(yF z, I)}
= {xF (yF z), F (I × I)}
= ((xF y)F z, I) = ((x, I)F (y, I)) F (z, I)
which proves the associativity of fuzzy members of U with fuzzy members of
(H, I) under F .
Corollary 3.5 Let f : I × I −→ I be a t-norm function and F = (F, f ) be a
uniform fuzzy binary hyperoperation. If ((H, I), F) be a fuzzy hypergroup, then
every fuzzy sub-hypergroup induced by a fuzzy subset A of H is an associative
in ((H, I), F).

4

Fuzzy normal sub-hypergroup

Before introducing the fuzzy normal subhypergroup we will deﬁne now the
notions of left (right) coset of fuzzy subhypergroup.
Definition 4.1 If (U, F) where U = {(z, uz ) : z ∈ U◦ } is a fuzzy subhypergroup
of the fuzzy hypergroup (H, I), F then for every fuzzy element (x, I) of (H, I),
the fuzzy subspace deﬁned by
(x, I)U = (x, I)FU = {(xF z, fxz (I, uz ))}
is called a left coset of the fuzzy subhypergroup (U, F). Similarly, a right coset
of the of fuzzy subhypergroup (U, F) is deﬁned by the fuzzy subspace
U(x, I) = UF(x, I) = {(zF x, fzx (uz , I))}.
Theorem 4.2 For any associative fuzzy subhypergroup (U, F) of the fuzzy hypergroup (H, I), F the following hold
(a) (x, I)U = (h, I h )U for every fuzzy element (h, I h ) ∈ (x, I)U with I h
denotes the possible membership values of h.
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(b) There is a one-to-one correspondence between any two left (right) cosets
of the fuzzy subhypergroup (U, F).
(c) There is a one-to-one correspondence between the family of right cosets
and the family of left cosets of the fuzzy subhypergroup (U, F).
(d) Any two right cosets (left cosets) of the fuzzy subhypergroup (U, F) are
either identical or disjoint fuzzy subspaces.
Proof (a) Let (h, Ih ) be any fuzzy element in (x, I)U. Then (h, Ih ) = (x, I)(y, uy )
for some y ∈ U◦ . If (z, uz ) is an arbitrary element of U then


(x, I)(z, uz ) = (x, I) (y, uy )(y −1 , uy−1 ) (z, uz )


= ((x, I)(y, uy )) (y −1, uy−1 )(z, uz )
∈ (h, I h )U.
(b) Let (x, I)U and (y, I)U be any two left cosets of the fuzzy subhypergroup
U. Then (x, I)(z, uz ) ↔ (y, I)(z, uz ) is the required one-to-one correspondence
between (x, I)U and (y, I)U. For the right cosets we prove similarly.
(c) Let {(x, I)U : x ∈ H} and {U(x, I) : x ∈ H} denote the family of left and
right cosets respectively of the fuzzy sub-hypergroup U. Then the required
one-to-one correspondence is deﬁned by
(x, I)U ↔ U(x, I).
(d) Let (x, I)U and (y, I)U be any two intersecting left cosets of the fuzzy
subhypergroup U. Then there exist α, β ∈ U◦ such that
(x, I)(α, uα) = (y, I)(β, uβ ).
Choose any fuzzy element (x, I)(z, uz ) ∈ (x, I)U then


(x, I)(z, uz ) = (x, I) (α, uα )(α−1 , uα−1 ) (z, uz )


= ((x, I)(α, uα)) (α−1 , uα−1 )(z, uz )


= ((y, I)(β, uβ )) (α−1 , uα−1 )(z, uz )



= (y, I) (β, uβ ) (α−1 , uα−1 )(z, uz ) ∈ (y, I)U.
That is (x, I)U ⊂ (y, I)U. Similarly, we can show that (y, I)U ⊂ (x, I)U and
also we can show the same result for the right cosets of U which proves (d).
Definition 4.3 A fuzzy subhypergroup U of the fuzzy hypergroup (H, I), F
is called a fuzzy normal subhypergroup if
(1) U is associative in (H, I), F,
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(2) (x, I)U = U(x, I) for all x ∈ H.
Example 4.4
1. Let (H, I), F be as deﬁned in Example 3.3. Then one
can easily check that the fuzzy subspace U = {(1, [0, 12 ]), (−1, [0, 12 ])} together with the fuzzy binary hyperoperation F deﬁne a fuzzy normal subhypergroup of (H, I), F.
2. Let H = S3 be the set of all permutations on {1, 2, 3}. Deﬁne the fuzzy
binary hyperoperation F = (F, fxy ) over the fuzzy space (H, I) where F
is the set of ordinary composition of permutations and fxy (r, s) = r ∧ s
for all x, y ∈ H. Consider the fuzzy subspace U = {(, [0, 12 ]), (γ, [0, 12 ])}
where  denotes the identity permutation and γ = (12). One can easily investigate that (U, F) is an associative fuzzy subgroup which is not
normal.
Theorem 4.5 A fuzzy sub-hypergroup (U, F) where U = {(z, uz ) : z ∈ U◦ } of
the fuzzy hypergroup (H, I), F is a fuzzy normal subhypergroup iﬀ
(i) (U◦ , F ) is an ordinary normal sub-hypergroup of the ordinary hypergroup
(H, F ).
(ii) fxz (I, uz ) = fz  x (uz  , I), xF z = z  F x where x ∈ H and z, z  ∈ U◦ .
Proof. Assume U = {(z, uz ) : z ∈ U◦ } is a fuzzy normal subhypergroup
of (H, I), F . From (the correspondence theorem), we have (U◦ , F ) is an
ordinary normal subhypergroup of the ordinary hypergroup (H, F ). Using the
normality of U we have (x, I)U = U(x, I) f or x ∈ H. That is,
{(xF z, fxz (I, uz )) : z ∈ U◦ } = {(zF x, fxz (uz .I)) : z ∈ U◦ }.
Therefore for every z ∈ U◦ , there exists z  ∈ U◦ , such that xF z = z  F x. In
other words xF U◦ = U◦ F x. Hence U◦ is an ordinary normal sub-hypergroup
of the ordinary hypergroup (H, F ) which proves (i). The other part of the
proof is direct.
Theorem 4.6 Every fuzzy normal subhypergroup U of (H, I), F deﬁnes an
equivalence relation  on the fuzzy space (H, I) given by (x, I)(y, I) ⇔
(x, I)U = U(y, I).
The equivalence relation  on the fuzzy space (H, I) induces an equivalence
relation on H by the correspondence (x, I) ↔ x. That is,
(x, I)(y, I) ⇔ xy, which is equivalent to xU◦ = U◦ y.
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Proof. The relation (x, I)(y, I) is an equivalence relation. It is followed
from the normality of the fuzzy subhypergroup U. Moreover, it is clear that
(x, I)U = U(y, I) leads to xUo = Uo y, which deﬁnes an equivalence relation on
H.
For every x, y ∈ H, and from the normality of the fuzzy subhypergroup
U = {(z, uz ); z ∈ Uo} we have
((x, I)F (z1 , uz1 )) F ((y, I)F (z2 , uz2 )) =
=
=
=

(x, I)F ((z1 , uz1 )F (y, I)) F (z2 , uz2 )
(x, I)F ((y, I)F (z3 , uz3 )) F (z2 , uz2 )
((x, I)F (y, I)) F ((z3 , uz3 )F (z2 , uz2 ))
(xF y, I)F (z4 , uz4 ),

where z1 , z2 , z3 , z4 ∈ Uo. Therefore, it follows that
((x, I)U) F ((y, I)U) = (xF y, I) U, ............(∗).
Therefore, the fuzzy binary hyperoperation F of the fuzzy hypergroup
(H, I), F  induces a binary operation deﬁned by the operation (∗) on the family of cosets of the fuzzy normal subhypergroup U. This family of cosets together with the induced binary operation forms an ordinary hypergroup called
the factor hypergroup of (H, I), F  modulo U and denoted by (H, I), F /U .
Theorem 4.7 If U = {(z, uz ) : z ∈ Uo } is a fuzzy normal subhypergroup of
the fuzzy hypergroup (H, I), F, then the factor hypergroup (H, I), F/U is
isomorphic to the quotient hypergroup (H, F )/Uo by the correspondence
(x, I)Uo ↔ xUo .
Now we well deﬁne fuzzy normal subgroups induced by fuzzy subsets
Let ((H, I), F ) be a fuzzy hypergroup and let A be a fuzzy subset of H.
It was shown in Fathi M and Salleh A. R. (2010) that A induces the fuzzy
sub-hypergroups Ho (A), H(A) and H(A), iﬀ
1. (Ao , F ) is an ordinary sub-hypergroup of (H, F ),
2. fxy (A(x), A(y)) = A (xF y) , x, y ∈ Ao .
Definition 4.8 The fuzzy subset A is called associative in the fuzzy hypergroup (H, I), F if the fuzzy subspace H◦ (A) = {(x, {0, A(x)}) ; A(x) = 0} is
associative in (H, I), F, then H(A) and H(A) are associative in (H, I), F.

1580

K. S. Abdulmula and A. R. Salleh

It is easy to show that H◦ (A) if the fuzzy subspace is associative in (H, I), F ,
then H(A) and H(A) are associative in (H, I), F .
For fuzzy subspaces, which are induced by a fuzzy subset A, Theorem 4.5,
can be reformulated as follows.
Theorem 4.9 Let
 A be a fuzzy subset of H, then the fuzzy subspace H◦ (A),
H(A) or H(A) , is a fuzzy normal subhypergroup in the fuzzy hypergroup
(H, I), F, iﬀ
1. (Ao , F ) is an ordinary normal subhypergroup of (H, F )


2. fxy (1, A(z)) = fzx
´ (A(z ), 1) if xF z = z F x, for all x ∈ H and z, ź ∈ A◦ .

3. A is associative in (H, I), F.
4. fxy (A(x), A(y)) = A (xF y) , f orall x, y ∈ A0 .

Remarks.
(i) Not every fuzzy subhypergroup of an abelian fuzzy hypergroup (H, I), F 
is normal which is diﬀerent from the ordinary case.
(ii) The fuzzy hypergroup (H, I), F  is abelian iﬀ (H, F ) is an abelian hypergroup.
(iii) If H◦ (A) is a fuzzy normal subhypergroup in (H, I), F , then the family of cosets: (x, I) Ho (A) = {(xF y, {0, f (1, A(y))}) : y ∈ A◦ } for all
x ∈ H of the fuzzy subhypergroup Ho (A) with respect to the binary
hyperoperation,
(x, I)Ho (A)F (y, I)Ho(A) = {xF y, I} Ho (A),
is a hypergroup which is isomorphic to the quotient hypergroup (H, F )/Ao.
Now we introduce relationship between the introduced and the classical
fuzzy normal subhypergroups as follows:
Let (H, I), F , F = (F, f) be a uniform fuzzy hypergroup with a t-norm
comembership function f. If the fuzzy subset A induces fuzzy normal subhypergroups, then using Theorem 4.9, we have,
1. (Ao , F ) is an ordinary normal subhypergroup of (H, F ).
2. A (xF y) = f (A(x), A(y)) , f or all x, y ∈ Ao · · · · · · · · · · · · · · · ().
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3. A(z) = A(z  ) for all xF z = z  F x, x ∈ H, z, z  ∈ Ao .
(1) and (2) lead A to be a classical fuzzy subhypergroup of (H, F ) and
(3) can be written as:
4. A(z) = A(xF zF x−1 ), x ∈ H, z ∈ Ao , which gives,
A(xF zF x−1 ) ≥ A(z), f or all x, z ∈ H.
Therefore, A is a classical fuzzy normal sub-hypergroup. We notice that
(4) can also be written as


A (xF z) = A x−l F (xF z)F x = A (zF x) ,
which means that A is a classical fuzzy normal sub-hypergroup.
From the above discussion we conclude that
Theorem 4.10 Let (H, I), F, F = (F, f ) be a uniform fuzzy hypergroup and
let f is a t-norm. Then every fuzzy subset A of H which induces fuzzy normal
subhypergroups is a classical fuzzy normal sub-hypergroup of (H, F ).
Proof. If the fuzzy subsets A induces fuzzy normal sub-hypergroups of the
fuzzy normal hypergroup (H, I), F , then by Theorems4.9 and () the comembership function f satisﬁes
fxy (A(x), A(y)) = A(xF y) f or all x, y ∈ A◦
for all A(x) = 0 andA(y) = 0. Therefore, if the fuzzy subset A induces fuzzy
normal sub-hypergroup, then A satisﬁes the inequality
fxy (A(x), A(y)) ≥ A(xF y) f or all x, y ∈ A◦
Therefore, A is a classical fuzzy normal sub-hypergroup.
Theorem 4.11 If (U,F)is an ordinary normal subhypergroup of the ordinary
hypergroup (H, F ). Then every fuzzy subset A of H for which A◦ = A induces
an fuzzy normal subhypergroup of fuzzy hypergroup ((H, I), G), where G =
(G, g xy ) and G = F , are suitable comembership functions.
Corollary 4.12 Every classical fuzzy normal sub-hypergroup A of hypergroup
(H, F ) induces a fuzzy normal sub-hypergroups relative to some fuzzy hypergroup (H, I), F.
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Conclusion

In this paper, we have generalized the study initiated in Dib and Hassan (1998)
about fuzzy normal subgroup to the context of fuzzy normal subhypergroup.
We deﬁne the notion of a fuzzy normal subhypergroup using the notion of a
fuzzy space.
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