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Abstract

The purpose of this paper is to prove a common fixed point theo-
rem,using two concepts occasionally weakly compatible and reciprocal
continuous.

1.INTRODUCTION

In 1968, Kannan[7] proved a fixed point theorem for a map satisfying a
contractive condition that did not require continuity at each point. Most of
the common fixed point theorems for contraction mappings invariably require
a compatibility condition besides assuming continuity of at least one of the
mappings. In 1999 , Pant[2] noticed these criteria for fixed points of contrac-
tion mappings and introduced a new continuity condition known as reciprocal
continuity and obtained a common fixed point theorem by using compatibility
in metric spaces.Sessa[8] defined concept of weakly commuting.Then Jungck
generalized this idea,first to compatible mappings[5] and then to weakly com-
patible mappings[6] and then to occasionally weakly compatible[10].This paper
generalizes the results of[9].

2.PRELIMINARIES

Definition 1

Let A and S be self-mappings of a metric space(X,d).Then A and S are said
to be reciprocal continuous iflimn→∞ASxn=At and limn→∞SAxn=St,whenever
{xn} is a sequence in X such that limn→∞Axn = limn→∞Sxn=t for some t ∈
X. Continuous mappings are reciprocal continuous on (X,d).But the converse
may not be true.



62 T. Esakkiappan

Definition 2

Let f and g be self-mappings of a metric space (X,d).Then f and g are to be
weakly commuting if d(f(g(x)),g(f(x)))≤ d(f(x), g(x)) for all x∈X.

Definition 3

Let A and S be self-mappings of a metric space(X,d).Then A and S are
called compatible mappings if limn→∞d(ASxn, SAxn)=0, when {xn} is a se-
quence in X such that limn→∞Axn = limn→∞Sxn=t for some t ∈ X.

Definition 4

Let f and g be self-mappings of a metric space (X,d)and C(f,g):={x∈X:f(x)=g(x)}.Then
pair(f,g) is called:

(i) weakly compatible if f(g(x))=g(f(x)) for all x∈C(f,g).
(ii) occasionally weakly compatible if f(g(x))=g(f(x)) for some x∈C(f,g)

Example 1

X=R with the usual metric.Define f,g:X→X by f(x)=x2 and g(x)=2x2 for x in
R, the set of reals.f and g are not commutative,but | fx− gx |=x2 →0 iff x→0
and | fgx− gfx |=2x4 →0 if x→0. so that f and g are compatible on R with
usual metric.

Example 2

Let X=[0,∞) with the usual metric.Define f,g:X→X by f(x)=2x and g(x)=x2

for all x∈X.Then C(f,g):={0,2},f(g(0))=g(f(0), and f(g(2) 6=g(f(2)).Thus C(f,g)
is a owc pair but not weakly compatible.

Remark:

1.Delbosco[4] considered the set of all real continuous functions
g:[0,∞)3 →[0,∞) satisfying the following properties:
(1) g(1,1,1)=h<1
(2)if u,v≥0 are such that u≤g(u,v,v) or u≤g(v,u,v) or u≤g(v,v,u),
then u≤hv.
2. Constantin [3] considered the family G of all continuous functions g,

where g:[0,∞)5 →[0,∞) satisfying the following properties:
(1) g is non-decreasing in the 4th and 5th variable
(2) if u,v ∈ [0,∞) are such that u≤g(v,v,u,u+v,0) or u≤g(v,u,v,u+v,0)

or u≤g(v,u,v,u+v,0) or u≤g(v,u,v,0,u+v)then u≤hv,where 0<h<1 is a given
constant.

(3) if u∈[0,∞) is such that u≤g(u,0,0,u,u) or u≤g(0,u,0,u,u) or u≤g(0,0,u,u,u)
then u=0.
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3.FIXED POINT THEOREM

Let A,B,S and T be self-mappings of a metric space(X,d) satisfying the fol-
lowing conditions: Let (A,S) and (B,T) be pairs of self mappings of a complete
metric space (X,d) such that

(I) A(X)⊂ T(X),B(X)⊂ S(X)
(II) d(Ax,By)≤g(d(Sx,Ty),d(Ax,Sx),d(By,Ty),d(Ax,Ty),d(By,Sx)) for ev-

ery x,y ∈ X, where g∈G.
Then for an arbitrary point x0 in X.
by equation (I),we choose a point x1 such that Tx1=Ax0 and for this point

x1,
there exists a point x2 in X such that Sx2=Bx1 and so on.
Continuing in this manner, we can define a sequence {yn} in X
such that (III) y2n= Ax2n=Tx2n+1 and y2n+1=Bx2n+1=Sx2n+1,n=1, 2,3,...

Lemma 3.1

Let A,B,S and T be self-mappings of a complete metric space (X,d) sat-
isfying the conditions (I) and (II).Then the sequence{yn}defined by (III) is a
Cauchy sequence in X.

Proof:
From (II),
d(Ax2n, Bx2n+1)≤g(d(Sx2n, Tx2n+1) ,d(Ax2n, Sx2n),d(Bx2n+1, Tx2n+1),d(Ax2n, Tx2n+1),

d(Bx2n+1, Sx2n)).
d(y2n, y2n+1)≤ g(d(y2n−1, y2n) ,d(y2n, y2n−1),d(y2n+1, y2n),d(y2n, y2n), d(y2n+1, y2n−1))
≤ g(d(y2n−1, y2n) ,d(y2n, y2n−1),d(y2n+1, y2n),0,[d(y2n+1, y2n)+d(y2n, y2n−1)])
By Remark 2.2,we obtain,d(y2n, y2n+1) ≤ h d(y2n−1, y2n).
But d(yn, yn+1) ≤ h d(yn−1, yn) ≤ ...≤ hn d(y0, y1)
For every integer m>0,
d(yn, yn+m) ≤ d(yn, yn+1)+d(yn+1, yn+2)+...+d(yn+m−1, yn+m)
≤ hn d(y0, y1) (1+h+h2+...+hm−1)
d(yn, yn+m) ≤ hn/(1-h)d(y0, y1)

Taking Limit as n → ∞,d(yn, yn+m) → 0
Therefore {yn} is a Cauchy sequence in X.

Theorem 3.2

Let (A,S) and (B,T) be pairs of self mappings of a complete metric space
(X,d) satisfying (I) and (II). Suppose that (A,S) or (B,T) is a occasionally
weakly compatible pair of reciprocal continuous mappings. Then A,B,S and T
have a unique common fixed point in X.

Proof:
By lemma 3.1 {yn} is a Cauchy sequence in X.
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Since X is complete,there exists a point z in X such that limn→∞yn = z
limn→∞Ax2n = limn→∞Tx2n+1 =z
and
limn→∞Bx2n+1 = limn→∞Sx2n+2=z
Suppose A and S are occasionally weakly compatible and reciprocal con-

tinuous.
By reciprocal continuous of A and S, limn→∞ASx2n =Az
and limn→∞SAx2n = Sz.
By occasionally weakly compatible of A,S Az=Sz and ASz=SAz.
Similarly,reciprocal continuous of B and T limn→∞BTx2n =Bv
and limn→∞TBx2n = Tv.
Occasionally weakly compatible of B,T Bv=Tv and BTv=TBv
Since A(X)⊂ T(X),so Az=Tv.
Thus Az=Tv=Sz=Bv
ASz=SAz and AAz=ASz=SAz=SSz.
We have BBv=BTv=TBv=TTv
From(II),
d(Az,AAz)=d(AAz,Bv)≤ g(d(SAz,Tv),d(AAz,SAz),d(Bv,Tv),d(AAz,Tv),d(Bv,SAz))
=g(d(AAz,Bv),0,0,d(AAz,Bv),d(AAz,Bv)) By Remark 2.3,
AAz=Az,so Az=AAz=SAz.
Therefore Az is a common fixed point of A and S.
Similarly,we can prove that Bv(=Az) is a common fixed point of B and T.
To prove uniqueness of Az.
Suppose that Az and Aw, Az 6= Aw are common fixed points of A,B,S and

T.
By (II),
d(Az,Aw)=d(AAz,BAw)
≤g(d(SAz,TAw),d(AAz,SAz),d(BAw,TAw),d(AAz,TAw),d(BAw,SAz))
=g(d(Az,Aw),d(Az,Az),d(Aw,Aw),d(Az,Aw),d(Aw,Az))
=g(d(Az,Aw),0,0,d(Az,Aw),d(Az,Aw))
By Remark 2.3,Az=Aw.
This completes the proof.

Corollary 3.3

Let (A,S) and (B,T) be pairs of self mapping of a complete metric space(X,d)
satisfying(I),(III) and (IV)

(IV) d(Ax,By)≤hM(x,y),0≤h<1,x,y ∈ X,
where M(x,y)=max{d(Sx,Ty),d(Ax,Sx),d(By,Ty),[d(Ax,Ty)+d(By,Sx)]/2}

Suppose that (A,S) or (B,T) is a occasionally weakly compatible pair of re-
ciprocal continuous mappings.Then A,B,S and T have a unique common fixed
point in X.

Proof:
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Take the function g:[0,∞)5 →[0,∞) defined by
g(x1,x2,x3,x4,x5)=hmax{x1,x2,x3,1/2(x4+x5)}
Since g∈ G.
apply Theorem 3.1 and deduce the Corollary.

Corollary 3.4

Let(A,S)and(B,T)be pairs of self mapping of a complete metric space(X,d)
satisfying(I),(III) and (V). Suppose that (A,S)or(B,T)is a occasionally weakly
compatible pair of reciprocal continuous mappings. Then A,B,S and T have a
unique common fixed point in X.

(V) d(Ax,By)≤hmax{d(Ax,Sx),d(By,Ty),1/2d(Ax,Ty),1/2d(By,Sx),d(Sx,Ty)}
for all x,y∈X, where 0≤h<1

Then A,B,S and T have a unique common fixed point in X.
Proof:

g(x1,x2,x3,x4,x5)=hmax{x1,x2,x3,1/2x4,1/x5}
Since g∈ G.
apply Theorem 3.1 and to obtain this corollary.

Theorem 3.5[10]

Let X be a set,r a symmetric on X.Let f,g,S,T be selfmaps of X satisfying
f(X)⊂T(X),g(X)⊂S(X) and
(VI) r(fx,gy)≤g(r(Sx,Ty),r(fx,Sx),r(gy,Ty),r(fx,Ty),r(gy,Sx)) for every x,y∈
where g∈G.if {f,S} and {g,T} are Occasionally Weakly Compatible(OWC),then

f,g,S,T have a unique common fixed point.
Proof:

By hypothesis, there exist points x,y∈X such that fx=Sx and gy=Ty.
Suppose that fx 6=gy.
By (VI),
r(fx,gy)≤g(r(fx,gy),0,0,r(fx,gy),r(gy,fx))
From Remark 2.3 implies that r(fx,gy)=0
Hence fx=gy.
Suppose that there exists another point z such that fz=Sz.
Using (VI), one obtains fz=Sz=gy=Ty=fx=Sx and
hence w=fx=fz is the unique point of coincidence of f and S.
By symmetry, there exists a unique point v∈X such that
v=gz=Tv.
It then follows that w=v, w is a common fixed point of f,g,S,T and w is

unique.

corollary 3.6
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Let {f,S} and {g,T} be Occasionally Weakly Compatible pairs of selfmaps of
a complete metric space(X,d) satisfying f(X)⊂T(X),g(X)⊂S(X) and

(VII) d(fx,gy)≤g(d(Sx,Ty),d(fx,Sx),d(gy,Ty),d(fx,Ty),d(gy,Sx) for all x,y∈X,where
g∈G.suppose that {f,S} or {g,T} is a pair of reciprocal continuous mappings.Then
f,g,S and T have a unique common fixed point in X.

Proof:
The first part of the proof of Theorem 3.2 verifies that {f,S} and {g,T}

each have an OWC point. The result then follows from Theorem 3.5.
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