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Abstract

The main tasks in this paper are to prove the stability of the set
of all completely monotone functions and the set of all conditionally
exponential convex functions on a hypergroup X under multiplication.
This paper is also devoted to give an integral representations for the
product of two conditionally exponential convex functions on X.
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1 Introduction

The product of two positive definite functions on a hypergroup is not necessar-
ily positive definite in general. Yet, existence of several classes of examples of
hypergroups- prominent ones are Jacobi hypergroups- for which the product of
positive definite functions belonging to the support of the Plancherel-Levitan
measure is a gain positive definite, prompts us to ascertain those hypergroups
for which the product of two completely monotone functions is also completely
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monotone and hypergroups for which the stability of the product of two condi-
tionally exponential convex functions. This paper is also, devoted to give the
Levy Khinchin type formula for the product of two conditionally exponential
convex functions defined on hypergroup X. The notion of an abstract alge-
braic hypergroup has its origins in the studies of E. Marty and H. S. Wall in
the 1930s, and harmonic analysis on hypergroups dates back to J. Delsartes
and B. M. Levitans work during the 1930s and 1940s, but the substantial de-
velopment had to wait till the 1970s when Dunkl [4], Jewett [6] and Spector
[11] put hypergroups in the right setting for harmonic analysis. A hypergroup
(see [3],[4] or [11]) is a locally compact Hausdorff space X with a certain con-
volution structure ∗ on the space of complex Radon measures on X, M(X).
The rule played by the generalized (left) translation, defined on a hypergroup
by

Txf(y) =

∫
X

f(t)d(δx ∗ δy)(t)

for all y ∈ X. For a commutative hypergroup the convolution of two functions
k and f is given by

k ∗ f(x) =

∫
X

k(y)Txf(y)dη(y)

where η is a translation-invariant measure, called Haar measure of the hy-
pergroup. A hypergroup (X, ∗) is called commutative if (M(X),+, ∗) is a
commutative algebra, and hermitian if the involution − is the identity map.
Its easy to prove that every hermitian hypergroup is commutative. A locally
bounded measurable function χ : X → C is called a semicharacter if χ(e) = 1
and χ(x ∗ y−) = χ(x)χ(y) for all x, y ∈ X. Every bounded semicharacter is
called a character. If the character is not locally null then (see [3, Proposition
1.4.33]) it must be continuous. The dual X∗ of X is just the set of continuous
characters with the compact-open topology in which case X∗ must be locally
compact. In this paper we will be concerned with continuous characters on
hypergroups. A locally bounded measurable function φ : X → C is said to be
positive definite if

n∑
i=1

n∑
j=1

cicjφ(xi ∗ x−j ) � 0

for all choice of x1, x2, ..., xn ∈ X, c1, c2, ..., cn ∈ C and n ∈ N. As pointed out
of [2] ” A function φ : X → C, is bounded positive definite if and only if has
integral representation

φ(x) =

∫
X∗
χ(x)dμ(χ)

where μ ∈M b
+(X∗)”.
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This paper contains 3 sections. In §2, we give the necessary and sufficient
conditions guarantees that the product of two completely monotone functions
defined on a hypergroup X is also completely monotone on X, then we resum-
ing some properties of the set of positive definite functions on hypergroups.
§2, is also devoted to give some properties of the set of completely monotone
functions on hypergroups which help us to prove that a continuous function
with compact support ψ is completely alternating if and only if exp(−tψ) is
completely monotone for each t > 0 . In §3, we will give some properties of
the class of conditionally exponential convex functions defined on hypergroups.
Finally, we will give the Levy Khinchin type formula for the product of two
conditionally exponential convex functions defined on a hypergroup X.

2 Completely Monotone Functions

Suppose that L∞
loc(X) denotes the set of locally bounded measurable functions

on X, and L1
c(X) the space of integrable functions onX with compact support.

As pointed out of Bloom and Heyer[2]

L1
c(X) ∗ L∞

loc(X) ⊂ C(X)

For each x ∈ X, we define the shift operator Ey by Eyφ(x) = φ(x ∗ y) for
all x, y ∈ X and φ ∈ CX . The complex span A of all such operators is
a commutative algebra with identity E1 = I and involution (

∑
αiExi

)− =∑
αiEx−i . For real valued φ ∈ L∞

loc(X) and x ∈ X we define ∇xφ : X → R by

(∇xφ)(y) := (I − Ex)(φ)(y)

We call φ completely monotone if φ � 0 and

∇x1∇x2...∇xnφ � 0

for all n ∈ N and x1, x2, ..., xn ⊂ X. The function φ is said to be completely
alternating if

∇x1∇x2...∇xnφ � 0

for all n ∈ N and x1, x2, ..., xn ⊂ X. With Δxψ := −∇xψ we see from

∇x1∇x2 ...∇xn(Δxψ) = −∇x1∇x2...∇xn∇xψ

that ψ ∈ L∞
loc(X) is completely alternating if and only if Δxψ is completely

monotone for each x ∈ X. The set of completely monotone (res. alternating)
functions is denoted M(X) (resp. A(X)). It is clear that M(X) and A(X) are
closed convex cones in RX . Through out this section assume X to be com-
mutative hypergroup and write S = Mc(X). Then S is an abelian semigroup
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with neutral element δe and a neutral involution x → x−. We exploit this by
making use of some results from harmonic analysis on such semigroups.

In [7] we were studied the properties of the sets M(X) and A(X). Moreover,
Ghany [5] was studied the q-analogue sets of M(X) and A(X). In particular,
as a continuation of our results the relation of completely monotone functions
to τ−positive functions was described in the following theorem:

Theorem 2.1. For a continuous function φ : X −→ R the following conditions
are equivalent: (i) φ is completely monotone. (ii) φ is τ -positive. (iii) There

exists a measure μ ∈M b
+(X̂+) such that for all x ∈ X

φ(x) =

∫
�X+

χ(x)dμ(χ) (2.1)

Corollary 2.2. A function φ ∈ M(X) is bounded by φ(e). The set M
1(X) of

functions φ ∈ M(X) such that φ(e) = 1 is therefore a compact convex base for
the cone M(X).

The following lemmas are in fact, an adaption of whatever done for semi-
groups in [1, Berg et al]. We will not repeat the proof, wherever the proof for
semigroups can be applied to the hypergroups with necessary modification.

Lemma 2.3. The sum and the point-wise limit of completely monotone func-
tions on hypergroups are also completely monotone.
Lemma 2.4. Let φ be a continuous completely monotone function on X and
define Φ : M1

c (X) → C by Φ(s) :=
∫
φ(s)dμ(s). Then Φ is completely mono-

tone on M1
c (X).

Lemma 2.5. Let π : Ŝ+ × Ŝ+ → Ŝ+ be the convolution mapping given by
π(ρ1, ρ2) = ρ1.ρ2 For μ, ν ∈Mb(Ŝ+) the convolution is given by

μ ∗ ν(B) = μ⊗ ν(π−1(B)) (2.2)

for any Borel set B belongs to the set of all Borel sets on Ŝ+ and supp(μ∗ν) =
supp(μ).supp(ν).

Theorem 2.6. The cone M(X) is an extreme subset of Pb(X), the set of
bounded positive definite functions on X, and M1(X) is a Bauer simplex with
ex(M1(X)) = X̂+. For φ1, φ2 ∈ M(X) also φ1.φ2 ∈ M(X). A function φ ∈
Pb(X) is completely monotone if and only if the representing measure μ is
concentrated on X̂+.

Proof. As pointed out of theorem 2.1. M(X) ⊆ Pb(X). Suppose that φ =
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φ1 + φ2 ∈ M(X) and φi ∈ Pb(X) with

φi(x) =

∫
�X+

χ(x)dμi(χ), i = 1, 2.

then μ = μ1 +μ2, where μ ∈M(X̂+) is the representing measure for φ. Hence,

μ1, μ2 are concentrated on X̂+ so φ1, φ2 ∈ M(X), So M(X) is an extreme
subset of Pb(X). By transitivity of extremality an extreme point of M1(X) is
also an extreme point of P1

b(X), hence ex(M1(X)) ⊆ X̂+, and in fact there is
equality since X̂+ ⊆ M1(X) ∩ ex(P1

b(X)). Recalling lemma 2.3., then for any
μ, ν ∈M(X̂+) we have supp(μ ∗ ν) ⊆ X̂+, and it follows that M(X) is a stable
under multiplication. By unicity of the representing measure for φ ∈ Pb(X) it
follows that M1(X) is a simplex, and that the representing measure for φ is
concentrated on X̂+ if φ ∈ Pb(X) is completely monotone.

Corollary 2.7. A continuous function with compact support ψ ∈ A(X) if
and only if exp(−tψ) ∈ M(X) for each t > 0.
Proof. suppose that exp(−tψ) ∈ M(X) for all t > 0 then 1 − exp(−tψ) ∈
A(X), so
1−exp(−tψ)

t
∈ A(X). For the converse it suffices to prove that exp(−ψ) ∈ M(X)

for ψ ∈ A(X) with the representation

ψ(x) = ψ(e) + h(x) +

∫
�X+\{1}

(1 − χ(x))dμ(χ)

Since M(X) is closed under multiplication and exp(−h) ∈ X̂+, it suffices to
prove that

x→ exp[−
∫
�X+\{1}

(1 − χ(x))dμ(χ)]

belongs to M(X). This in fact true because χ ∈ M(X) and

exp(cχ) =
∞∑
n=0

1

n!
cnχn, c � 0.

Remark. In [7], depending on the results given by Pederson[10, lemma 7.2.4],
we were proved the stability of the set of continuous positive definite functions
with compact support on X. In the same direction, the second part of theorem
2.6. ensure that, the product of two completely monotone functions not only
positive definite, but also completely monotone on X.

3 Conditionally Exponential Convex Functions

In [8] We were studied the class of strongly negative definite functions on
the product dual hypergroups and use their properties to give a proof of the



604 A.S. Okb El Bab, H. A. Ghany and M. S. Mohamed

Levy-khincin formula. In this section we will give some properties of the class
of conditionally exponential convex functions defined on hypergroup. The
study of continuous conditionally exponential convex functions leads to the
characterisation of convolution semigroups discussed in [9, section 2], which
represents the essential datum for the potential theory. Let X∗ be the dual
of the hypergroup X. The function ψ : X∗ → C is said to be conditionally
exponential convex if for all n ∈ N and any y1, y2, ..., yn ∈ G∗ and c1, c2, ..., cn ∈
C we have:

n∑
i,j=1

[ψ(yi) + ψ(yj) − ψ(yi + yj)]cicj � 0 (3.1)

Theorem 3.1. A continuous function ψ : X∗ → C is conditionally expo-
nential convex if the following conditions are satisfied: (i) ψ(0) � 0 (ii)
The function Ψt(y) = exp[−tψ(y)] is continuous and conditionally exponential
convex for all t.
Proof. suppose that ψ is a continuous conditionally exponential convex func-
tion, then (i) is easily satisfied. To establish (ii) we have:

n∑
i,j=1

[ψ(yi) + ψ(yj) − ψ(yi + yj)]cicj � 0

which implies that:

n∑
i,j=1

exp[ψ(yi) + ψ(yj) − ψ(yi + yj)]cicj � 0

So, we have for t = 1,

n∑
i,j=1

Ψ1(yi + yj)cicj =

n∑
i,j=1

exp[−ψ(yi + yj)]cicj

=
n∑

i,j=1

exp[ψ(yi) + ψ(yj) − ψ(yi + yj)]c
′
ic

′
j

where c′k = ckexp[−ψ(yk)]. Hence, Ψ1(y) is conditionally exponential convex.
Since tψ(t) is conditionally exponential convex, then its clear that Ψt(y) is
conditionally exponential convex for all t > 0.

To prove the converse, let (i) and (ii) be satisfied. By (i) we have exp[−tψ(0)] �
1 for all t > 0. So, Ψt(y) = 1

t
[1−exp(−tψ(y))] is conditionally exponential con-

vex for all t > 0. Using Fattou’s lemma we can easily get that ψt(y) =limΨt(y)



On positive definite and related functions on hypergroups 605

is conditionally exponential convex.
Corollary3.2. Let ψ : X∗ → C be a conditionally exponential convex and
suppose that ψ(0) � 0 then 1

ψ
is conditionally exponential convex.

Proof. Since ψ is a conditionally exponential convex function, then the func-
tion exp[−tψ(g)] is exponentially convex for all t > 0. The function 1

ψ
can be

written in the form:

1

ψ(g)
=

∫ ∞

0

exp[−tψ(g)]dt (3.2)

Hence,

n∑
i,j=1

1

ψ(gi + gj)
cicj =

n∑
i,j=1

cicj

∫ ∞

0

exp[−tψ(gi + gj)]dt

=

∫ ∞

0

{
n∑

i,j=1

exp[−tψ(gi + gj)]cicj}dt � 0.

Thus, 1
ψ

is exponentially convex.

Theorem 3.3. There is a one to one correspondence between convolution
semigroups (μt)t>0 on X and the set of all continuous conditionally exponen-
tial convex functions defined on X∗. More precisely, if (μt)t>0 is a convolution
semigroup on X, then there exists a uniquely determined continuous condi-
tionally exponential convex function ψ on X∗ such that:

μ̂t(g) = exp[−tψ(g)] for t > 0 and g ∈ X∗ (3.3)

Here, μ̂t denotes the Fourier transform of μt. Conversely, given a continuous
conditionally exponential convex function defined onX∗, then (4.3) determines
a convolution semigroup (μt)t>0 on X.
Proof. Let (μt)t>0 be a convolution semigroup on X and consider for fixed
g ∈ X∗, the function ψg : (0,∞) → C defined by:

ψg(t) = μ̂t(g) for t > 0.

Clearly, the continuous function ψg satisfies:

ψg(s+ t) = ψg(s)ψg(t)

and there exists a uniquely determined complex number φ(g) such that:
(i) φ(0) � 0
(ii) ψg(t) = exp[−tφ(g)] for t > 0
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(iii) g → exp[−tφ(g)] = μ̂t(g) is continuous and exponentially convex for
t > 0. Then by theorem 4.1 it follows that φ is conditionally exponential
convex. Moreover, the measure ρ defined by

< ρ, f >=

∫ ∞

0

exp(−t) < μt, f > dt f ∈ Cc(X),

is positive and bounded with total mass less than one. So

ρ̂(g) =

∫ ∞

0

exp(−t)μ̂t(g)dt =

∫ ∞

0

exp[−t(1 + φ(g))] =
1

1 + φ(g)
; g ∈ X∗(3.4)

Since ρ̂ is continuous, then φ is a continuous conditionally exponential convex
function.
Conversely, let φ be a continuous conditionally exponential convex function.
For t > 0, the function g → exp[−tφ(g)] is continuous and exponentially
convex [9, theorem 4.1]. Consequently, there exists a positive bounded measure
μt on X such that

μ̂t(g) = exp[−tφ(g)] for g ∈ X∗

Now, let us prove that the family (μt)t>0 is a convolution semigroup. Since
φ(0) � 0, it is clear that

μt(X) = μ̂t(0) = exp(−tφ(0)) � 1 for all t � 0 (3.5)

Furthermore, for t, s > 0 and g ∈ X∗ we have:

μ̂t(g).μ̂s(g) = exp[−(t+ s)φ(g)] = μ̂t+s(g) (3.6)

So, μt ∗ μs = μt+s. Finally, since φ is continuous, it is bounded on compact
sets and we have:

limt→0 μ̂t(g) = limt→0 exp[−tφ(g)] = 1, (3.7)

uniformly, on compact subsets of X∗, and it follows

limt→0 μt = ε0

in the Bernoulli topology, hence the proof.
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