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Abstract

In this paper, we study translation surfaces in a 3-dimensional Galilean space G3.
Also, we investigate coordinate finite type translation surfaces in G3 and provide
some examples of new classes of translation surfaces.
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1 Introduction

Let M be a connected n-dimensional submanifold of an m-dimensional Euclidean space

Em, equipped with the induced metric. Denote by Δ the Laplacian of M acting on smooth

functions on M . This Laplacian can be extended in a natural way to Em-valued smooth

functions on M . Whenever the position vector x of M in Em can be decomposed as a

finite sum of Em-valued non-constant eigenfunctions of Δ, we say that M is finite type.

More precisely, M is said to be of k-type if the position vector x of M in Em can be

expressed in the following form ([3]):

x = x0 + xi1 + · · · + xik ,

where x0 is a constant vector, and xij (j = 1, · · · , k) are non-constant Em-valued functions

on M such Δxij = λijxij , λij ∈ R, λi1 < · · · < λik .
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In terms of finite type terminology, a well-known result of Takahashi ([8]) says that

an n-dimensional submanifold of Em is of 1-type if and only if it is either a minimal

submanifold of Em, or a minimal submanifold of some hypersphere. In other words, the

solutions of the equation

Δx = λx

are either the minimal submanifolds of Em, or the minimal submanifolds of some hy-

persphere of Em. Now observe that, in this case, the coordinate functions of M are

eingenfunctions of Δ with the same eingenvalue λ.

As a generalization of Takahashi’s theorem, we can consider a submanifold M of Em

whose coordinate functions are eigenfunctions of the Laplacian of M . In the following, for

the sake of brevity, instead of submanifold M whose coodinate functions xi ( i = 1, · · · , m)

are eigenfunctions of Δ, that is,

Δxi = λixi. (1.1)

Such a submanifold is said to be a coordinate finite type submanifold ([6]). In [6], Garay

proved that coordinate finite type hypersurfaces are minimal in Em and an open pieces

of either round hyperspheres or generalized right spherical cylinders. On the other hand,

Bekkar et al. ([2]) and Baba-Hamed et al. ([1]) studied coordinate finite type surfaces of

revolution and translation surfaces in a 3-dimensional Minkowski space E3
1 , respectively.

In [7,] hypersurfaces in an m-dimensional Euclidean space were studied, which satisfy the

condition

Δx = Ax + B, A ∈ Rm×m, B ∈ Rm×1. (1.2)

This setting generalizes equation (1.1) in a coordinate independent way. It was show that

a hypersurface satisfying (1.2) if and only if it is an open part of a minimal hypersurface,

a hypersphere or a generalized circular cylinder.

The main purpose of this paper is to complete classification of coordinate finite type

translation surfaces in a 3-dimensional Galilean space G3.

2 Preliminaries

The Galilean space G3 is a 3-dimensional complex projective space in which the absolute

figure {ω, f, I1, I2} consists of a real plane ω (the absolute plane), a real line f ⊂ ω(the

absolute line) and two complex conjugate points I1 I2 ∈ f (the absolute points). We
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introduce homogenous coordinates in G3 in such a way that the absolute plane ω is

given by x0 = 0, the absolute line f by x0 = x1 = 0 and the elliptic involution ε

by ε : (x0 : x1 : x2 : x3) → (0 : 0 : x3 : −x2). In affine coordinates defined by

(x0 : x1 : x2 : x3) = (1 : x : y : z), the distance between the points Pi = (xi, yi, zi)(i = 1, 2)

is defined by (cf. [5])

d(P1, P2) =

⎧⎨
⎩

|x2 − x1|, if x1 �= x2,√
(y2 − y1)2 + (z2 − z1)2, if x1 = x2.

Let X = (x, y, z) and Y = (x̃, ỹ, z̃) be vectors in Galilean space G3. A vector X is

called isotropic if x = 0, otherwise it is called non-isotropic.

The Galilean scalar product of X and Y is defined by

〈X, Y 〉 =

⎧⎨
⎩

xx̃, if x �= 0 or x̃ �= 0,

yỹ + zz̃, if x = 0 and x̃ = 0.
(2.1)

From this, the Galilean norm of a vector X in G3 is given by ||X || =
√〈X, X〉 and all

unit non-isotropic vectors are the form (1, y, z). The Galilean cross product of X and Y

on G3 defined by

X × Y =

∣∣∣∣∣∣∣
0 e2 e3

x y z

x̃ ỹ z̃

∣∣∣∣∣∣∣
, (2.2)

where ei are the standard basis vectors.

We shall treat a Cr-surface, r ≥ 1, as a subset Φ ⊂ G3 for which there exists an open

subset D of R2 and a Cr-mapping x : D → G3 satisfying Φ = x(D). A Cr-surface Φ ⊂ G3

is called regular if x is an immersion, and simple if x is an embedding.

Consider a surface M in G3 parametrized by

x(u, v) = (x1(u, v), x2(u, v), x3(u, v)).

For the natural frame {xu, xv}, the first fundamental form I of a surface M is defined by

I = g11du2 + 2g12dudv + g22dv2,

where g11 = 〈xu, xu〉, g12 = 〈xu, xv〉, g22 = 〈xv, xv〉 and xu = ∂x(u,v)
∂u

.

Let {u1, u2} be a local coordinate system of M . For the components gij(i, j = 1, 2) of

the first fundamental form I on M , we denote by (gij) (resp. G) the inverse matrix (resp.
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the determinant) of the matrix (gij). The Laplacian operator Δ of the first fundamental

form I on M is defined by

Δ =
1√G

2∑
i,j=1

∂

∂ui
(
√Ggij ∂

∂uj
). (2.3)

3 Translation surfaces in G3

In this section, we classify translation surfaces in G3 satisfying

Δxi = λixi, λi ∈ R. (3.1)

Let M be a translation surface in G3 obtained by translating two planar generating curves,

that is, non-isotropic curve α(u) = (u, 0, f(u)) and isotropic curve β(v) = (0, v, g(v)).

Then, it is parametrized by

x(u, v) = (u, v, f(u) + g(v)), (3.2)

where f(u) and g(v) are smooth functions. By the natural frame {xu, xv}, the coefficients

of the first fundamental form on M are obtained by g11 = 1, g12 = 0 and g22 = w, where

we put w = g′2 + 1. It follows that from (2.3) the Laplacian operator Δ of M can be

expressed as

Δ = − ∂2

∂u2
+

g′g′′

w2

∂

∂v
− 1

w

∂2

∂v2
. (3.3)

Using (3.2) and (3.3), we have

Δu = 0,

Δv =
g′g′′

w2
,

Δ(f(u) + g(v)) = −f ′′ +
g′2g′′

w2
− g′′

w
.

(3.4)

First of all, we assume that M satisfies the condition Δx = 0. We call a surface satisfying

that condition a harmonic surface. In this case, we get from (3.4)

g′g′′

w2
= 0, f ′′ − g′2g′′

w2
+

g′′

w
= 0.

From these, we can obtain g′ = 0 and f ′′ = 0. Thus, M is parametrized by

x(u, v) = (u, v, au + b), (3.5)
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where a, b ∈ R.

Theorem 3.1. Let M be a translation surface given by (3.2) in G3. If M is harmonic,

then it is an open part of a plane.

Suppose that M satisfies equation (3.1). Then, from (3.4) we get the following system

of differential equations:

g′g′′ = λ2vw2, (3.6)

f ′′w2 − g′2g′′ + g′′w = −λ3w
2(f + g). (3.7)

Differentiating equation (3.7) with respect to u, we have

f ′′′ + λ3f
′ = 0. (3.8)

Hence, the general solutions f(u) of (3.8) are given by

f(u) = a1u
2 + a2u + a3, if λ3 = 0, (3.9)

f(u) = −b1

c
cos(cu + b2), if λ3 = c2, (3.10)

f(u) =
b3

c
cosh(cu + b4), if λ3 = −c2, (3.11)

where ai(i = 1, 2, 3), bj(j = 1, · · · , 4) ∈ R and c is non-zero constant. Also, the general

solution g(v) of (3.6) can be given by

g(v) =

∫ √
d1eλ2v2 − 1dv + d2, d1, d2 ∈ R. (3.12)

Thus, we can obtain the classification as the following:

Theorem 3.2. Let M be a translation surface given by (3.2) in Galilean space G3

satisfying the condition Δxi = λixi. Then, M is congruent to a plane or a special surface

with f(u) given by (3.9), (3.10), (3.11) and g(v) given by (3.12).
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Fig.1:Numerical graph of g(v) given by (3.12) Fig.2:Surface given by (3.9) and (3.12)

Fig.3:Surface given by (3.10) and (3.12) Fig.4:Surface given by (3.11) and (3.12)
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