
Int. Journal of Math. Analysis, Vol. 6, 2012, no. 17, 847 - 855

On the K-Theory of C*-Algebras

Associated with n-Simplexes

Saleh Omran1,2 and Gh. Y. Gouda2

1Mathematics Department, Faculty of Science
Taif University, Saudi Arabia

2Mathematics Department, Faculty of Science
South Valley University, Egypt

salehomran@yahoo.com

Abstract

In this article we investigate the universal C∗-algebras associated to
standard n-simplex. We denote it by C∆n . We introduce the general
definitions and some examples of this kind of algebras. The K-theory
for such algebras is computed. Moreover we prove that any such algebra
divided by the ideal In is commutative.
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1 Introduction

K-theory of C∗-algebras can be defined using projections and unitaries in some
large size algebra of matrices. In K-theory one associates to each C∗-algebra
A two abelian groups K0(A) and K1(A). K-theory of C∗-algebras is a pair
of covariant functors K∗ : A 7−→ K∗(A), for ∗ = 0, 1, from the category of
C∗-algebras to the category of abelian groups which have the following im-
portant properties: homotopy invariance, half exactness, continuity, stability,
Bott periodicity, excision and normalization in the sense that K0(C) = Z and
K0(SC) = 0, where SC is the suspension of the complex numbers, for more
details about the K-theory of C∗-algebras see ([1],[6],[7],[8], [11],[12]).
A deep result in K-theory is Bott periodicity. It says that K0(A) is isomorphic
to K0(S

2A), where S(A) is the suspension of the C∗-algebras A see ([2]).
Universal C∗-algebra is the C∗-algebras with generators and relations, the the-
ory of such C∗-algebras and their K-theory was developed in [6], [7],[9]. There
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are many applications for K-theory of C∗-algebras see for examples [3],[4] .
Cuntz [5] introduced a universal C∗-algebra with generators and relations to
every simplicial complex.
Given an n-dimensional simplicial complex Σ, one has a filtration of the C∗-
algebra CΣ by ideals Ik, 0 ≤ k ≤ n + 1,

CΣ = I0 ⊃ ... ⊃ In+1,

which corresponds to filtration of Σ by its k-dimensional skeleton sub-complexes.
Here, Ik is the ideal in CΣ generated by products containing at least k + 1-
different generators.
In [10] S.Omran have studied the C∗-algebra associated to the noncommuta-
tive sphere with computation their K-theory.
In our study we will try to recover the topological information in the skeleton
filtration (Ik) of the algebra C∆n described below. In other words, we want to
compute the K-theory of C∆n/Ik for arbitrary k.

2 preliminaries

Definition 2.1 ([5]) A simplicial complex Σ consists of a set of vertices VΣ

and a set of non-empty subsets of VΣ, the simplexes in Σ, such that:

• If s ∈ VΣ, then {s} ∈ Σ.

• If F ∈ Σ and ∅ 6= E ⊂ F then E ∈ Σ.

Σ is called locally finite if every vertex of Σ is contained in only finitely
many simplexes of Σ, and finite-dimensional (of dimension 6 n) if it contains
no simplexes with more than n + 1-vertices.
For a simplicial complex Σ one can define the topological space |Σ| associated
to this complex. It is called the ”geometric realization” of the complex and
can be defined as the space of maps f : VΣ −→ [0, 1] such that

∑
s∈VΣ

f(s) = 1
and f(s0).....f(si) = 0 whenever {s0, ..., si} /∈ Σ. If Σ is locally finite, then |Σ|
is locally compact.

Following J. Cuntz, one can associate to every simplicial complex a uni-
versal C∗-algebra with generators and relations. In the following we give some
examples of such algebras.

• CΣ is the universal C∗-algebra with positive generators hs, s ∈ VΣ, satis-
fying the relations

hs0hs1 ...hsn = 0 whenever {s0, s1, ..., sn} /∈ Σ,∑
s∈VΣ

hsht = ht ∀ t ∈ VΣ.

Here the sum is finite, because Σ is locally finite.
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• Cab
Σ is the abelian version of the universal C∗-algebra above, i.e. satisfying

in addition hsht = hths for all s, t ∈ VΣ.

Remark 2.2 ([5]) There exists a canonical surjective map CΣ −→ Cab
Σ .

A simplicial map between two simplicial complexes Σ and Σ
′

is a map
ϕ : VΣ −→ VΣ′ such that, whenever (t0, ..., tn) is a simplex in Σ this implies
that (ϕ(t0), ..., ϕ(tn)) is a simplex in Σ

′
.

Proposition 2.3 ([5]) Every simplicial map ϕ : Σ−→Σ
′
between two simpli-

cial complexes Σ and Σ
′
induces a ∗- homomorphism ϕ∗ : CΣ′ −→ CΣ.

Proof. Define ϕ∗ : CΣ′−→CΣ by hs 7−→ gs :=
∑

ϕ(t)=sht and hs mapped to 0
if s is not in the image of ϕ. We verify that the sum of all gs over s is equal to
if one the sum of all ht over t is equal to one and the products gs0 .....gsn = 0
whenever hs0 .....hsn = 0.

For the first condition, we have∑
s
gs =

∑
s

(∑
ϕ(t)=s

ht

)
=

∑
t
ht = 1,

and for the second condition

gs0 .....gsn =
∑

ϕ(t0)=s0

ht0 .....
∑

ϕ(tn)=sn

htn

=
∑

ϕ(t0)=s0

.....
∑

ϕ(tn)=sn

htnht0 ......htn = 0

because ϕ is a simplicial map. 2

It has been shown in [5] that the K-theory of CΣ coincides with the K-
theory of Cab

Σ (which in turn is isomorphic to C0(|Σ|). In the sequel we will
study the K-theory of another C∗-algebra that can be associated with certain
complexes.So, we follow the topological properties of these algebras, we find
that in general the K-theory of the quotient Ik/Ik+1 is isomorphic to the K-
theory of their abelianization for every k. This yields an isomorphism between
the K-theory of CΣn and its abelianization.

Proposition 2.4 [5] Let Σ be a locally finite simplicial complex. Then Cab
Σ is

isomorphic to C0(|Σ|), the algebra of continuous functions vanishing at infinity
on the geometric realization |Σ| of Σ.

Let

∆n := {(t0, ..., tn) ∈ Rn+1 | 0 ≤ ti ≤ 1,
n∑

i=1

ti = 1}
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be the standard n-simplex. Denote by C∆n the associated universal C∗-algebra
with generators hs, s ∈ {t0, ..., tn}, such that hs ≥ 0 and

∑
s hs = 1. Denote

by I∆n the ideal in C∆n generated by products of generators containing all the
hti , i = 0, ..., n. For each k, denote by Ik the ideal in C∆n generated by all
products of generators hs containing at least k+1 pairwise different generators.
We also denote by Iab

k the image of Ik in Cab
∆n . We have the following lemma.

Lemma 2.5 [5] Let Σ be a locally simplicial complex and In be an ideal in CΣ
defined above. Then isomorphism

Ik/Ik+1
∼=

⊕
∆

I∆,

where the sum is taken over all k-simplexes in ∆n in Σ.

For any vertex t in ∆n there is a natural evaluation map C∆n −→ C mapping
the generators ht to 1 and all the other generators to 0.

Proposition 2.6 (i) The evaluation map C∆n −→ C defined above induces an
isomorphism in K-theory.
(ii) The surjective map I∆n −→ Iab

∆n induces an isomorphism in K-theory,
where Iab

∆n is the abelianization of I∆n .

Proof. For (i) it is enough to prove that C∆n is homotype equivalent to
C. Consider the ∗-homomorphisms α : C −→ C∆n , λ 7→ cλ := λ.1 and
β : C∆n −→ C, hi 7→ 1

n+1
, i ∈ {0, 1, ..., n}. It is clear that β ◦ α = idC. Define

ϕt : C∆n −→ C∆n by ϕt(hi) = 1−t
n+1

+thi, t ∈ [0, 1]. It is obvious that ϕ1 = idC∆n

and ϕ0 = α◦β. So α◦β ∼ idC∆n . This implies that C∆n is homotopy equivalent
to C.
Using lemma 2.5 above, one can use induction on the dimension n of ∆n to
prove the claim (ii). For the complete proof we refer to [5]. 2

Lemma 2.7 Let ∆n and I∆n ⊂ C∆n as above. Then K∗(I∆n) ∼= K∗(C), ∗ =
0, 1, if n is even and K∗(I∆n) ∼= K∗(C0(0, 1)), ∗ = 0, 1, if n odd.

We will now try to recover the topological information in C∆n , looking at
the K-theory of C∆n/Ik for different k, where Ik is the ideal in C∆n generated
by products containing at least k + 1 different generators. Thus (Ik) is the
skeleton filtration for C∆n . Denote by Cab

∆n the abelianization of C∆n and let
Iab
k be the image of Ik in Cab

∆n . Thus (Iab
k ) is the skeleton filtration for Cab

∆n .
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3 Computations

In this section we calculate the K-theory of the skeleton filtration (Ik) the
algebra C∆n .
We consider the skeleton filtration

C∆n = I0 ⊃ I1 ⊃ I2 ⊃ ... ⊃ In+1.

And we compute the K-theory of the quotient C∆n/Ik for some k.

Lemma 3.1 For each flag complex Σ with k vertices, C∆n/I1 is commutative
and isomorphic to Cn+1.

Proof. Let ḣi denote the image of a generator hi for C∆n . One has the
following relations : ∑

i

ḣi = 1, ḣiḣj = 0, i 6= j.

For every ḣi in C∆n/I1 we have

ḣi = ḣi(
∑

i

ḣi) = ḣ2
i .

Hence C∆n/I1 is generated by k different orthogonal projections and therefore
C∆n/I1

∼= Cn+1. 2

Let I∆n be the ideal in C∆n which is generated by all products of generators
hs containing at least n + 1 different generators. Denote the abelianization of
C∆n by Cab

∆n , and let Iab
∆n be the image of I in Cab

∆n . We have a canonical
surjective map

C∆n −→ Cab
∆n .

Let us denote the skeleton filtration for C∆n by (Ik), and the skeleton filtration
for Cab

∆n by (Iab
k ).

Lemma 3.2 Let C∆n and Cab
∆n as above. Then we have an isomorphism

I1/I2
∼= Iab

1 /Iab
2 .

Proof. In Cab
∆n

I1
ab/I2

ab ∼=
⊕

σ
Iab

σ .

And in C∆n

I1/I2
∼=

⊕
σ
Iσ
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where the direct sum is taken over all the 1-simplexes σ in ∆n. Iσ is the ideal
generated by products of generators containing h1 and h2 in the universal C∗-
algebra C∆n which is generated by positive elements h1, h2, such that h1+h2 =
1. This C∗-algebra is commutative. Therefore

Iσ
∼= C0(0, 1)

and the map Iσ −→ Iab
σ is an isomorphism.

2

Proposition 3.3 In C∆n, we have K0(I1) = 0 and K1(I1) = Zn.

Proof. I1 is a closed two sided ideal in C∆n , So
we have the following short exact sequence

0 −→ I1 −→ C∆n −→ C∆n/I1 −→ 0.

From this follows the six-term exact sequence

K0(I1)
i∗−→ K0(C∆n)

π∗−→ K0(C∆n/I1)
↑ ↓

K1(C∆n/I1) ←− K1(C∆n) ←− K1(I1).

We have from proposition 2.6

K∗(C∆n) ∼= K∗(C).

So that K0(C∆n) ∼= Z and K1(C∆n) = 0.
And from lemma 3.1 above

K∗(C∆n/I1) ∼= K∗(Cn+1).

So,K0(C∆n/I1) ∼= Zn+1 and K∗(C∆n/I1) = 0. Therefore the above six-term
exact sequence reads as follows :

K0(I1)
i∗−→ Z π∗−→ Zn+1

↑ ↓
0 ←− 0 ←− K1(I1).

π∗ is injective, and consequently i∗ is zero. In this way we get K0(I1) = 0. and
the following short sequence

0 −→ Z −→ Zn+1 −→ K1(I1) −→ 0

is exact. And finally, the above exact sequence is split in K-theory. Therefore

K1(I1) ∼= Zn+1/π∗(Z) ∼= Zn.

2
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Proposition 3.4 Let (Ik) and (Iab
k ) as just defined.

Then for each k the map Ik/Ik+1−→Iab
k /Iab

k+1 induces an isomorphism in
K-theory.

Proof. Notice that Ik/Ik+1
∼=

⊕
∆nI∆n and Iab

k /Iab
k+1
∼=

⊕
∆nIab

∆n where
the sum is taken over all k-simplices in ∆n.

By Proposition 2.6 the map I∆n −→ Iab
∆n induces an isomorphism in K-

theory, and consequently the K-map of Ik/Ik+1−→Iab
k /Iab

k+1 is an isomorphism.
2

Proposition 3.5 The surjective map C∆n/Ik −→ Cab
∆n/Iab

k induces an isomor-
phism in K-theory for each k.

Proof. It is easy to see that C∆n/I1
∼= Cab

∆n/Iab
1
∼= Cn+1. For all k we have

a commutative diagram

0 −→ Ik/Ik+1 −→ C∆n/Ik+1 −→ C∆n/Ik −→ 0
↓ ↓ ↓

0 −→ Iab
k /Iab

k+1 −→ Cab
∆n/Iab

k+1 −→ Cab
∆n/Iab

k −→ 0

where the lines are exact. Applying the long exact sequence of K-theory, we
obtain the following commutative diagram

K1(Ik/Ik+1) −→ K1(C∆n/Ik+1) −→ K1(C∆n/Ik) −→ .....
↓ ↓ ↓

K1(I
ab
k /Iab

k+1) −→ K1(Cab
∆n/Iab

k+1) −→ K1(Cab
∆n/Iab

k ) −→ .....

..... −→ K0(Ik/Ik+1) −→ K0(C∆n/Ik+1) −→ K0(C∆n/Ik)
↓ ↓ ↓

..... −→ K0(I
ab
k /Iab

k+1) −→ K0(Cab
∆n/Iab

k+1) −→ K0(Cab
∆n/Iab

k ).

This diagram can be periodically continued such that the lines are exact. Let
k = 1. Then by proposition 3.4 and an application of the five-lemma we obtain

K∗(C∆n/I2) ∼= K∗(Cab
∆n/Iab

2 ) for ∗ = 0, 1.

We successively use this argument for all k = 2, 3, ..., n. 2

Theorem 3.6 Let ∆n be an n-simplex and Sab
n the abelian n-sphere. Then the

map C∆n/I∆n −→ Sab
n induces an isomorphism in K-theory.

Proof. By proposition 3.5 we have

K∗(C∆n/I∆n) ∼= K∗(Cab
∆n/Iab

∆n).

Due to 2.4, Cab
∆n/Iab

∆n is a commutative C∗-algebra which is isomorphic to
C0(|∂(∆n)|). It is well known that |∆n| is homeomorphic to Sab

n . Thus

C0(|∂(∆n)|) ∼= Sab
n .
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2

Proposition 3.7 In the C∗-algebra C∆n the following holds.

(i) Iab
k /Iab

k+1
∼=

⊕
∆nIab

∆n for k 6 n + 1,
The sum is taken over all k-simplexes in ∆n .

(ii) Iab
k /Iab

k+1 = 0 for k > n + 1

Proof. (i) By proposition 2.5 we have

Iab
k /Iab

k+1
∼=

⊕
σ⊂V
Iab

σ

where V = {0, 1, 2, ..., n} and |σ| = k + 1.
In this case σ defines a k-simplex. Then

Iab
k /Iab

k+1
∼=

⊕
∆n
Iab

∆n

where the direct sum is taken over all k-simplices in ∆n and Iab
∆n ⊂ Cab

∆n is the
ideal defined above.

(ii) For k > n + 1 σ is not a simplex so Iab
k = 0.

2

Proposition 3.8 In the C∗-algebra C∆n, when n = 4, the following holds.

(i) K∗(C∆4/I1) ∼= K∗(C5)

(ii) K∗(I1/I2) ∼= K∗(C0(0, 1)10).

(iii) K∗(I2/I3) ∼= K∗(C10).

(v) K∗(I3/I4) ∼= K∗(C0(0, 1)5).

Proof. Since the 4-simplex contain five-vertices, ten 1-faces, ten 2- faces
and five 3-faces. Applying Lemmas 2.5, 2.7 and Proposition 3.4, we get the
proof. 2
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