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Abstract

The purpose of this paper is to introduce the concept of fuzzy bi-
minimal structure spaces and study some fundamental properties of
m1

Xm2
X-closed sets and m1

Xm2
X-open sets in fuzzy biminimal structure

spaces. Moreover, we present the continuity of fuzzy function in this
setting.
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1. Introduction

The concept of minimal structure (briefly m-structure) was introduced by

V.Popa and T.Noiri [4] in 2000. M.Alimohammady and M.Roohi introduced

the concept of fuzzy minimal structure in 2006 [3]. Also they introduced the

notion of fuzzy mX -open set and fuzzy mX-closed set and characterize those

sets by using fuzzy mX-closure and fuzzy mX- interior operator respectively.

Further they introduced fuzzy m-continuous functions and studied some of its

basic properties. J.C.Kelly [2] introduced the concept of bitopological spaces.

Such spaces are equipped with two arbitrary topologies. The notion of bi-

minimal structure space was introduced by C.Boonpok [1] in 2010. Also he

introduced m1
Xm2

X-closed sets and m1
Xm2

X -open sets in biminimal structure

spaces. In this paper we introduce the concept of biminimal structure spaces

in fuzzy setting and studied some of their fundamental properties.
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2. Preliminaries

Definition 2.1.[3] A subfamily mX of IX ( where IX is the collections of

all fuzzy sets from X into I = [0, 1] ) of a non empty set X is called fuzzy

minimal structure ( or briefly,fuzzy m-structure on X if α1X ∈ mX for any

α ∈ I = [0, 1].

By (X, mX) (or briefly (X, m)), we denote a non empty set X with a fuzzy

minimal structure mX on X and call it a fuzzy m-space. Each member of mX

is said to be fuzzy mX -open (or briefly m-open) and the complement of an

mX -open set is said to be mX-closed (or briefly m-closed).

Definition 2.2.[3] Let X be a non empty set and mX a fuzzy m-structure on

X. For a fuzzy subset α of X, the mX -closure of α and the mX -interior of α

are defined as follows:

(1) mXCl(α) =inf{β : α ≤ β, β ′ ∈ mX}.
(2) mXInt(α) = sup{β : β ≤ α, β ∈ mX}.
Lemma 2.3.[3] Let (X, mX) be an fuzzy m-space. For fuzzy subsets λ and μ

of X, the following properties hold:

(1) (mXCl(λ))c = mXInt(λc) and (mXInt(λ))c = mXCl(λc).

(2)mXCl(λ) = λ if λ is a fuzzy mX -closed set. Specially, mXcl(α1X) = α1X

for all α ∈ I.

(3) mXInt(λ) = λ if λ is a fuzzy mX - open set. Specially, mXInt(α1X) = α1X

for all α ∈ I.

(4) if λ ≤ μ, then mXCl(λ) ≤ mXCl(μ) and mXInt(λ) ≤ mXInt(μ).

(5)λ ≤ mXCl(λ) and mXInt(λ) ≤ λ.

(6) mXCl(mXCl(λ)) = mXCl(λ) and mXInt(mXInt(λ)) = mXInt(λ).

Definition 2.4.[3]A fuzzy minimal structure mX on a non empty set X is said

to have property B if the union of any family of fuzzy subsets belonging to

mX belongs to mX .

Lemma 2.5.[3]Let (X, mX) be fuzzy m-space and mX satisfy the property B .

Then for a fuzzy subset μ of X, the following properties hold:

(1)μ ∈ mX if and only if mXInt(μ) = μ.

(2)μ is mX -closed if and only if mXCl(μ) = μ.

(3) mXInt(μ) ∈ mX and mXCl(μ) is mX-closed.

3. Fuzzy Biminimal Structure Spaces

In this section we introduce the concept of fuzzy biminimal structure spaces

and study some properties of fuzzy m1
Xm2

X -closed sets and fuzzy m1
Xm2

X -open

sets in fuzzy biminimal structure spaces.



On fuzzy biminimal structure spaces 843

Definition 3.1.Let X be a nonempty set and mX
1, mX

2 be fuzzy minimal

structure on X. A triplet (X, mX
1, mX

2) is called a fuzzy biminimal structure

space.

Let (X, mX
1, mX

2) be a fuzzy biminimal structure space and μ be a fuzzy

subset of X. The mX-closure and mX-interior of μ with respect to mX
i are

denoted by mCli(μ) and mInti(μ), respectively,for i = 1, 2.

Definition 3.2.A fuzzy subset μ of a fuzzy biminimal structure space (X, mX
1, mX

2)

is called fuzzy m1
Xm2

X -closed if mCl1(mCl2(μ)) = μ. The complement of fuzzy

m1
Xm2

X -closed set is called fuzzy m1
Xm2

X -open.

Example 3.3.: Let X = {a, b} and μ1 = (a0.3, b0.7) and μ2 = (a0.7, b0.3) are

two fuzzy sets on X. Let mX
1 = mX

2 = {0, 1, μ1}. Then μ2 is m1
Xm2

X -closed.

Let (X, mX
1, mX

2) be a fuzzy biminimal structure space and μ be a fuzzy

subset of X. Then μ is fuzzy m1
Xm2

X -closed if and only if mCl1(μ) = μ and

mCl2(μ) = μ.

Proposition 3.4.:Let mX
1 and mX

2 be fuzzy m-structure on X satisfying

property B . Then μ is fuzzy m1
Xm2

X-closed subset of a fuzzy biminimal struc-

ture space (X, mX
1, mX

2) if and only if μ is both mX
1-closed and mX

2-closed.

Proposition 3.5.:Let (X, mX
1, mX

2) be a fuzzy biminimal structure space.

If μ1and μ2 are fuzzy m1
Xm2

X-closed subsets of (X, mX
1, mX

2), then μ1
∧

μ2 is

m1
Xm2

X -closed.

Proof : Let μ1 and μ2 are fuzzy m1
Xm2

X -closed subsets of (X, mX
1, mX

2).

Then mCl1(mCl2(μ1)) = μ1 and mCl1(mCl2(μ2)) = μ2.

Since μ1
∧

μ2 ≤ μ1 and μ1
∧

μ2 ≤ μ2,

therefore mCl1(mCl2(μ1
∧

μ2)) ≤ mCl1(mCl2(μ1))

and mCl1(mCl2(μ1
∧

μ2)) ≤ mCl1(mCl2(μ2)).

Thus mCl1(mCl2(μ1
∧

μ2)) ≤ mCl1(mCl2(μ1))
∧

mCl1(mCl2(μ2))=μ1
∧

μ2.

But μ1
∧

μ2 ≤ mCl1(mCl2(μ1
∧

μ2)) ,

consequently mCl1(mCl2(μ1
∧

μ2)) = μ1
∧

μ2.

Hence μ1
∧

μ2 is fuzzy m1
Xm2

X -closed.

Remark 3.6.:The union of two fuzzy m1
Xm2

X -closed set is not a fuzzy m1
Xm2

X -

closed set in general.

Example :Let X = {a, b} and μ1 = (a0.2, b0.6),μ2 = (a0.8, b0.4),μ3 = (a0.1, b0.7),

μ4 = (a0.9, b0.3) are fuzzy sets on X. Let mX
1 = {0, 1, μ1, μ3} and mX

2 =

{0, 1, μ1, μ2, μ3, μ4}. Then μ2 and μ4 are fuzzy m1
Xm2

X-closed but μ2
∨

μ4 =

(a0.9, b0.4) is not fuzzy m1
Xm2

X-closed.

Proposition 3.7.:Let (X, mX
1, mX

2) be a fuzzy biminimal structure space.

Then μ is fuzzy m1
Xm2

X-open subset of (X, mX
1, mX

2) if and only if μ =

mInt1(mInt2(μ)).
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Proof :Letμ be a fuzzy m1
Xm2

X -open subset of (X, mX
1, mX

2), then 1 − μ is

fuzzy m1
Xm2

X -closed. Therefore, mCl1(mCl2(1 − μ)) = 1 − μ , By lemma 2.3,

1 − mInt1(mInt2(μ)) = 1 − μ ,consequently, μ = mInt1(mInt2(μ)).

Conversely, let μ = mInt1(mInt2(μ)) . Therefore, 1−μ = 1−mInt1(mInt2(μ)),

by lemma 2.3, 1 − μ = mCl1(mCl2(1 − μ)). Hence (1 − μ) is fuzzy m1
Xm2

X -

closed. Consequently, μ is fuzzy m1
Xm2

X -open.

Proposition 3.8.:Let (X, mX
1, mX

2) be a fuzzy biminimal structure space.

If μ1 and μ2 are fuzzy m1
Xm2

X -open subsets of (X, mX
1, mX

2), then μ1
∨

μ2 is

fuzzy m1
Xm2

X-open.

Proof :Let μ1 and μ2 are fuzzy m1
Xm2

X -open subsets of (X, mX
1, mX

2).

Then mInt1(mInt2(μ1)) = μ1 and mInt1(mInt2(μ2)) = μ2.

Since μ1 ≤ μ1
∨

μ2 and μ2 ≤ μ1
∨

μ2,

therefore mInt1(mInt2(μ1)) ≤ mInt1(mInt2(μ1
∨

μ2))

and mInt1(mInt2(μ2)) ≤ mInt1(mInt2(μ1
∨

μ2)) ,

i.e μ1 ≤ mInt1(mInt2(μ1
∨

μ2)) and μ2 ≤ mInt1(mInt2(μ1
∨

μ2)).

Thus μ1
∨

μ2 ≤ mInt1(mInt2(μ1
∨

μ2)).

But mInt1(mInt2(μ1
∨

μ2)) ≤ μ1
∨

μ2,

consequently μ1
∨

μ2 = mInt1(mInt2(μ1
∨

μ2)).

Hence μ1
∨

μ2 is fuzzy m1
Xm2

X -open.

Remark 3.9.:The intersection of two fuzzy m1
Xm2

X-open set is not a fuzzy

m1
Xm2

X -open set in general.

Example :Let X = {a, b} and μ1 = (a0.2, b0.6),μ2 = (a0.2, b0.4),μ3 = (a0.1, b0.7),

μ4 = (a0.9, b0.3) are fuzzy sets on X. Let mX
1 = mX

2 = {0, 1, μ1, μ2, μ3, μ4}.
Then μ2 and μ4 are fuzzy m1

Xm2
X -open but μ2

∧
μ4 = (a0.8, b0.3) is not fuzzy

m1
Xm2

X -open.

Definition 3.10.:Let (X, mX
1, mX

2) be a fuzzy biminimal structure space and

μ be a fuzzy subset of X. Then the fuzzy m1
Xm2

X-interior and m1
Xm2

X -closure

of μ is defined as follows:

m1
Xm2

X − Int(μ)= sup {μi : μi ≤ μ and μi ’s are m1
Xm2

X-open}.
m1

Xm2
X − Cl(μ)= inf {μi : μ ≤ μi and μi’s are m1

Xm2
X -closed}.

Definition 3.11.:Let (X, mX
1, mX

2) and (Y, mY
1, mY

2) be two fuzzy bimin-

imal structure spaces and f : (X, mX
1, mX

2) → (Y, mY
1, mY

2) be a fuzzy

function. Then f is said to be fuzzy biminimal continuous (briefly, fuzzy b.m-

continuous) if f−1(μ) is fuzzy m1
Xm2

X-open set of X for every fuzzy m1
Y m2

Y -open

set μ of Y .

The following theorem characterizes fuzzy b.m-continuous functions.

Theorem 3.12.:Let f : (X, mX
1, mX

2) → (Y, mY
1, mY

2) be a fuzzy function

between two fuzzy biminimal structure spaces. Then the following are equiv-

alent:



On fuzzy biminimal structure spaces 845

(a)f is fuzzy b.m-continuous

(b) f−1(μ) is fuzzy m1
Xm2

X -closed set in X for each fuzzy m1
Y m2

Y -closed set μ

of Y

(c) m1
Xm2

XCl(f−1(μ)) ≤ f−1(m1
Y m2

Y Cl(μ)), for each fuzzy set μ of Y

(d) f(m1
Xm2

XCl(γ) ≤ m1
Y m2

Y Cl(f(γ)),for each fuzzy setγ of X

(e) f−1(m1
Y m2

Y Int(μ)) ≤ m1
Xm2

XInt(f−1(μ)),for each fuzzy set μ of Y

Proof :

(a) ⇒ (b): Consider a fuzzy m1
Y m2

Y -closed set μ of Y , then 1−μ is fuzzy m1
Y m2

Y -

open set. Since f is fuzzy b.m-continuous, therefore, f−1(1 − μ) = 1 − f−1(μ)

is fuzzy m1
Xm2

X-open set in X i.e. f−1(μ) is fuzzy m1
Xm2

X-closed set in X.

(b) ⇒ (c):Let μ be a fuzzy set of Y , then f−1(μ) is a fuzzy set of X. Then

m1
Xm2

X − Cl(f−1(μ))=inf{μi : f−1(μ) ≤ μi and μi ’s are fuzzy m1
Xm2

X -closed

set in X}
≤ inf{f−1(γi) : μ ≤ γi and γi ’s are fuzzy m1

Y m2
Y -closed set in Y }

= f−1(inf{γi : μ ≤ γi and γi ’s are fuzzy m1
Y m2

Y -closed set in Y })
= f−1(m1

Y m2
Y − Cl(μ)).

(c) ⇒ (d): Since γ ≤ f−1(f(γ)), for each fuzzy set γ of X, then

m1
Xm2

X − Cl(γ) ≤ m1
Xm2

X − Clf−1(f(γ)) ≤ f−1(m1
Y m2

Y − Cl(f(γ)),

consequently, f(m1
Xm2

X − Cl(γ) ≤ m1
Y m2

Y − Cl(f(γ)).

(d) ⇒ (e):For each fuzzy set μ of Y, we have

f(m1
Xm2

X−Int(f−1(μ)))c = f(m1
Xm2

X−Int(f−1(μ))c) = f(m1
Xm2

X−Int(f−1(μc)))

≤ m1
Y m2

Y − Cl(f(f−1(μc))) ≤ m1
Y m2

Y − Cl(μc) = (m1
Y m2

Y − Int(μ))c

which implies that

(m1
Xm2

X − Int(f−1(μ)))c ≤ f−1(m1
Y m2

Y − Int(μ))c = (f−1(m1
Y m2

Y − Int(μ)))c.

consequently, f−1(m1
Y m2

Y − Int(μ)) ≤ m1
Xm2

X − Int(f−1(μ)).

Remaining implications are easy, so omitted.
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