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Abstract

Generalizations of Einstein manifolds are important in order to have
a deeper understanding of the global characteristics of the universe in-
cluding its topology. Several generalizations have been defined and stud-
ied; and, the first was quasi-Einstein manifold. In this paper, we give
the sectional curvatures this type of manifolds satisfying some curvature
tensors.
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1 Introduction

To its present state, the evolution of the universe, can be divided into three
phases [16]:

1. Initial Phase. This was just after the big bang when the effects of both
viscosity and heat flux were quite pronounced.

2. Intermediate Phase. This was the phase when the effect of viscosity
was no longer significant but the heat flux was still not negligible.

3. Final Phase. This phase extends to the present state of the Universe
when both the effects of viscosity and the heat flux have become negli-
gible and the matter content of the Universe may be assumed to be a
perfect fluid.
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To have a deeper understanding of the global characteristics of the universe
including its topology, generalization of Einstein space is needed. For example,
the generalized quasi-Einstein spacetime, one of the existing generalizations of
Einstein spaces, represents the intermediate phase of the evolution of the uni-
verse stated above while the quasi-Einstein spacetime, another generalization
of Einstein manifolds, corresponds to the final phase in the evolution.

In this paper, we consider quasi-Einstein manifolds and determine the sec-
tional curvatures of conformally flat quasi-Einstein manifolds and W2-flat quasi
Einstein manifolds.

2 Basic Definitions

A Riemannian manifold M = (Mn, g), n > 2 is called an Einstein space if the
Ricci tensor S(X, Y ) = αg(X, Y ), for smooth vectors X and Y on M . It is
known that S = r

n
g, r being the (constant) scalar curvature of the manifold

and n its dimension. Let (Mn, g)(n > 2) be a Riemannian manifold. Let
US = {x ∈ M : S 6= r

n
g at x}. Then the manifold (Mn, g) is said to be

quasi-Einstein manifold ([1]) if on US ⊂M , we have

S − αg = βA⊗ A, (1)

where A is an 1-form on US and α, β are some (smooth) functions on US.
It is clear that the 1-form A as well as the function β are non-zero at every
point on US. From the above definition it follows that every Einstein manifold
is quasi-Einstein. In particular, every Ricci-flat manifold (e.g. Schwarzschild
spacetime) is quasi-Einstein. The scalars a, b are known as the associated
scalars of the manifold. Also the 1-form A is called the associated 1-form of
the manifold defined by g(X, ρ) = A(X) for any vector field X; ρ being a
unit vector field, called the generator of the manifold. Such an n-dimensional
quasi-Einstein manifold is denoted by (QE)n. These type of manifolds have
been studied by many authors in [2],[3], [4],[5],[6], [7],[8],[9],[10],[14], [15] and
[16]. The quasi-Einstein manifolds have also been studied by De and Ghosh
[11], De and De [12], Shaikh and Hui [19], Shaikh and Patra [20].

3 Conformally flat (QE)n

Consider a conformally flat manifold (Mn, g) (n > 3) which is quasi-Einstein.
From [13], the curvature tensor R of type (0, 4) of a conformally flat Rieman-
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nian manifold (Mn, g) (n > 3) is given by

R(X, Y, Z, T ) =
1

n− 1
[S(Y, Z)g(X,T )− S(X,Z)g(Y, T )

+S(X,T )g(Y, Z)− S(Y, T )g(X,Z)] (2)

+
r

(n− 1)(n− 2)
[g(X,Z)g(Y, T )− g(Y, Z)g(X,T )].

Then, using (1) in (2), we get

R(X, Y, Z, T ) =
2α(n− 2)− r
(n− 1)(n− 2)

[g(Y, Z)g(X,T )− g(X,Z)g(Y, T )]

+
β

n− 1
[g(X,T )A(Y )A(Z)− g(Y, T )A(X)A(Z) (3)

+g(Y, Z)A(X)A(T )− g(X,Z)A(Y )A(T )].

Lemma 1. In a conformally flat quasi-Einstein space, the Riemannian cur-
vature tensor R of type (1, 3) satisfies the following properties:

R(X, Y )Z =
2α(n− 2)− r
(n− 1)(n− 2)

[g(Y, Z)X − g(X,Z)Y ]; (4)

R(X, ρ)Z =
r − 2α(n− 2)

(n− 1)(n− 2)
g(X,Z)ρ; (5)

R(X, ρ)ρ =
2α(n− 2)− r
(n− 1)(n− 2)

X, (6)

for all X, Y, Z ∈ ρ⊥, the (n − 1)-dimensional distribution orthogonal to the
generator ρ.

Proof. Suppose Mn is a conformally flat (QE)n. Then we have the relation
(3). Note that ρ⊥ is the (n − 1)-dimensional distribution orthogonal to the
generator ρ, then g(X, ρ) = 0 if and only if X ∈ ρ⊥. Therefore, (3) yields the
relations (4) – (6). for all X, Y, Z ∈ ρ⊥.

Theorem 1. Let Mn be a conformally flat quasi-Einstein manifold. Then the
sectional curvature of all planes determined by X, Y ∈ ρ⊥ is

2α(n− 2)− r
(n− 1)(n− 2)

.

Proof. Let κ1 be the sectional curvature of the plane determined by X and Y ,
where X, Y ∈ ρ⊥. Then, by virtue of (4) of Lemma 1, we have

κ1 =
g(R(X, Y )Y,X)

g(X,X)g(Y, Y )− {g(X, Y )}2
=

2α(n− 2)− r
(n− 1)(n− 2)

.

This proves the theorem.
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The following are direct consequences of Theorem 1.

Corollary 1. In a conformally flat quasi-Einstein manifold, the sectional cur-
vature of all planes determined by X and Y is zero if and only if the scalar
curvature r = 2α(n− 2).

Corollary 2. In a conformally flat quasi-Einstein manifold, the sectional
curvature of all planes determined by X and Y is constant if and only if
2α(n− 2)− r is constant.

Theorem 2. Let Mn be a conformally flat quasi-Einstein manifold. Then the
sectional curvature of all planes determined by X and ρ is

2α(n− 2)− r
(n− 1)(n− 2)

,

for all by X ∈ ρ⊥.

Proof. Let κ2 be the sectional curvature of the plane determined by X and ρ,
where X ∈ ρ⊥. Then, by virtue of (6) of Lemma 1, we have

κ2 =
g(R(X, ρ)ρ,X)

g(X,X)g(ρ, ρ)− {g(X, ρ)}2
=

2α(n− 2)− r
(n− 1)(n− 2)

.

This proves the theorem.

The following statements follow from Theorem 2.

Corollary 3. In a a conformally flat quasi-Einstein manifold, the sectional
curvature of all planes determined by X and ρ is zero if and only if the scalar
curvature r = 2α(n− 2).

Corollary 4. In a a conformally flat quasi-Einstein manifold, the sectional
curvature of all planes determined by X and ρ is constant if and only if 2α(n−
2)− r is constant.

A vector field U in a Riemannian manifold (Mn, g) is said to be irrotational
if ([21])

g(∇XU, Y ) = g(∇YU,X).

It is worth mentioning that in [16], the sectional curvatures of a conformally
flat (QE)n were also computed but with the generator U as a irrotational
vector field.

Theorem 3. (GUHA, [16]) If in a conformally flat (QE)n (n > 3), the genera-
tor ρ is an irrotational vector field and ρ⊥ is the (n−1)-dimensional orthogonal
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to ρ, then the scalar
α(n− 2)− r

(n− 1)(n− 2)
is the sectional curvature at a point corre-

sponding to the section-plane spanned by X, Y belonging to ρ⊥, and the scalar
α + r

n− 1
is the sectional curvature at a point corresponding to the section-plane

spanned by X and ρ, where X ∈ ρ⊥.

We state now some consequences of the above theorem.

Corollary 5. If in a conformally flat (QE)n (n > 3), the generator ρ is an
irrotational vector field and ρ⊥ is the (n−1)-dimensional orthogonal to ρ, then

1. the sectional curvature at a point corresponding to the section-plane spanned
by X, Y belonging to ρ⊥ is zero if and only if r = α(n− 2);

2. the sectional curvature at a point corresponding to the section-plane spanned
by X and ρ is zero if and only if α = −r, where X ∈ ρ⊥;

3. the sectional curvature at a point corresponding to the section-plane spanned
by X, Y belonging to ρ⊥ is constant if and only if α(n−2)−r is constant;
and,

4. the sectional curvature at a point corresponding to the section-plane spanned
by X and ρ is constant if and only if α + r is constant, where X ∈ ρ⊥.

In [18], Shaikh et. al. studied also the sectional curvatures of Lorentzian
quasi-Einstein manifolds (denoted by LQEn), a quasi-Einstein manifold with
the generator ρ as the unit timelike vector field such that g(ρ, ρ) = −1. They
have the following results.

Theorem 4. (SHAIKH, KIM, HUI [18]) In a conformally flat LQEn, n > 3,
the sectional curvature of all planes determined by the vectors X, Y ∈ ρ⊥ and
sectional curvature of all planes determined by the vectors X and ρ, where

X ∈ ρ⊥ , are equal and each of them is
α(n− 2) + β

(n− 1)(n− 2)
.

Corollary 6. (SHAIKH, KIM, HUI [18]) In a conformally flat LQEn, n > 3,
the sectional curvature of all planes determined by the vectors X, Y ∈ ρ⊥ and
sectional curvature of all planes determined by the vectors X and ρ, where
X ∈ ρ⊥ , are constant if and only if α(n− 2) + β is constant.

We now state another consequence of Theorem 4.

Corollary 7. In a conformally flat LQEn, n > 3, the sectional curvature of
all planes determined by the vectors X, Y ∈ ρ⊥ and sectional curvature of all
planes determined by the vectors X and ρ, where X ∈ ρ⊥ , are zero if and only
if β = α(2− n).
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4 W2-flat (QE)n

In 1970, Pokhariyal and Mishra [17] introduced several tensor fields in a
Riemannian manifold and studied their properties. Their list includes W2-
curvature tensor on a manifold (Mn, g) which is defined by

W2(X, Y, Z, T ) = R(X, Y, Z, T ) +
1

n− 1
[g(X,Z)S(Y, T )− g(Y, Z)S(X,T )] ,

(7)
where R is the Riemannian curvature tensor.

Suppose Mn is a W2-flat quasi-Einstein manifold. Then, from (1) and (7),
we have

R(X, Y, Z, T ) =
1

n− 1
{α[g(Y, Z)g(X,T )− g(Y, T )g(X,Z)]

+β[g(Y, Z)A(X)A(T )− g(X,Z)A(Y )A(T )]}. (8)

Lemma 2. The Riemannian curvature tensor R of type (1, 3) in a W2-flat
quasi-Einstein manifold satisfy the following properties:

R(X, Y )Z =
α

n− 1
[g(Y, Z)X − g(X,Z)Y ]; (9)

R(X, ρ)Z = − α

n− 1
g(X,Z)ρ; (10)

R(X, ρ)ρ =
α

n− 1
X, (11)

for all X, Y, Z ∈ ρ⊥, the (n − 1)-dimensional distribution orthogonal to the
generator ρ.

Proof. In a W2-flat (QE)n, we have the relation (8). Now, observe that ρ⊥

is the (n − 1)-dimensional distribution orthogonal to the generator ρ, then
g(X, ρ) = 0 if and only if X ∈ ρ⊥. Therefore, (8) yields the relations (9) –
(11). for all X, Y, Z ∈ ρ⊥.

Theorem 5. Let Mn be a W2-flat quasi-Einstein manifold. Then the sectional

curvature of all planes determined by X, Y ∈ ρ⊥ is
α

n− 1
.

Proof. Let κ1 be the sectional curvature of the plane determined by X and Y ,
where X, Y ∈ ρ⊥. Then, by virtue of (9) of Lemma 2, we have

κ1 =
g(R(X, Y )Y,X)

g(X,X)g(Y, Y )− {g(X, Y )}2
=

α

n− 1
.

This proves the theorem.
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The following statements follow from Theorem 5.

Corollary 8. In a W2-flat quasi Einstein manifold, the sectional curvature of
all planes determined by X and Y is zero if and only if α = 0.

Corollary 9. In a W2-flat quasi Einstein manifold, the sectional curvature of
all planes determined by X and Y is constant if and only if α is constant.

Theorem 6. Let Mn be a W2-flat quasi-Einstein manifold. Then the sectional

curvature of all planes determined by X and ρ is
α

n− 1
, for all X ∈ ρ⊥.

Proof. Let κ2 be the sectional curvature of the plane determined by X and ρ,
where X ∈ ρ⊥. Then, by virtue of (11) of Lemma 1, we have

κ2 =
g(R(X, ρ)ρ,X)

g(X,X)g(ρ, ρ)− {g(X, ρ)}2
=

α

n− 1
.

This proves the theorem.

As consequences of Theorem 6, we have the following.

Corollary 10. In a W2-flat quasi Einstein manifold, the sectional curvature
of all planes determined by X and ρ is zero if and only if α = 0.

Corollary 11. In a W2-flat quasi Einstein manifold, the sectional curvature
of all planes determined by X and ρ is constant if and only if α is constant.
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[6] Deszcz, R. and Hotloś, M., On some pseudosymmetry type curvature con-
dition, Tsukuba J. Math., 27 (2003), 13–30.
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[9] Deszcz, R., Hotloś, M. and Sentürk, Z., On curvature properties of quasi-
Einstein hypersurfaces in semi-Euclidean spaces, Soochow J. Math., 27(4)
(2001), 375–389.

[10] Deszcz, R., Verheyen, P. and Verstraelen, L., On some generalized Ein-
stein metric conditions, Publ. Inst. Math. (Beograd), 60:74 (1996), 108–
120.

[11] De, U. C. and Ghosh, G. C., On quasi-Einstein manifolds, Period. Math.
Hungar., 48(1-2) (2004), 223–231.

[12] De, U.C. and De, B.K., On Quasi Einstein Manifolds, Commun. Korean
Math. Soc. 23 (3) (2008), 413–420.

[13] Eisenhart, L.P., Riemannian Geometry, Princeton University Press, 1949.

[14] Glogowska, M., Semi-Riemannian manifolds whose weyl tensor is a
Kulkarni-Nomizu square, Publ. Inst. Math. (Beograd), 72:86 (2002), 95–
106.

[15] Glogowska, M., On quasi-Einstein Cartan type hypersurfaces, J. Geom.
Phys. 58 (2008), 599–614.

[16] Guha, S., On quasi Einstein and generalized quasi-Einstein manifolds,
Facta Universitatis (Series: Mechanics, Automatic Control and Robotics),
3(14) (2003), 821 –842.

[17] Pokhariyal, G.P. and Mishra, R.S. Curvature Tensors and Their Rela-
tivistic Significance. Yokohama Math. Journal, 18 (1970), 105–108.



On sectional curvatures of quasi-Einstein manifolds 1113

[18] Shaikh, A. A., Kim, Y.H. and Hui, S. K., On Lorentzian quasi-Einstein
manifolds, J. Korean Math. Soc., 48 (2011), 669–689.

[19] Shaikh, A. A. and Hui, S. K., On quasi-Einstein spacetimes, Tsukuba J.
Math., 33(2) (2009), 305–326.

[20] Shaikh, A. A. and Patra, A., On quasi-conformally flat quasi-Einstein
spacess, Diff.Geom.-Dynamical Systems, 12 (2010), 201–212.

[21] Watanabe, Y., Integral inequalities in compact orientable manifold, Rie-
mannian or Kählerian Kodai Math. Sem. Report, 20 (1968), 264 – 271.

Received: October, 2011


