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Abstract

The purpose of this paper is to prove a common fixed point theo-
rem,using compatible and reciprocal continuous in a cone metric space.
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1 INTRODUCTION

In the paper,Guang and Xian[1] genralized the notion of metric space re-
placing the set of real numbers by an ordered Banach space defining in this
way a cone metric space.These authors also described the convergence of se-
quences in this cone metric spaces and introduce the corresponding notion
of completeness.The limit of a convergent sequence is unique provided P is
a normal cone with normal constant K.The study of common fixed points
satisfying certain contractive conditions has been at the centre of vigorous re-
search activity.Sessa[3] defined weak commutativity and proved common fixed
theorem for weakly commuting maps.Further G.Jungck [4] introduced com-
patibility,which is more general than that of weak commutativity.Pant[7] in-
troduced the notion of pointwise R-weak commutativity and show that com-
patmaps are pointwise R-weak commutativity and show that comptible maps
are pointwise R-weak commutativity but converse need not be true.Shobha
Jain,Shishir Jain,Lal Bahadur Jain[10] introduced the concept of compatible
in a cone metric space.Pant[6] introduced the concept of reciprocal continuous
in metric space.In this paper,i introduced the concept of reciprocal continuous
in a cone metric space.In this paper,we generalizes the results of Sanjay Kumar
and Renu Chugh[5].
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2 PRELIMINARIES

Definition 2.1

We shall recall cone metric spaces and prove some properties.Let E be a
real Banach space and a subset P of E is said to be a cone if satisfies the
following,

(i)P 6= ∅ and P is closed;
(ii)ax + by ∈ P for every x, y ∈ P and a, b ≥ 0;
(iii)P∩(−P ) = {0}.

The partial ordering ≤ w.r.t the cone P by x ≤ y if and only if y− x ∈ P .
we shall write x < y to indicate that x ≤ y but x 6= y,while x ¿ y will stand
for y− x ∈ intP . intP denotes interior of P .

Definition2.2

The cone P is called a normal cone if there is a number K > 0 such that
for every

x, y ∈ E, 0 ≤ x ≤ y ⇒‖ x ‖≤ K ‖ y ‖.
The least positive number satisfying above is called the normal constant of

P . suppose E is a Real Banach space,P is a cone in E with int P 6= φ and ≤ is
partial ordering with respect to P.

Definition 2.3

Let X be a non empty set. Suppose that the mapping d : X × X → E
satisfies:

1. d(x, y) > 0 for every x, y ∈ X and d(x, y) = 0 if and only if x = y

2. d(x, y) = d(y, x) for every x, y ∈ X

3. d(x, y) ≤ d(x, z) + d(y, z) for every x, y, z ∈ X. Then d is called a cone
metric on X and (X,d) is called a cone metric space.

This is more general than metric space.

Example2.4

Let E = R2, P = {(x, y) ∈ E : x, y ≥ 0} X=R and d : X ×X → E defined
by
d(x, y) = (| x − y |, α | x − y |) where α ≥ 0 is a constant.Then (X,d)is a cone
metric space.
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Definition2.5

Let (X,d) be a cone metric space. Let {xn} be a sequence in X and x ∈X.
(i) {xn} converges to x if for every c ∈ E with 0 ¿ c, there is an n0 such

that d(xn, x) ¿ c for all n ≥ n0. we denote this by limn→∞xn = x or xn → x
as n →∞

(ii) for any c ∈ E with 0 ¿ c,there is an n0 such that d(xn, xm) ¿ c for all
n,m ≥ n0 ,then {xn} is called a Cauchy sequence in (X,d).

Definition2.6

(X,d)is called a complete cone metric space if every Cauchy sequence in X
is convergent in X.

Definition2.7[10]

Let A and S be mappings from a cone metric space(X,d) into itself. Then
A and S are said to be compatible mappings if for {xn} in X,Axn → u and
Sxn →u, for some u ∈ X, then for every c∈ P 0,there is a positive integer Nc

such that d(ASxn,SAxn)<<c,for all n>Nc.

Definition 2.8

Let A and S be mappings from a cone metric space(X,d) into itself.Then A
and S are said to be reciprocal continuous if for {xn} in X,Axn → u and Sxn →
u for some u ∈ X,then ASxn →Au and SAxn →Su. continuous mappings are
reciprocal continuous on (X,d).But the converse is not true.

Definition 2.9

Two self maps S and T of a cone metric space(X,d) are called pointwise R-
weakly commuting maps on X if given x ∈ X there exists R>0 such that
d(ASx,SAx ) ≤ Rd(Ax,Sx ). Compatible maps are necessarily pointwise R-
weakly commuting,since compatible maps commute at their coincidence points.But
converse may not be true.

Example 2.10[10]

Let E=R2,P=(x,y):x,y ≥ 0⊆ R2 be a cone in E. Taking X=R.Fix a real number
α > 0 and define d:XxX→ E by d(x,y)=| x−y |(1,α). Then (X,d) is a complete
cone metric space.Define self maps A and S on X as follows:

Ax =

{
0 if x is rational
1 if x is irrational
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Sx =

{
x/2 if x∈[0,2]
2 otherwise.

If {rn} is a sequence of rationals such that A(rn)→ u and S(rn)→ u then u=0
and SArn=S(0)=0 and S(rn)=rn/2 gives AS(rn)=0. Thus d(ASrn,SArn)=0.
Hence the pair of the self maps (A,S) is compatible.

Remark:

I.Delbosco[9] considered the set of all real continuous functions g:[0,∞)3

→[0,∞) satisfying the following properties:
(1) g(1,1,1)=h<1
(2)if u,v≥0 are such that u≤g(u,v,v) or u≤g(v,u,v) or u≤g(v,v,u), then u≤hv.
II. Constantin[8] considered the family G of all continuous functions g,
where g:[0,∞)5 →[0,∞) satisfying the following properties:

(1) g is non-decreasing in the 4th and 5th variable
(2) if u,v ∈ [0,∞) are such that u≤g(v,v,u,u+v,0) or u≤g(v,u,v,u+v,0)
or u≤g(v,u,v,u+v,0) or u≤g(v,u,v,0,u+v)
then u≤hv,where 0<h<1 is a given constant.
(3) if u∈[0,∞) is such that u≤g(u,0,0,u,u) or u≤g(0,u,0,u,u) or
u≤g(0,0,u,u,u) then u=0.

3 FIXED POINT THEOREM

Let A,B,S and T be mappings from a cone metric space(X,d) to itself.Let
P a normal cone with normal constant K. Satisfying the following conditions:
Let (A,S) and (B,T) be pointwise R-weakly commuting pairs of self mappings
of a complete cone metric space (X,d) such that

A(X) ⊂ T (X), B(X) ⊂ S(X) (3.1)

d(Ax, By) ≤ g(d(Sx, Ty), d(Ax, Sx), d(By, Ty), d(Ax, Ty), d(By, Sx)) (3.2)

for every x,y ∈X,where g∈ G
Then for an arbitrary point x0 in X .
By equation (3.1),we choose a point x1 such that Tx1=Ax0 and for this

point x1,
there exists a point x2 in X such that Sx2=Bx1 and so on.
continuing in this manner, we can define a sequence {yn} in X such that

y2n = Ax2n = Tx2n+1, y2n+1 = Bx2n+1 = Sx2n+1, n = 1, 2, 3, ... (3.3)

Lemma 3.1
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Let A,B,S and T be self mappings from a complete cone metric space (X,d) to
itself satisfying the conditions (3.1) and (3.2).Let P a normal cone with normal
constant K.Then the sequence {yn}defined by (3.3) is a Cauchy sequence in
X.

Proof:
From 2, d(Ax2n, Bx2n+1)≤g(d(Sx2n, Tx2n+1) ,d(Ax2n, Sx2n),d(Bx2n+1, Tx2n+1),

d(Ax2n, Tx2n+1), d(Bx2n+1, Sx2n)).
d(y2n, y2n+1)≤ g(d(y2n−1, y2n) ,d(y2n, y2n−1),d(y2n+1, y2n),d(y2n, y2n), d(y2n+1, y2n−1))
≤ g(d(y2n−1, y2n) ,d(y2n, y2n−1),d(y2n+1, y2n),0,[d(y2n+1, y2n)+d(y2n, y2n−1)])
By Remark II.2,we obtain,d(y2n, y2n+1) ≤ h d(y2n−1, y2n)
But d(yn, yn+1) ≤ h d(yn−1, yn) ≤ ...≤ hn d(y0, y1)
For every integer m>0
d(yn, yn+m) ≤ d(yn, yn+1)+d(yn+1, yn+2)+...+d(yn+m−1, yn+m)
≤ hn d(y0, y1) +hn+1d(y0, y1)+...hn+m−1d(y0, y1)
= hn d(y0, y1) (1+h+h2+...+hm−1)
d(yn, yn+m) ≤ hn/(1-h)d(y0, y1)
‖ d(yn, yn+m)‖≤ hn/(1-h)K‖d(y0, y1)‖
limn→∞d(yn, yn+m) → 0
Therefore {yn} is a Cauchy sequence in X.

Theorem 3.2

Let (A,S) and (B,T) be pointwise R-weakly commuting pairs of self map-
pings of a complete cone metric space (X,d) satisfying (3.1) and (3.2).Suppose
that (A,S) or (B,T) is a compatible pair of reciprocal continuous mappings.Let
P a normal cone with normal constant K.Then A,B,S and T have a unique
common fixed point in X.

Proof:
By lemma 3.1 {yn} is a Cauchy sequence in X.
Since X is complete cone metric space,
there exist a point z in X such that limn→∞yn = z
limn→∞Ax2n = limn→∞Tx2n+1 = z
and
limn→∞Bx2n+1 = limn→∞Sx2n+2 = z
Suppose A and S are compatible and reciprocal continuous.
By reciprocal continuous of A and S,ASx2n → Az
and SAx2n → Sz
By compatibility of A and S,Az=Sz .
Since A(X)⊂ T(X), so there exists a point v in X such that Az=tv.
d(Az,Bv)≤ g(d(Sz,Tv),d(Az,Sz ),d(Bv,Tv),d(Az,Tv),d(Bv,Sz ))
=g(d(Tv,Tv),d(Sz,Sz ),d(Az,Bv),d(Az,Az ),d(Az,Bv))
=g(0,0,d(Az,Bv),0,d(Az,Bv))
By Remark II.3 Az=Bv



58 T. Esakkiappan

Thus Az=Sz=Tv=Bv.

Since A and S are pointwise R-weak commutativity,there exists R>0 such
that

d(ASz,SAz )≤ Rd(Az,Sz )=0

⇒ ASz=SAz and AAz=ASz=SAz=SSz.

Also,B and T are pointwise R-weak commutative,

We have BBv=BTv=TBv=TTv

From 3.2,

d(Az,AAz )=d(AAz,Bv)≤ g(d(SAz,Tv),d(AAz,SAz ),d(Bv,Tv),d(AAz,Tv),d(Bv,SAz ))

=g(d(AAz,Bv),0,0,d(AAz,Bv),d(AAz,Bv)) By remark 2.3,

AAz=Az,so Az=AAz=SAz

Therefore Az is a common fixed point of A and S.

Similarly,we can prove that Bv(=Az ) is a common fixed point of B and T.

To prove uniqueness of Az.

Suppose that Az and Aw, Az 6= Aw are common fixed points of A,B,S and
T.

By 3.2,

d(Az,Aw)=d(AAz,BAw)

≤g(d(SAz,TAw),d(AAz,SAz ),d(BAw,TAw),d(AAz,TAw),d(BAw,SAz ))

=g(d(Az,Aw),d(Az,Az),d(Aw,Aw),d(Az,Aw),d(Aw,Az))

=g(d(Az,Aw),0,0,d(Az,Aw),d(Az,Aw))

By remark II.3,Az=Aw.

Corollary 3.3

Let (A,S) and (B,T) be pointwise R-weakly commuting pairs of self map-
ping of a complete cone metric space(X,d) satisfying(3.1),(3.3) and (3.4)

d(Ax, By) ≤ hM(x, y), 0 ≤ h < 1, x, y ∈ X, (3.4)

where M(x,y)=max{d(Sx,Ty),d(Ax,Sx ),d(By,Ty),[d(Ax,Ty)+d(By,Sx )]/2}.
Suppose that (A,S) or (B,T) is a compatible pair of reciprocal continuous map-
pings.Let P a normal cone with normal constant K.Then A,B,S and T have a
unique common fixed point in X.

Proof:

Take the function g:[0,∞)5 →[0,∞) defined by

g(x1,x2,x3,x4,x5)=hmax{x1,x2,x3,1/2(x4+x5)}
Since g∈ G.

Then apply theorem 3.2 to obtain this corollary.

Corollary 3.4
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Let(A,S)and(B,T)be pointwise R-weakly commuting pairs of self mapping
of a complete cone metric space(X,d) satisfying(3.1),(3.3) and (3.5).Suppose
that (A,S)or(B,T)is a compatible pair of reciprocal continuous mappings.Let
P a normal cone with normal constant K.

d(Ax, By) ≤ hmax{d(Ax, Sx), d(By, Ty), 1/2d(Ax, Ty), 1/2d(By, Sx), d(Sx, Ty)}(3.5)

for all x,y∈ X.where 0≤h<1. Then A,B,S and T have a unique common fixed
point in X.

Proof:
Take the function g:[0,∞)5 →[0,∞) is defined by
g(x1,x2,x3,x4,x5)=hmax{x1,x2,x3,1/2x4,1/x5}
Since g∈ G.
Then apply theorem 3.2 to obtain this Corollary.
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