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Abstract

We define the concept of an α-generalized solution for the ordinary
differential equation X ′ = UX + V , where X is the unknown and U, V
belong to certain spaces which may contain singular distributions. This
concept results a consistent extension of the concept of a classical dis-
tributional solution and it is defined in the setting of a distributional
product. This product is not afforded by approximation process and
depends on a function α that encodes the indeterminacy inherent to
the multiplication of distributions. We apply this framework to the
Tsodyks model of synapses dynamics and we conclude that the solu-
tions thus obtained are independent of α and may differ from solutions
obtained by other approaches where the multiplication of distributions
is defined by approximation algorithms.
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1 Introduction and contents

The transmission of electrochemical signals from one neuron to the next, in
the brain, produces impulsive forcing. The signal sudden increase is known as
the spiking event. One popular model for the dynamics of synapses, proposed
by Tsodyks [5,18,19] and used by others [2,8,9,20,21], includes an equation of
the form

X ′ = −X + k(1 − X)(τaδ), (1)
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where the unknown X(t), which depends on time t, models the strength of the
signal, k �= 0 is a constant and τaδ stands for Dirac measure at the instant of
time t = a (just when the signal has a sudden increase of strength).

Generally, it is difficult to give a meaning to certain products of distribu-
tions because inconsistencies may arise [2,6,10,11]: the value of certain prod-
ucts is shown to be independent of the approximation but this value change
when one changes the process of approximation inherent to the definition of
product (cf. Section 6 for some remarks about this point).

In the present paper we solve explicitly and rigorously equation (1) in a cer-
tain fixed space of distributions which contains the space of classical solutions
of this equation, discontinuous functions, and singular distributions. This will
be done by applying a distributional product, where the outcome of the prod-
uct of distributions is always a distribution. Such products are not defined
by approximation patterns: they depend upon the choice of a certain function
α that encodes the indeterminacy inherent to products. We stress that this
indeterminacy is not, in general, avoidable; in many questions it has a phys-
ical meaning. Concerning this point let us mention [1,3,4], and [12] Section
4. Within this framework we conclude that the solutions of equation (1) are
independent of α and may differ from solutions obtained by other approaches,
where the multiplications of distributions is defined by approximation algo-
ritms.

It is worth to note that, within our framework, we have proved [14] that
delta waves under collision behave as classical soliton collision in models ruled
by a singular perturbation of Burgers equation. Phenomena such as “narrow
soliton solutions” in the sense of Maslov, Omel’yanov and Tsupin, can be rig-
orously obtained [13]. We also have proved [16] that the nonlinear conservation
law ut + [φ(u)]x = 0, with φ an entire function, has solutions which propagate
like solitary delta waves of constant speed and the collision of two such delta
waves is impossible.

Let us summarize the contents of the present paper. In Section 2 we present
a survey of our distributional products (1). We display two formulas (2) and
(3) for α-products we have introduced in previous works and we prove certain
properties we need in the sequel. A third α-product (5) is introduced in Section
3; the compatibility of this α-product with the α-products (2) and (3) is also
proved in this section. These three α-products allow us, in Section 4, to define
the concept of an α-generalized solution for the equation DX = UX+V , where
D is the derivative operator in the sense of distributions and U, V belong to
certain spaces of distributions. This concept is a consistent extension of the
concept of a classical distributional solution for equation (1) and allows us, in
Section 5, to enlarge the space of classical solutions of this equation so that

1A general view of the ideas of this theory can be seen in [12]. The detais are given in
[15].
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the spiking event clearly arises as an explicit solution of the Tsodyks model
for the dynamics of synapses. We also have added Section 6 to clarify certain
details about the multiplication of distributions.

2 Products of distributions

Let D be the space of indefinitely differentiable complex-valued functions de-
fined on R, with compact support, and let D′ be the space of Schwartz dis-
tributions. In our theory of products, given T, S ∈ D′, and once fixed an
even real function α ∈ D with

∫ +∞
−∞ α = 1, we can always define the product

of T with S but, in general, consistence with the usual Schwartz products of
distributions with functions cannot be granted. When this consistence is im-
portant, as in the sequel, the α-products must be restricted to certain spaces
of distributions to be singled out. In this section we only give formulas for two
kinds of α-products which will be noted by the unique symbol Tα̇S, because
they are mutually compatible.

The first one can be evaluated by the formula

Tα̇S = Tβ + (T ∗ α)f (2)

for T ∈ D′p and S = β + f ∈ Cp ⊕ D′
μ, where p ∈ {0, 1, 2, ...,∞}, D′p is the

space of distributions of order ≤ p in the sense of Schwartz, (D′∞ means D′),
D′

μ is the space of distributions whose support has Lebesgue measure zero, and
Tβ is the usual Schwartz product of a D′p-distribution by a Cp-function. For
instance, we have, for any α,

δα̇β = δα̇(β + 0) = δβ + (δ ∗ α)0 = β(0)δ,

βα̇δ = βα̇(0 + δ) = β0 + (β ∗ α)δ = [(β ∗ α)(0)]δ

δα̇δ = δα̇(0 + δ) = δ0 + (δ ∗ α)δ = αδ = α(0)δ,

Hα̇δ = (H ∗ α)δ =

[∫ +∞

−∞
α(−τ)H(τ) dτ

]
δ =

1

2
δ,

where β is a continuous function and H stands for the Heaviside function.
The second one is to be computed by the formula

Tα̇S = D(TF ) − (DT )F + (T ∗ α)f, (3)
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for T ∈ D′−1 and S = w + f ∈ L1
loc ⊕ D′

μ, where D′−1 stands for the space
of distributions T ∈ D′ such that DT ∈ D′0, and F ∈ C0 is such that DF =
w (thus, locally, T can be read as function of bounded variation and F an
absolutely continuous function). In [12], we have proved that Tα̇S, given by
(3) is independent of the choice of the function F such that DF = w. For
instance, since H ∈ D′−1 and H = H + 0 ∈ L1

loc ⊕D′
μ, we have

Hα̇H = D(HF ) − (DH)F + (H ∗ α)0 = DF − δF = H,

taking F : R → R defined by F (x) = 0 for x ≤ 0 and F (x) = x for x > 0.
More generally, we have

Theorem 1 If T ∈ D′−1 and S ∈ L1
loc then we have Tα̇S = TS, where TS is

the distribution corresponding to the usual pointwise product of T with S.

For the proof, we will use the following

Lemma 2 (Leibniz rule) If T ∈ D′−1 and F is an absolutely continuous func-
tion then we have

D(TF ) = (DT )F + T (DF ),

where (DT )F is the classical product of a measure with a continuous function
and T (DF ) is the distribution corresponding to the usual pointwise product of
functions.

Proof. Let ϕ ∈ D and a, b ∈ R such that suppϕ ⊂]a, b[. Then,

< T (DF ), ϕ >=

∫ b

a

TF ′ϕ,

< (DT )F, ϕ >=< DT, Fϕ >=

∫ b

a

Fϕ dT,

where this integral is to be considered in the sense of Stieltjes. Since F, ϕ are
functions of bounded variation on the interval [a, b] which do not possess any
common point of discontinuity, we have (2)

< (DT )F, ϕ >= [TFϕ]ba −
∫ b

a

T d(Fϕ).

As T is measurable and bounded in [a, b] and F ′ϕ + Fϕ′ is summable in [a, b]
we can write

< (DT )F, ϕ >= −
∫ b

a

T (Fϕ)′ = −
∫ b

a

T (F ′ϕ + Fϕ′) = −
∫ b

a

TF ′ϕ −
∫ b

a

TFϕ′.

2See [7], theorem 1.6.7, pp 28.
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Thus,

< (DT )F, ϕ > + < T (DF ), ϕ >= −
∫ b

a

TFϕ′ =< D(TF ), ϕ >,

which proves the statement.
Proof. (of the theorem) For f = 0, (3) reads Tα̇S = D(TF )− (DT )F , where
F ∈ C0 is such that DF = S. Since F is absolutely continuous, by the above
lemma we have

Tα̇S = (DT )F + T (DF ) − (DT )F = T (DF ) = TS,

which proves the theorem.
Now, by applying Leibniz rule and the above theorem, formula (3) can be

given the following equivalent form:

Tα̇S = Tw + (T ∗ α)f (4)

(for T ∈ D′−1, w ∈ L1
loc and S = w + f ∈ L1

loc ⊕ D′
μ), which has the same

structure as (2). We want to stress that in (2), (3) or (4) the convolution T ∗α
is not to be understood as an approximation of T . Those formulas are to be
considered as exact ones.

These α-products are bilinear, have unit element (the constant function
taking the value 1 seen as a distribution) and they are consistent with Schwartz
products of D′p-distributions with Cp-functions (if these ones are placed on
the right-hand side). In general associativity (3), nor commutativity do not
hold but they are transformed as usual by translations and by the symmetry
t 
→ −t from R onto R. Also they cannot be completely localized: note
that supp(Tα̇S) ⊂ supp S as for usual functions, but it may happen that
supp(Tα̇S) �⊂ supp T . Thus, our α-products are to be viewed as global entities
and they satisfy the usual differential rules including the Leibniz formula that
must be written in the form

D(Tα̇S) = (DT )α̇S + Tα̇(DS).

Here and for the α-product (2), we must clearly suppose β ∈ Cp+1; for the
α-product (4) we must suppose w an absolutely continuous function (see the
above lemma). For instance, applying the derivative operator to both sides of
the equality Hα̇δ = 1

2
δ we obtain δα̇δ + Hα̇(Dδ) = 1

2
(Dδ) and so, Hα̇(Dδ) =

1
2
(Dδ) − α(0)δ, for any α, as can be directly checked by (2).

3Recall that the usual Schwartz product of distributions by C∞-functions is not associa-
tive.
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3 A third α-product

In this section we will introduce another α-product, consistent with the Schwartz
products, which allows us to enlarge the space of solutions of certain differential
equations, including equation (1), here of main interest.

Let D′
c ⊂ D′

μ be the space of distributions the support of which is at most
countable.

Definition 3 Let T ∈ D′0 ∩ D′
μ and S ∈ L1

loc ⊕D′
c with DS ∈ L1

loc ⊕D′
c. We

define the α-product Tα̇S by the formula

Tα̇S = D(Yα̇S) − Yα̇(DS), (5)

where Y ∈ D′−1 is such that DY = T (the products Yα̇S and Yα̇(DS) are
supposed to be computed by (4), (3) or (2)).

The consistency of this definition follows from the following.

Theorem 4 The distribution Tα̇S given by (5) is independent of the choice of
Y ∈ D′−1 such that DY = T .

Proof. First, let us observe that if Y, Y1 ∈ D′−1 are such that DY = T and
DY1 = T , then D(Y − Y1) = 0 and so Y − Y1 = c, where c is a constant. We
will prove that the value of Tα̇S given by (5) does not change if we replace Y
by Y1. In fact,

D(Yα̇S) − Yα̇(DS) = D[(Y1 + c)α̇S] − (Y1 + c)α̇(DS) =

= D(Y1 ȧS + cS) − Y1 α̇(DS) − c(DS) = D(Y1 α̇S) − Y1 α̇(DS).

The compatibility of the α-products (2) and (3) was proved in [12]. The
compatibility of the α-products (5) and (4) is straightfoward because, if T ∈
D′−1 and T ∈ D′0 ∩ D′

μ, then T = 0 as a distribution, and Tα̇S = 0 follows by
(5) or (4). For the compatibility of (5) and (2) we need the following

Lemma 5 Let f, f1 ∈ D′
c, β ∈ C0 and v ∈ L1

loc. Then, if D(β + f) = v + f1

we have necessarily Dβ = v and Df = f1.

Proof. By restricting the equality Dβ − v = f1 − Df to the open set Ω =
R\ supp(f1 − Df) we obtain Dβ = v on Ω; we conclude that β is absolutely
continuous on each compact interval of Ω, and β ′ = v (a.e.) on Ω. Let ṽ such
that Dṽ = v. Then, D(β − ṽ) = f1 − Df and taking η = β − ṽ we have
Dη = f1 − Df ∈ D′

c, and Dη = 0 follows, on Ω. On the other hand, Ω is the
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union of a family Ii of contiguous open intervals (at most countable). Then,
we conclude that η is a constant function on each open interval Ii and, since
η is continuous, η is also a constant function on each closed interval Īi. Thus,
η is continuous and takes values on a set at most countable; it follows that
η(R) is a singleton, i.e., η(R) = {c}, where c is a constant. Then β − ṽ = c,
Dβ − Dṽ = 0, Dβ = v and Df = f1.

Remark: Here, the continuity of β is essential: if β is discontinuous, this
statement is not true; for instance, D(H +0) = 0+δ and we have not DH = 0,
nor D0 = δ. Also this Lemma, does not hold true if one replace D′

c by D′
μ.

Theorem 6 Let T ∈ D′0 ∩ D′
μ, and S ∈ (Cp ⊕ D′

μ) ∩ (L1
loc ⊕ D′

c) = Cp ⊕ D′
c

with DS ∈ L1
loc ⊕ D′

c. Then, the value of Tα̇S given by (2) or by (5) is the
same.

Proof. Let S = β + f with β ∈ Cp and f ∈ D′
c. By (5) we have

Tα̇S = D(Yα̇S) − Yα̇(DS) = D[Yα̇(β + f)] − Yα̇(Dβ + Df),

where Y ∈ D′−1, is such that DY = T . Since, by assumption, Dβ + Df ∈
L1

loc⊕D′
c, we can write Dβ+Df = v+f1, with v ∈ L1

loc and f1 ∈ D′
c. Then, by

lemma 5, we conclude that Dβ = v ∈ L1
loc. Thus β is an absolutely continuous

function and we have

Tα̇S = D[Y β + (Y ∗ α)f ] − Y (Dβ) − (Y ∗ α)Df =

= (DY )β + Y (Dβ) + [(DY ) ∗ α]f + (Y ∗ α)Df − Y (Dβ) − (Y ∗ α)Df =

= Tβ + (T ∗ α)f,

because, by lemma 2 we can apply the Leibniz rule to D(Y β) and also to
D[(Y ∗ α)f ].

For instance, by (5) we can compute

δα̇H = D(Hα̇H) − Hα̇(DH) = DH − Hα̇δ = δ − 1

2
δ =

1

2
δ.

Thus, δα̇H = 1
2
δ = Hα̇δ, for any α, in spite of the non commutativity of the

α-products.

4 Classical solutions and α-generalized solu-

tions

In [17], we have studied the Cauchy problem X ′ = UX + V , X(t0) = a, with
t0, a ∈ R, V ∈ D′

, U ∈ C∞⊕(D′p∩D′
m), where D′

m is the space of distributions
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with nowhere dense support and p ≥ 1 is an integer; the solutions X were
considered in the enlarged space Cp ⊕D′

m. For equation (1), this enlargement
is not sufficient because p = 0 and also because discontinuous functions are
not included in the space of solutions as required.

With the goal of solving this problem, let us consider the linear equation

DX = UX + V, (6)

where U = γ +T, γ ∈ C∞, T ∈ D′0 ∩D′
μ, V ∈ D′ and X denotes the unknown

distribution. In the classical setting to give a sense to the product UX, we
have to consider X in the space C0. We call this space, the space of classical
solutions; X ∈ C0 will be a classical solution if X satisfies (6), for UX a
Schwartz product (of a D′p distribution by a Cp-function). In the sequel, we
will consider X in the enlarged space C0 ∪ A, where

A = {X ∈ D′ : X, DX ∈ L1
loc ⊕D′

c},
according to the following

Definition 7 The distribution X is said an α-generalized solution of (6) if
and only if X ∈ C0 ∪ A and

(a) for any open set Ω such that U ∈ C∞(Ω), X satisfies (6), the product
UX on Ω being considered in classical sense;

(b) there exists α such that

DX = Xγ + Tα̇X + V, (7)

where the product Xγ is considered in classical sense and Tα̇X is taken in the
sense of the α-product (5).

As all α-products are consistent with the classical products, this definition
extends the concept of a classical solution in the following sense: if X is a
classical solution of (6) then X is an α-generalized solution of (6). On the
other hand, is X ∈ C0 is an α-generalized solution of (6) then X is a classical
solution of (6). All this is easy to see applying only condition (b) and the
consistency of our α-products with the classical products. Condition (a) is
useful only when X �∈ C0, for issues of localization. This shows that the
concept of α-generalized solution is a consistent extension of the concept of a
classical solution for equation (6).

Within this framework, let us examine in detail the equation

DX = δX. (8)

If we ask for classical solutions X ∈ C0, we have DX = X(0)δ and X =
X(0)H +c follows, where c is a constant. Then, X−c = X(0)H and X(0) = 0
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follows because X − c is a continuous function. Thus, X = c and we conclude
that the unique classical solution of (8) is X = 0. If we ask for α-generalized
solutions of (8), by property (a) we must have DX = 0 on ] −∞, 0[ and also
on ]0, +∞[ and so, X = c1 on ]−∞, 0[ and X = c2 on ]0, +∞[, where c1, c2 are
constants. As a consequence, we have X = c1 + (c2 − c1)H + f , where f ∈ D′

is such that supp f = {0}. Thus, we necessary have

X = c1 + (c2 − c1)H + a0δ + a1(Dδ) + · · ·+ an(Dnδ), (9)

for a certain integer n ≥ 0 and certain constants a0, a1, ..., an. Then, from (7)
we obtain

(c2 − c1)δ + a0(Dδ) + a1(D
2δ) + · · ·+ an−1(D

nδ) + an(Dn+1δ) =

= c1δ +
c2 − c1

2
δ + a0δα̇δ + · · ·+ anδα̇(Dnδ),

and an = 0 follows immediately because an is the coefficient of Dn+1δ, the
highest derivative of δ that appears in this equality. Then we have

(c2 − c1)δ + a0(Dδ) + a1(D
2δ) + · · ·+ an−1(D

nδ) =

= c1δ + (c2 − c1)
1

2
δ + a0δα̇δ + · · ·+ an−1δα̇(Dn−1δ),

and an−1 = 0 follows, by a similar reason. Carrying on this process we obtain

an = an−1 = · · · = a0 = 0,

(c2 − c1)δ = c1δ + (c2 − c1)
1

2
δ,

and c2 = 3c1 follows. Then, by (9) we conclude that all α-generalized solutions
of (8) in the enlarged space C0 ∪ A are of the form

X = c1(1 + 2H),

where c1 is an arbitrary constant. Thus, the solutions of (8) are independent
of α. More generally, for the equation

DX = k(τaδ)X, (10)

with k �= 0 and X ∈ C0 ∪ A, we would obtain, with the same method,

X =

{
c1

[
1 + 2k

2−k
(τaH)

]
if k �= 2

c2(τaH) if k = 2
,

where c1 and c2 are constants. Different approaches for equation (10) can be
seen in [2] pp. 556 and 557.
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5 The Tsodyks model

Let us consider the equation

DX = −X + k(1 − X)(τaδ), (11)

where k, a ∈ R and k �= 0. If the product (1 − X)(τaδ) is taken in classical
sense, we have to consider X ∈ C0. Thus, C0 is the space of classical solutions
of (11) and if X ∈ C0 we can write

DX = −X + k[1 − X(a)](τaδ), (12)

which is equivalent to

D{X − k[1 − X(a)](τaH)} = −X,

and

X − k[1 − X(a)](τaH) = −Y + c,

follows, where Y ∈ C0 is such that DY = X and c is a constant. Then we
have

X + Y − c = k[1 − X(a)](τaH),

and we conclude that X(a) = 1, because the left-hand side is a continuous
function. Thus, from (12) we can write DX = −X and X(t) = c1e

−t follows,
where c1 is a constant. Since X(a) = 1, we have c1 = ea. As a consequence, the
function X(t) = ea−t is the unique solution of (11) in the space C0 of classical
solutions. Certainly this is not the interesting solution for the dynamics of
synapses because the passage of electrochemical signals from one neuron to
the next shows usually a sudden increase or spike.

Now, let us seek for α-generalized solutions X of (11) in the enlarged space
C0 ∪ A. Writing (11) in the form DX = UX + V , we have

DX = −[1 + k(τaδ)]X + k(τaδ),

so that U = −[1+k(τaδ)], γ = −1, T = −k(τaδ) and V = k(τaδ), according to
definition 7. By condition (a) of this definition, since U = −1 is a C∞-function
on ] − ∞, a[, we must have DX = −X, on this interval, and X(t) = c1e

−t

follows immediately on ] −∞, a[, where c1 is a constant. A similar reasoning
leaves us to the conclusion that X(t) = c2e

−t on ]a, +∞[, where c2 is another
constant. As a consequence, making s(t) = e−t, we necessarily have, on R,

X = s[c1 + (c2 − c1)(τaH)] + f,
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where f ∈ D′ is such that supp f = {a}. Then

X = s[c1 + (c2 − c1)(τaH)] + a0(τaδ) + a1D(τaδ) + · · ·+ anDn(τaδ), (13)

for a certain integer n ≥ 0 and certain constants a0, a1, ..., an ∈ R. Then, from
(7), we obtain,

−s[c1 + (c2 − c1)(τaH)] + s(c2 − c1)(τaδ)+

+a0D(τaδ) + a1D
2(τaδ) + · · ·+ anDn+1(τaδ) =

= −s[c1 + (c2 − c1)(τaH)] − a0(τaδ) − a1D(τaδ) − · · · − anDn(τaδ)−

−k(τaδ)α̇{s[c1 + (c2 − c1)(τaH)]} − ka0(τaδ)ȧ(τaδ) − ka1(τaδ)α̇D(τaδ) − · · ·−

−kan(τaδ)α̇Dn(τaδ) + k(τaδ), (14)

and an = 0 follows because an is the coefficient of Dn+1(τaδ), the highest
derivative of (τaδ) that appears in this equality. Thus, putting an = 0 in (14)
we conclude immediately, by a similar reason that an−1 = 0, ... and so on.
Thus, an = an−1 = · · · = a0 = 0 and again from (14) we have

(c2 − c1)s(τaδ) = −k(τaδ)α̇{[c1 + (c2 − c1)(τaH)]s} + k(τaδ).

Since s(a) = e−a this equality is equivalent to

(c2 − c1)e
−a(τaδ) = −kc1e

−a(τaδ) − k(c2 − c1)(τaδ)α̇[(τaH)s] + k(τaδ). (15)

Meanwhile, we have, by (5),

(τaδ)α̇[(τaH)s] = D{(τaH)α̇[(τaH)s]} − (τaH)α̇D[(τaH)s] =

= D[(τaH)s] − (τaH)α̇[(τaδ)s + (τaH)(−s)] =

= (τaδ)s + (τaH)(−s) − (τaH)α̇[e−a(τaδ) − (τaH)s] =

= e−a(τaδ) − (τaH)s − e−aτa(Hα̇δ) + (τaH)s =
1

2
e−a(τaδ),

and from (15), we conclude that

(k + 2)c2 + (k − 2)c1 = 2kea. (16)
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Thus, if k �= −2, we have

c2 =
2k

k + 2
ea − k − 2

k + 2
c1,

and from (13), we obtain

X(t) = e−t

[
c1 +

2k

k + 2
(ea − c1)H(t − a)

]
.

If k = −2, from (16) we have c1 = ea and from (13) we obtain

X(t) = e−t[ea + (c2 − ea)H(t − a)].

Then, the explicit α-generalized solution of (11) is

X(t) =

{
e−t

[
c1 + 2k

k+2
(ea − c1)H(t − a)

]
if k �= −2

e−t[ea + (c2 − ea)H(t − a)] if k = −2
,

and it is also independent of α.
Remark: From this formula we also can obtain the classical solutions: as

we have seen, they are just the α-generalized solutions that belong to C0:
for k �= −2, it is X(t) = ea−t (obtained for c1 = ea) and for k = −2 it is
X(t) = ea−t (obtained for c2 = ea). Thus, X(t) = ea−t is the unique classical
solution of (11), as we have already observed.

To verify if the spiking event is present in the set of α-generalized solutions,
let us consider k �= −2; we have

X(a+) = e−a

[
c1 +

2k

k + 2
(ea − c1)

]
, X(a−) = c1e

−a,

so that we can write

X(a+) = X(a−) +
2k

k + 2
[1 − X(a−)].

This condition is usually interpreted as a “jump condition”: if we solve equa-
tion (11) on ] − ∞, a[ with c1 as an arbitrary constant and also on ]a, +∞[,
having c2 as arbitrary constant, this condition allows us to couple these con-
stants and get the solution on ]−∞, +∞[. Thus, if k �∈ [−2, 0] and X(a−) < 1,
the solution has a sudden increase at t = a, which can be associated to the
spiking event.

For instance, with a > 0, k = 1 and x(0) = c1 = 1
3
, the graphic of

the solution is similar to Fig. 1.1 of [2], pp. 555: X(t) decreases until the
instant t = a, has a sudden increase at t = a, and after go on decreasing.
However, in spite of this similarity, a different jump condition is obtained in
[2] (condition(3.10), pp. 558) by an approximation process: X(a+) = X(a−)+
(1 − e−k)[1 − X(a−)].
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6 A note about approximation processes and

products of distributions

The assumption “ α even” is not necessary within our general theory of mul-
tiplications of distributions . Let us illustrate this point and certain usual
process of approximation by means of three remarks about the product Hδ.

(a) Let ρ : R → R be a continuous and Lebesgue integrable function such
that

∫ +∞
−∞ ρ = 1. Then the sequence of functions dn : R → R defined by

dn(x) = nρ(nx) converges to δ in D′. So, for the sequence of functions Hdn

we have, for each ϕ ∈ D,

< Hdn, ϕ >=

∫ +∞

0

nρ(nx)ϕ(x) dx =

∫ +∞

0

ρ(t)ϕ(
t

n
) dt → kϕ(0),

when n → ∞, where k =
∫ +∞

0
ρ. Thus, given k, for all functions ρ such that∫ +∞

0
ρ = k, the sequence of functions Hdn converges to kδ in D′, which means

that the product Hδ (defined by this process of approximation) is independent
of such functions ρ. However, if we change k, the product Hδ changes. All this
is in agreement with our α-products if we don’t require the condition “α even”
because Hα̇δ = (

∫ 0

−∞ α)δ (see (2)) and δα̇H = (
∫ +∞

0
α)δ (see (5)) so that the

function α codifies the indeterminacy inherent to this distributional product.
(b) Meanwhile, the requirement “α even” is natural because it agrees with

the time symmetry of the laws of classical mechanics. Moreover, with this
requirement, our products are transformed as usual by the symmetry t → −t
of R onto R. We will give an interesting and short example.

Let us consider a particle of mass m moving on the x-axis according to the
law

x(t) = vt[1 − H(t)],

where v > 0 is a constant. This is the situation in which a particle, moving
on the negative part of the real axis with speed v collides inelastically with
an obstacle placed at x = 0. After collision, the particle stays at rest at the
position x = 0. Suppose now that this motion is caused by a force field F
obeying Newton law F = mx′′. Since

x′(t) = v[1 − H(t)] + vt[−δ(t)] = v[1 − H(t)],

x′′(t) = −vδ(t),

we have F (t) = −mvδ(t); the work done by this force field is thus

W =

∫ +∞

−∞
F (t)x′(t) dt = −mv2

∫ +∞

−∞
δ(t)[1 − H(t)] dt =
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= −mv2

∫ +∞

−∞
[δ(t) − δ(t)H(t)] dt = −mv2

[
1 −

∫ +∞

−∞

1

2
δ(t) dt

]
= −1

2
mv2.

Physically this is an exact result because 1
2
mv2 is the kinetic energy of the

particle. Our α-products (for any α even) gives just δα̇H = Hα̇δ = 1
2
δ, the

critical point of this computation, stressing thus the physical contents of the
α-products with α even!

(c) Often, to solve the initial value problem

DX = δX, X(−1) = 1, (17)

approximations of δ by the sequences dn, as defined in (a), are introduced
simultaneously with the correspondent classical solutions of

X ′
n(x) = nρ(nx)Xn(x), Xn(−1) = 1.

As

Xn(x) = e
� nx
−n ρ(u) du → 1 + (e − 1)H,

when n → ∞, in the sense of distributions, the result is independent of the
above fixed function ρ. This fact can be considered as a strong motivation for
taking

X = 1 + (e − 1)H (18)

as the solution of the initial value problem (17). However this is incompatible,
not with our α-products, but with classical mechanics, as the above remark
(b) shows. Indeed, (18) implies

Hδ =
e − 2

e − 1
δ �=

(
1

2
δ

)
(19)

because from the assumption that (18) satisfies (17), we must have

D[1 + (e − 1)H ] = δ[1 + (e − 1)H ],

and (19) follows!
Perhaps the use of a certain approximation process in a differential equa-

tion with products of distributions assumes (implicitly) some hidden stability
property of the referred equation.
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