
Int. Journal of Math. Analysis, Vol. 5, 2011, no. 10, 465 - 470

Estimation Parameter of Zero

Truncated Mixed Poisson Models

Parviz Nasiri

Department of Statistics
Tehran Payame Noor University

Fallahpour St., Nejatollahi St., Tehran, Iran
pnasiri@hotmail.com, p-nasiri@tehran.pnu.ac.ir

Abstract

This paper reviews the application of mixed poisson model to the
health care events and it can be applied to health care data using hos-
pital admissions. The problem of individuals falling into the zero class
is discussed and estimates are compared. To overcome this problem
truncated distributions can be used.
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1 Introduction

Mixed poisson distributions have been used in a wide range of scientific fields
for modeling non-homogeneous populations. Mixed poisson models can be used
to model rare events and have been used for modeling practical applications
amongst others in the field of market research [1] and accidents and sickness [3].
We refer to [7] for a discussion on the mixed poisson processes and applications.
In the hospital admissions modeling, mixed poisson can be used, when the
process of events occurring over time is assumed to be a random process for
each individual where each individual has an own intensity of event occurrence.

A random variable X follows the mixed poisson distribution (MPD [2]) if
it has the probability density function (p.d.f.)

f(x) = P (X = x) =
∫ ∞

0

λxe−λ

x!
dF (λ), x = 0, 1, 2, ... (1)

where F (λ) is the cumulative distribution function (c.d.f.) of a random
variable over the interval (0,∞). The outcome of F (λ) is in our case regarded
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as a unknown personal λi for each individual i that reflect an illness prone-
ness. The distribution F (λ) is often called structure distribution or may be
regarded as prior distribution [4]. A common structure distribution is the
gamma distribution with the probability density function

f(λ) =
1

αkΓ(k)
λk−1e−

λ
α , α > 0, k > 0, λ > 0 (2)

The resulting MPD is the negative binomial distribution (NBD) with the p.d.f.

f(x) = P (X = x) =
Γ(k + x)

x!Γ(k)
(

1

1 + a
)
k

(
1

1 + a
)
x

, x = 0, 1, 2, ..., k > 0, a > 0

(3)
where α is the scale parameter and k the shape parameter of the NBD.

The NBD can be re-parameterized by (m,k) , where m = ak denotes the mean
of the distribution. The maximum likelihood and all natural moment based
estimators for (m, k) are asymptotically uncorrelated for an independent and
are asymptotically uncorrelated for an independent and identically distribution
(i.i.d) NBD sample. If we, define p = 1

1+a
, P (X = x) will be

f(x) = P (X = x) =
Γ(k + x)

x!Γ(k)
pk(1 − p)x, x = 0, 1, 2, ... (4)

Let P (s) be probability generation function of NBD , then its given by

P (s) = E[tX ] = (1 − (1 − p)t)−k (5)

The paper is organized as follows
Section 2 discusses the zero term problem , section 3 discusses the esti-

mation of the parameter NBD and TNBD and section 4 discusses logarithmic
series distribution.

2 Zero term problem

As described above the NBD is used for the description of data following
a MPD when the structure distribution is a gamma distribution. However,
observed data can be truncated, meaning that individual falling into the zero
category cannot be entirely observed. This is a typical problem in health data.

To overcome this problem truncated distribution can be used. To remove
the zero probability from the NBD and receive the truncated NBD (TNBD)
the distribution (3) has to be divided by P (X = 0). hence

f0(x) = P0(X = x) =
Γ(k + x)

x!Γ(k)
(

pk

1 − pk
)(1 − p)x, x = 1, 2, 3, ... (6)
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is the p.d.f. of the TNBD.
Let P0(s) be probability generation function of zero truncated negative

binomial distribution (TNBD) , then its given by

P0(s) = E[tX ] =
(1 − (1 − p)t)−k − 1

1 − p−k
(7)

3 Estimation of the parameters NBD and TNBD

Theoretically the Maximum Likelihood Estimation (MLE) is the preferred
method to estimate parameters. However, moment-based estimators can be
as efficient as the MLE . To estimate the gamma-poisson parameters (m,k) in
this paper the Method of Moments (MOM) and the zero Term Method (ZTM)
are used. For both methods, as well as for MLE, the estimator for m is simply
given by the sample mean :

m̂ = x̄ =
1

n

n∑
i=1

xi (8)

Equating the population mean and variance to the corresponding sample
value we obtain the MOM estimator for k.

k̂MOM =
x̄2

s2 − x̄
where s2 =

∑n
i−1(xi − x̄)2

n − 1
(9)

The ZTM estimator for k is define as the optimal solution z in the following
equation :

p̂0 = (1 +
x̄

z
)−z (10)

The MOM estimators for the TNBD are obtained as follows. By solving the
two first moment equations, we obtain

ˆkZMOM =
p̂(s2 + x̄2) − x̄

x̄(1 − p)
(11)

and

x̄p̂(1 − p̂k) = k̂(1 − p̂)

Solving these equation we obtain the parameter estimates for (m , k). The
parameters describing the TNBD have the same definition as for NBD , but
m does no longer equal the mean of the distribution. . So,

w = E(X|X > 1), w > 1
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The probability that one individual has at least one event is define as
b = 1 − p0 with b = x̄

w

4 Logarithmic Series Distribution

4.1 Introduction

The logarithmic series distribution is obtained by expanding the logarithmic
function −ln(1 − θ) as a power series in θ. Alternatively, it can also be de-
rived as a limiting case of the zero-truncated negative binomial distribution
as k decreases to zero. In either case, the logarithmic series distribution is a
very useful distribution on the positive integers. Since zero is not a possible
value of the random variable that follows logarithmic series distribution, this
distribution is an alternative model for experiments where the random variable
cannot take a value of zero. The logarithmic series distribution was first used
systematically in a paper published in 1942 (Fisher et. al. , 1943).

Using the equation (7), the probability generating function P0(t) can be
written as

P0(s) = E[tX ] =
(1 − (1 − p)t)−k − 1

1 − p−k
(12)

Let, θ = (1 − p) then

P0(s) =
(1 − θt)−k − 1

1 − (1 − θ)−k
(13)

Taking limit of P0 as k approaches zero, we obtain an indeterminate form.
Therefore, we apply L’ Hospital’s rule to obtain

limk→0P0(s) = limk→0
(1 − θt)−k − 1

1 − (1 − θ)−k
=

−ln(1 − θt)

−ln(1 − θ)

=
−1

ln(1 − θ)

∞∑
r=1

(θt)k

r
(14)

Now, the probability generating function characterizes the probability dis-
tribution of a random variable. That is, if a random variable X has the prob-
ability generating function given by Π0(t), then its probability mass function
is given by

P [X = x] = [
1

x!

dx

dx
Π0(t)]t=0

=
−1

ln(1 − θ)

θx

x
, x = 1, 2, 3, ... (15)
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The distribution of X is then called the logarithmic series distribution. It
easy to show that E(X) = αθ

1−θ
, V (X) = αθ

(1−θ)2
, where α = −1

ln(1−θ)

4.2 Estimation : Method of Moments

Let x1, x2, x3, ..., xn be a random sample from the logarithmic series distribu-
tion with parameter θ . The sample mean is defined as

x̄ =
1

n

n∑
i=1

xi (16)

The population is shown above to be

E(X) = μ =
αθ

1 − θ
(17)

Equating the two, we obtian the following equation.

x̄ =
αθ

1 − θ
(18)

where
α

x̄
=

1 − θ

θ
(19)

or

θ̂ =
x̄

x̄ + α
(20)

Note that, the value of θ belongs to the interval (0,1), while that of x̄
belongs to the positive half of the real line. Patil (1962) has tabulated values
of x̄ for different values of θ as tabulated by Patil .

Table 4.1 Means of logarithmic series distribution for θ =0.01(0.01)0.99.

θ 00 01 02 03 04 05 06 07 08 09
00 - 1.0050 1.0102 1.0154 1.0207 1.0261 1.0316 1.0372 1.0429 1.0487
10 1.0546 1.0606 1.0667 1.0730 1.0704 1.0858 1.0925 1.0992 1.1061 1.1132
20 1.1204 1.1277 1.1352 1.1429 1.1507 1.1587 1.1669 1.1752 1.1838 1.1926
30 1.2016 1.2108 1.2202 1.2299 1.2398 1.2500 1.2604 1.2711 1.2821 1.2934
40 1.3051 1.3170 1.3294 1.3421 1.3551 1.3687 1.3825 1.3969 1.4116 1.4269
50 1.4427 1.4591 1.4760 1.4935 1.5117 1.5306 1.5503 1.5706 1.5919 1.6140
60 1.6370 1.6611 1.6862 1.7126 1.7401 1.7690 1.7994 1.8313 1.8650 1.9005
70 1.9380 1.9778 2.0200 2.0649 2.1128 2.1640 2.2189 2.2779 2.3416 2.3800
80 2.4853 2.5670 2.6566 2.7553 2.8648 2.9870 3.1244 3.2802 3.4587 3.6656
90 3.9087 4.1991 4.6716 4.9969 5.5686 6.3424 7.4560 9.2208 12.5255 21.4976
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