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Abstract

This paper is concerned with an integro-differential equation referred
to as the thermostatted kinetic theory for active particles framework,
which models complex systems under the action of an external force
field, and constrained to kept constant the total energy (activity). The
global in time existence and uniqueness of the solution to the relative
Cauchy problem are proved for which the density and the activation
energy moments of the solution are preserved.
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1 Introduction

The thermostatted kinetic theory for active particles model, in brief thermostat-
ted-KTAP, has been recently introduced in [3] in order to model complex
systems constituted by a large number of interacting particles (called active
particles) and subjected to external force fields. The microscopic state of the
particles includes a scalar variable (called activity variable), which is related
to the intrinsic biological/social function of particles; the positions and the
velocity of the particles are neglected. The applied field, which depend on
the activity variable and whose magnitude exerts an action on the particles,
does work on the system thereby moving it away from equilibrium therefore
a Gaussian isokinetic thermostat is introduced in order to keep constant the
(activation) energy of the system. In general thermostats are applied in order
to achieve equilibration to non equilibrium situation where there is a flux of
energy through the system, such as induced by external fields or by imposing



814 C. Bianca

temperature or velocity gradients. This is done by introducing a damping term
whose aim is to model the interaction of the system with a ideal heat bath
[12, 13]. This additional term is based on Gauss’ principle of least constrain
[11] and amounts to projecting the force field onto the tangent plane to the
energy surface. The effects of such thermostats have been widely analyzed
for different mathematical billiards from the microscopic point of view, see
[4, 6, 7, 8, 9, 10] and the references therein.

To the best of our knowledge, the existence, smoothness and uniqueness of
a solution to thermostatted kinetic equations have been investigated for the
thermostatted non-cutoff Kac equation [15]. Moreover the weakly convergence
of the solution towards the corresponding stationary state, when time tends to
infinity, has been established in [2, 14] via the Fourier transform techniques.

This paper is concerned with the global in time existence and uniqueness
proof of the solution for the thermostatted-KTAP framework proposed in [3] for
which the zero-order (density) and second-order (activation energy) moments
of the solution are preserved. The existence result is based on integration
along characteristics and successive approximations and is gained under the
sole assumptions that the zero-order and the second-order moments of the
initial data are finite. The proof takes advantage of the techniques developed
in papers [1] and [15]. The interested reader in well-posedness results for
classical kinetic theory for active particles models is referred to paper [5] and
the references therein.

The present paper is organized as follows. After this introduction, in Sec-
tion 2 the Cauchy problem for the thermostatted-KTAP framework is stated.
The proof of the relative existence and uniqueness theorem is reported in Sec-
tion 3.

2 Statement of the Result: Cauchy’s Problem

This section deals with the analysis of the Cauchy problem for the mathe-
matical framework introduced in [3] modelling complex systems constituted
by a large number of interacting active particles, homogeneously distributed
in space, whose microscopic state is u ∈ Du ⊆ R (activity variable) and sub-
jected to an external force field F = F (u) : Du → R+. The microscopic state
of the particles is modified, at the time t, by binary conservative interactions,
which involve three type of particles (candidate, test, and field) with the fol-
lowing rule: candidate particles can acquire, in probability, the state of the
test particles, after an interaction with field particles, while test particles loose
their state after interactions. The conservative interactions among the parti-
cles and the force field F guide the time evolution of the distribution function
f of the system. The force field F accelerates, on average, the particles and
leads to an indefinite increase in energy in the system. Therefore in order to
ensure the reaching of a stationary state, the force field is coupled with the
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Gaussian isokinetic thermostat (thermostatted-KTAP’s framework).
Bearing all above in mind, the overall state of the system is described by

the distribution function f = f(t, u) : [0,∞[×Du → R+ over the microscopic
state u of the active particles. Under suitable integrability assumptions on f
we can define the pth-order moment as follows:

Ep[f ](t) =

∫

Du

up f(t, u) du, p ∈ N. (1)

The physical meaning of Ep[f ](t) is related to the specific real system under
consideration. The main interest is focused on the zero-order, first-order and
second-order moments, namely the density, mean activation and activation
energy, that correspond in mechanics to mass, linear momentum and kinetic
energy.

Definition 2.1 Let Du = [−a, a] be the domain of the activity variable u,
where a > 0. We define the function space K(Du) of constant density and
activation energy functions f as follows:

K(Du) =
{
f(t, u) : [0,∞)×Du → R+ s.t. E0[f ](t) = E2[f ](t) = 1

}
. (2)

The Cauchy problem for the thermostatted-KTAP framework thus reads:




∂tf(t, u) + ∂u (F (u) (1− uE1[f ](t))f(t, u)) = J [f, f ](t, u),

f(0, u) = f0(u),
(3)

where f0(u) ∈ K(Du) and J [f, f ](t, u) = G[f, f ](t, u)−L[f, f ](t, u) denotes the
conservative interactions operator which is splitted in the difference between
the gain (of particles into state u) term G[f, f ] = G[f, f ](t, u) and the loss
(of particles into state u) term L[f, f ] = L[f, f ](t, u) given by the following
formulas:

G[f, f ] =

∫

Du×Du

η(u∗, u∗)A(u∗ → u|u∗, u∗) f(t, u∗)f(t, u∗) du∗ du∗ , (4)

L[f, f ] = f(t, u)

∫

Du

η(u, u∗) f(t, u∗) du∗. (5)

The terms in J [f, f ](t, u) have the following meaning:

- A(u∗ → u|u∗, u∗) : Du × Du × Du → R+ is the probability density that a
candidate particle, with state u∗, ends up into the state u of the test particle
after the interaction with the field particle, with state u∗. We assume that A
is an even nonnegative function on Du = [−a, a] conditioned by the activity of
the candidate and field particles and satisfying the following properties:∫

Du

A(u∗ → u|u∗, u∗) du = 1, ∀u∗, u∗ ∈ Du (6)

∫

Du

u2A(u∗ → u|u∗, u∗) du = u2
∗, ∀u∗ ∈ Du. (7)
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- η(u∗, u∗) : Du×Du → R+ is the encounter rate between active particles with

state u∗ (candidate) and u∗ (field), while the encounter rate between particles,
with state u (test) and field particles is η(u, u∗). In the present analysis we
assume η(u∗, u∗) = η as constant.

Definition 2.2 A function f is said to be a mild solution to the Cauchy
problem (3) on the time interval [0, T ] if f(t, ·) ∈ L1(Du) and f is solution to
the integral equation that is obtained by integration along characteristics.

The notion of mild solutions is weaker than that of strong solutions in the sense
of a C1-function, where all terms in (3) are assumed be well defined in L1. For
such a strong solution to exist one needs to assume also that f0 ∈ W 1,1. The
main result of this paper is the following.

Theorem 2.3 Let f0 be the initial datum such that E0[f0] = 1 and F a
constant force field. Then there exists a unique nonnegative mild solution f ∈
C((0,∞); L1(Du)) ∩ K(Du) to the Cauchy problem (3).

Remark 2.4 The statement of theorem 2.3 holds true even for Du = R.
Moreover, if p is odd and α = pF , simple algebra allows to write the following
ordinary differential equation for the time evolution of the moments:

d

dt
Ep[f ](t) = αEp−1[f ](t)− (αE0[f ](t) + 1)Ep[f ](t). (8)

Therefore if Ep[f ](t) is initially bounded, it remains bounded for all t > 0.

It is worth stressing that the damping term induced by the thermostat adds
nonlinearity in the equation and complicates the analysis.

3 Proof of the Result

The operator G[f, f ] defined in Eq. (4) satisfies, for all regular functions f
and g, the following properties:

G[f, f ]−G[g, g] = G[f − g, f ] + G[g, f − g], (9)
∫

Du

G[f, f ](t, u) du = η (E0[f ](t))2 , (10)

∫

Du

uG[f, f ](t, u) du = 0, (11)

∫

Du

u2 G[f, f ](t, u) du = η E0[f ](t)E2[f ](t). (12)

The proof of Theorem 2.3 is gained by means of the following Lemmas. The
first lemma shows that the first-order moment of f satisfies an ordinary differ-
ential equation which can be solved explicitly.
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Lemma 3.1 Let f0 be the nonnegative initial datum such that E0[f0] = 1.
If there exists a nonnegative solution f of the Cauchy problem (3) such that:

• E0[f ](t) = 1,

• f(t, u) = 0 as u ∈ ∂Du, for t ≥ 0,

then the first-order moment E1[f ](t) is the following function:

E1[f ](t) =
E+

1 (E−1 − E0
1)− E−1 (E+

1 − E0
1) e−

√
η2+4F2

F
t

(E−1 − E0
1)− (E+

1 − E0
1) e−

√
η2+4F2

F
t

, (13)

where

E±1 =
−η ±

√
η2 + 4F 2

2F
and E0

1 = E1[f ](0) =

∫

Du

u f0(u) du.

Proof Since E0[f0] = 1, the interaction operator J [f, f ] can be written as
follows:

J [f, f ](t, u) = G[f, f ](t, u)− ηf(t, u). (14)

Multiplying both sides of J [f, f ] by u, integrating over Du with respect to u and
considering Eq. (11), we have:

∫

Du

u J [f, f ](t, u) du = −η

∫

Du

uf(t, u) du = −ηE1[f ](t).

Performing integration by parts on the second term of the left hand side of Eq.
(3) we have:

∫

Du

u ∂u((1− uE1[f ](t))f(t, u)) du = (E1[f ](t))2 − 1.

Therefore E1[f ](t) is solution of the following first-order nonlinear differential
equation:

d

dt
E1[f ](t) = F (1− (E1[f ](t))2)− ηE1[f ](t),

with the initial condition E1[f ](0) = E0
1. If E0

1 = E+
1 or E0

1 = E−1 then
E1[f ](t) = E0

1 for all t > 0. Otherwise the unique solution is the function
(13).

Remark 3.2 As shown in Eq. (13), the time evolution of E1[f ](t) depends
on the magnitude of the external force F and on the interaction rate η. Further
E1[f ](t) → E+

1 , as t →∞, independently of the initial data E0
1.
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The Cauchy problem (3) thus reads:

∂tf(t, u) + F∂u

(
(1− uE1[f ](t))f(t, u)

)
= J [f, f ](t, u), (15)

with f(0, u) = f0(u) and E1[f ](t) given by formula (13). The problem (15)
can be rewritten as follows:

∂tf + F (1− uE1[f ](t))∂uf + (η − FE1[f ](t))f = G[f, f ](t, u), (16)

which is a first-order semilinear equation that can be solved by the method of
characteristics. After integrating along the characteristic, Eq. (16) becomes:

d

dt
fU + (η − FE1[f ](t))fU = GU [f, f ](t, u), ∀u ∈ Du, (17)

where fU(t, u) = f(t, U(t, u)) and GU [f, f ](t, u) = G[f, f ](t, U(t, u)) with

U(t, u) = ϕt(u) = ue−λ(t) + Fe−λ(t)

∫ t

0

eλ(s) ds, λ(t) = F

∫ t

0

E1[f ](s) ds.

(18)
Since the Jacobian of the transformation of Eq. (18) is e−λ(t), it makes possible
to solve for u as function of U and t as follows:

u = ϕ−1
t (U) = Ueλ(t) − F

∫ t

0

eλ(s) ds. (19)

Letting Λ(t) =

∫ t

0

(η − FE1[f ](s)) ds = ηt− λ(t), the integral form of (17) is

fU(t, u) = e−Λ(t)fU(0, u) + e−Λ(t)

∫ t

0

eΛ(t)GU [f, f ](τ, u) dτ, ∀t ∈ [0, T ]. (20)

The Eq. (20) can be written in terms of f as follows:

f(t, u) = Φf0 [f ](t, u), (21)

where

Φf0 [f ](t, u) = e−Λ(t)f0(ϕ
−1
t (u))+e−Λ(t)

∫ t

0

eΛ(τ)G[f, f ](τ, ϕτ ◦ϕ−1
t (u)) dτ. (22)

Definition 3.3 Let Du = [−a, a] be the domain of the activity variable,
where a > 0. We define the function space N (Du) as follows:

N (Du) =
{
f ∈ K(Du) s.t. E1[f ](t) = E1[f ](t)

}
. (23)
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Lemma 3.4 Let f0 be a nonnegative function such that E0[f0](t) = 1. Then
the successive approximations sequence {f (n)(t, ·)}n defined as follows:

{
f (1)(t, u) = 0,
f (n)(t, u) = Φf0 [f

(n−1)](t, u), n > 1
(24)

admits a nonnegative limit f(t, ·) ∈ L1(Du), as n →∞, such that E0[f ](t) = 1.

Proof The properties of G and the condition that f0 is a nonnegative function
give that the iterates are all nonnegative. Moreover it is also immediate that:

f (2)(t, u) = e−Λ(t) f0(ϕ
−1
t (u)), (25)

from which follows that f (2)(t, u) ≥ f (1)(t, u), for all u ∈ Du. Suppose now,
for some n ≥ 3, that f (n−1) ≥ f (n−2) (induction hypothesis). The difference
f (n) − f (n−1) is equal to:

e−Λ(t)

∫ t

0

eΛ(τ)(G[f (n−1), f (n−1)]−G[f (n−2), f (n−2)])(τ, ϕτ ◦ ϕ−1
t (u))] dτ. (26)

Taking into account the property (9), Eq. (26) thus reads:

e−Λ(t)

∫ t

0

eΛ(τ)(G[f (n−1) − f (n−2), f (n−1)] + G[f (n−2), f (n−1) − f (n−2)]) dτ. (27)

The induction hypothesis f (n−1)−f (n−2) ≥ 0 and the monotonicity of G allow us
to conclude that the integral in Eq. (27) is nonnegative. Therefore f (n)(t, u) ≥
f (n−1)(t, u), for all u ∈ Du, namely the sequence {f (n)(t, ·)}n is monotone.

Moreover Eq. (25) implies E0[f
(2)](t) = e−ηt ≤ 1. Suppose now as induc-

tion hypothesis that E0[f
(n−1)](t) ≤ 1. Then

∫

Du

f (n)(t, u) du = e−ηt + e−ηt

∫ t

0

eητ

∫

Du

G[f (n−1), f (n−1)](τ, u) dτ du.

Taking into account property (10) we find that:

E0[f
(n)](t) = e−ηt + ηe−ηt

∫ t

0

eητ [E0[f
(n−1)](τ)]2 dτ,

and by using the induction hypothesis we have:

E0[f
(n)](t) ≤ e−ηt + ηe−ηt

∫ t

0

eητ dτ = 1.

The bounded, monotonically increasing sequence {f (n)(t, ·)}n of nonnegative
terms has a nonnegative limit f(t, ·) ∈ L1(Du) such that f (n) → f , as n →∞.
The Levi’theorem implies that f satisfies the following equation:

E0[f ](t) = e−ηt + ηe−ηt

∫ t

0

eητ [E0[f ](τ)]2 dτ,

whose unique solution is E0[f ](t) = 1. Therefore the lemma is completely
proved.
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Lemma 3.4 states that f solves Eq. (21), thereby showing that f is a mild
solution to Eq. (15). In order to prove that f is a mild solution of Eq. (3)
it is enough to show that E1[f ](t) = E1[f ](t). Accordingly we consider the
following successive approximations sequence:

{
g(1)(t, u) = f0(u),
g(n)(t, u) = Φf0 [g

(n−1)](t, u), n > 1
(28)

or the following equivalent form of (28):

eΛ(t)g(n)(t, ϕt(u)) = f0(u) +

∫ t

0

eΛ(τ)G[g(n−1), g(n−1)](τ, ϕτ (u)) dτ. (29)

The sequence {g(n)(t, ·)}n is defined in the same way as the sequence {f (n)(t, ·)}n

except for the initial term, here replaced by g(1)(t, u) = f0(u). This sequence
is not monotonous in general. The advantage of working with {g(n)(t, ·)}n is
that the first few moments can be computed explicitly and are independent of
n, as stated in the following Lemma.

Lemma 3.5 If the initial datum f0 ∈M(Du). Then

a) g(n) ∈ N (Du),

b) g(n) → f in L1.

Proof First we prove the statement a), which means:

∫

Du

g(n)(t, u) du =

∫

Du

u2g(n)(t, u) du = 1 (30)

and ∫

Du

ug(n)(t, u) du = E1[f ](t). (31)

The assumption on f0 implies that E0[g
(1)](t) = 1. Suppose now, for some

n ≥ 2, that E0[g
(n−1)](t) = 1 (induction hypothesis). Integrating both sides

of Eq. (29) over Du with respect to u, and using the transformation (18) we
have:

eηt

∫

Du

g(n)(t, u) du =

∫

Du

f0(u) du +

∫ t

0

eητ

∫

Du

G[g(n−1), g(n−1)](τ, u) dτ du.

(32)
Taking into account the property (10) and by using the induction hypothesis,
the right hand side of Eq. (32) thus reads:

∫

Du

f0(u) du + η

∫ t

0

eητ dτ = eηt.
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Therefore, for all t ≥ 0, we have E0[g
(n)](t) = 1.

Now we prove the property (31). Multiplying both sides of Eq. (29) by u,
and integrate the result over Du with respect to u, we have:

E1[g
(n)](t) = e−Λ(t)

∫

Du

∫ t

0

eΛ(τ)uG[g(n−1), g(n−1)](τ, ϕτ ◦ ϕ−1
t (u)) dτ du

+ e−Λ(t)

∫

Du

uf0(ϕ
−1
t (u)) du. (33)

The transformation (18) makes the second term in Eq. (33) to be as follows:

e−Λ(t)

∫

Du

uf0(ϕ
−1
t (u)) du = e−ηt+λ(t)

∫

Du

e−λ(t)(u + Fν(0, t))f0(u)e−λ(t) du

= e−ηt−λ(t)(E0
1 + Fν(0, t)), (34)

where, for τ ≤ t, ν(τ, t) =

∫ t

τ

eλ(s) ds.

The transformation (18) and the property (11) makes the first term in Eq.
(33) equals to:

e−ηt−λ(t)

∫

Du

∫ t

0

eητ
(
ueλ(τ) + Fν(τ, t)

)
G[g(n−1), g(n−1)](τ, u) dτ du. (35)

The property (11) reduces the above sum to ηFe−ηt−λ(t)

∫ t

0

eητν(τ, t) dτ. There-

fore Eq. (33) reads:
∫

Du

ug(n)(t, u) du = e−ηt−λ(t)

(
E0

1 + Fν(0, t) + ηF

∫ t

0

eητν(τ, t) dτ

)
. (36)

Integration by parts implies:

∫ t

0

eητ ν(t, τ) dτ = −ν(0, t)

η
+

∫ t

0

eηs+λ(s) ds

η
.

Thus we have:
∫

Du

ug(n)(t, u) du = E0
1e
−ηt−λ(t) + Fe−ηt−λ(t)

∫ t

0

eηs+λ(s) ds. (37)

We are now left to show that the right hand side of (37) and E1[f ](t) are equal.

Accordingly we denote the right hand side of (37) by Ê1[f ](t)

Ê1[f ](t) = E0
1e
−ηt−λ(t) + Fe−ηt−λ(t)

∫ t

0

eηs+λ(s) ds.

Straightforward calculations show that Ê1[f ](t) and E1[f ](t) fulfill the following
equations:

d

dt

(
eηtÊ1[f ](t)

)
= Feηt(1− E1[f ](t)Ê1[f ](t)),



822 C. Bianca

d

dt

(
eηtE1[f ](t)

)
= Feηt(1− Ê1[f ](t)E1[f ](t)),

with Ê1[f ](0) = E0
1 and E1[f ](0) = E0

1. Since E1[f ](t) is bounded we conclude

that Ê1[f ](t) = E1[f ](t) and then the property (31).
In order to prove that E2[g

(n)](t) = 1, we first multiply both sides of Eq.
(29) by u2 and integrate over Du with respect to u. Therefore we have:

eΛ(t)

∫

Du

u2 g(n)(t, ϕt(u)) du =

∫

Du

∫ t

0

eΛ(τ)u2G[g(n−1), g(n−1)](τ, ϕτ (u)) dτ du

+

∫

Du

u2 f0(u) du (38)

The transformation (18), E0[g
(n)](t) = 1 and E1[g

(n)](t) = E1[g
(n)](t) imply

that the left hand side of Eq. (38) is equal to:

eΛ(t)

∫

Du

u2 g(n)(t, ϕt(u)) du = eηt+2λ(t)E2[g
(n)](t)− 2FE1[f ](t)ν(0, t)eηt+λ(t)

+ F 2ν2(0, t)eηt. (39)

The transformations (18) and (19), and the properties (10), (11), (12) make
the right hand side of (38) to take the form:

1 + η

∫ t

0

eητ+2λ(τ) E2[g
(n−1)](τ) dτ + η F 2

∫ t

0

eητν2(τ, 0) dτ. (40)

By equaling Eq. (39) with Eq. (40) we have:

eηt+2λ(t) E2[g
(n)](t) = 2FE1[f ](t)ν(0, t)eηt+λ(t) − F 2ν2(0, t)eηt + 1

+ η

∫ t

0

eητ+2λ(τ) E2[g
(n−1)](τ) dτ

+ η F 2

∫ t

0

eητν2(τ, 0) dτ. (41)

Straightforward computations imply:

2F
d

dt
(E1[f ](t)ν(0, t)eηt+λ(t)) = eηt+λ(t)(2λ′′(t)ν(0, t) + 2λ′(t))

+ 2(ηλ′(t) + [λ′(t)]2)ν(0, t)eηt+λ(t).

Moreover λ′′(t) = F 2 − ηλ′(t)− [λ′(t)]2, so that:

2F
d

dt
(E1[f ](t)ν(0, t)eηt+λ(t)) = 2F 2ν(0, t)eηt+λ(t) + 2λ′(t)eηt+2λ(t).

Since d
dt

ν(0, t) = eλ(t), we have:

−F 2 d

dt
(ν2(0, t)eηt) = −2F 2ν(0, t)eηt+λ(t) − ηF 2ν2(0, t)eηt.
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Therefore the time derivative of Eq. (41) is equal to:

d

dt
(eηt+2λ(t)E2[g

(n)](t)) = 2λ′(t)eηt+2λ(t) + ηeηt+2λ(t)E2[g
(n−1)](t). (42)

Since the induction hypothesis states that E2[g
(n−1)](t) = 1, Eq. (42) can be

rewritten as follows:

d

dt
(eηt+2λ(t)E2[g

(n)](t)) =
d

dt
(eηt+2λ(t)).

Therefore E2[g
(n)](t) = (E2[g

(n)](0)−1) e−(ηt+2λ(t))+1, and then E2[g
(n)](t) = 1.

Now we prove the statement b). It suffices to prove g(n) → f in L1, because
the boundedness of E2[g

(n)(t)] implies E1[f ](t)] = E1[f ](t). By construction
fn ≤ gn. Letting A = {u ∈ Du : f(t, u) ≥ g(n)(t, u)} we thus have:

∫

Du

|f − g(n)| du = 2

∫

A
(f − g(n)) du−

∫

Du

(f − g(n)) du.

Since E0[f ](t) = E0[g
(n)](t) = 1, we have:

∫

Du

|f − g(n)| du = 2

∫

A
(f − g(n)) du ≤ 2

∫

Du

(f − f (n)) du → 0,

when n goes to infinity. Now if ‖u3f0‖L1(Du) is finite (condition that could be
surely relaxed) then ‖u3g(n)‖L1(Du) is uniformly bounded in n (see Eq. (8)),
and this condition allows us to conclude that E2[f ](t) = 1.

Finally we prove the uniqueness of the solution. Let f(t, u) be any solution
to Eq. (21). The positivity of the operators G and Φf0 implies that, for all n,
f (n)(t, u) ≤ f(t, u), and then f(t, u) ≤ f(t, u). Since E0[f ](t) = E0[f ](t) = 1
we thus have f = f .
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