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1. Introduction

Recently, two important points of research at general topology have con-
cerned to topological ideals and generalized closed sets. In [4], Dontchev et
al. gave unified operation approach of generalized closed sets via topological
ideals.

In this paper, we introduce the notions of ΛI-sets, I-g-closed sets, ΛI-closed
sets and locally I*-closed sets in ideal topological spaces. We also investigate
properties of these sets and introduce some related new separation axioms.

2. Preliminaries

Throughout the present paper, spaces always mean topological spaces on
which no separation axiom is assumed unless explicitly stated. The notion of
ideals originates from the algebra of P (X) if some appropriate operations are
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introduced. This notion has frequently been used in area closely related to
topology, such as, real analysis, measure theory and descriptive theory. Ideals
in topological spaces were considered [10] and [12], and more modern studies
can be found in several papers such as via [7].We note that one relation between
an ideal and the topology on a given space arises via the notion of the local
function of a subset with respect to the ideal. So, we remember definitions of
ideals and local fuctions, respectively.

Definition 1. An ideal I on a topological space (X, τ) is non-void collection
of subsets of X satisfiying the following two conditions which known as heredity
and finite additivity properties, respectively:

(1) If A ∈ I and B ⊂ A, then B ∈ I;
(2) If A ∈ I and B ∈ I, then A ∪ B ∈ I.

Let (X, τ) be a topological space and I an ideal of subsets of X. An ideal
topological space is a topological space (X, τ) with an ideal I on X and is
denoted by (X, τ, I). It is obvious that the simplest ideals are {∅} and P (X) =
{A | A ⊆ X}. Furthermore, the following collections of sets form important
ideals on a space (X, τ): If ; the ideal of finite sets in (X, τ), Ic; the ideal of
countable sets in (X, τ), Icd; the ideal of closed discrete sets in (X, τ), In; the
ideal of nowhere dense sets in (X, τ), Im; the ideal of meager sets in (X, τ), Ib;
the ideal of all boundary sets in (X, τ), Is; the ideal of scattered sets in (X, τ)
( here X must be T0- space ), Ik; the ideal of relatively compact sets in (X, τ),
Iσ; the ideal of σ-scattered nowhere dense sets in (X, τ).

Definition 2. For a subset A ⊂ X, A∗(I) = {x ∈ X : U ∩ A /∈ I for each
neighbourhood U of x} is called the local function of A with respect to I and
τ [10].

X∗ is often a proper subset of X. We simply write A∗ instead of A∗(I) in case
there is no chance for confusion. For every ideal topological space (X, τ, I),
there exists a topology τ ∗(I), finer than τ , generated by β(I, τ) = {U \
I : U ∈ τ and I ∈ I}, but in general β(I, τ) is not always a topology [7].
Additionally, Cl∗(A) = A∪A∗ defines a Kuratowski closure operator for τ ∗(I)
( briefly τ ∗). A subset A of (X, τ ∗) is said to be τ ∗-open. A set A will be
called τ ∗-closed iff Ac is τ ∗-open. We denote (τ ∗)c the family of all τ ∗-closed
sets of (X, τ, I).

Definition 3. An ideal topological space (X, τ, I) is said to be Hayashi -
Samuels space ( briefly H.S.S.) if X = X∗ [5] or τ ∩ I = ∅ [11].

Definition 4. A subset A of an ideal topological space (X, τ, I) is said to be
regular I-closed [9] ( resp. ∗-perfect [5], τ ∗-closed [7] ) if A = (Int(A))∗ (
resp. A = A∗, A∗ ⊂ A).

Definition 5. A subset A of an ideal topological space (X, τ, I) is said to be
I-open [1] , [8] if A ⊂ Int(A∗). A set A will be called I-closed iff Ac is I-
open. We denote the family of all I-open ( resp. I-closed ) sets of (X, τ, I) by
IO(X, τ) ( resp. IC(X, τ) ).
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The following lemmas are useful in the sequel:

Lemma 1. Let (X, τ, I) be an ideal topological space and A, B subsets of X.
Then the following properties hold:

a) If A ⊂ B, then A∗ ⊂ B∗,
b) A∗ = Cl(A∗) ⊂ Cl(A),
c) (A∗)∗ ⊂ A∗,
d) (A ∪ B)∗ = A∗ ∪ B∗,
e) If U ∈ τ , then U ∩ A∗ ⊂ (U ∩ A)∗(Janković and Hamlett [7] ) .

We note that in [10], arbitrary intersection and finite union properties of
local function are given by Kuratowski as follows:

(∩{Aα : α ∈ Δ})∗ ⊂ ∩({A∗
α | α ∈ Δ}), (2.1)

(∪{Aα : α ∈ Δ})∗ = ∪({A∗
α | α ∈ Δ}), (2.2)

for each Aα ⊆ X.

Lemma 2. Let (X, τ, I) be an ideal topological space with A⊆ X and Δ an
arbitrary index set.

a) If {Aα : α ∈ Δ}⊆ IO(X, τ), then ∪{Aα : α ∈ Δ} ∈ IO(X, τ).
b) If U ∈ τ and A ∈ IO(X, τ), then (U ∩ A)∈ IO(X, τ)(Janković and

Hamlett [8] ) .

We have the following lemma related to I-closed sets by taking the comple-
ments of Lemma 2.

Lemma 3. Let (X, τ, I) be an ideal topological space and {Bα: α ∈ Δ} a
family of subsets of X. Then the following properties hold:

a) If {Bα: α ∈ Δ} ⊂ IC(X, τ), then ∩{Bα: α ∈ Δ} ∈ IC(X, τ),
b) If B ∈ IC(X, τ) and F ∈ τ c, where τ c is the family of all closed sets of

(X, τ), then (F ∪ B) ∈ IC(X, τ).

Since the following lemma is important, we recall it.

Lemma 4. Let (X, τ, I) be an ideal topological space and A a subset of X. If
A∈ τ ∗, A⊆X-(X-A)∗( Hamlett and Rose [6] ).

3. ΛI-sets

Definition 6. Let A be a subset of an ideal topological space (X, τ, I). A
subset ΛI(A) is defined as follows: ΛI(A) = ∩{U | A ⊂ U , U∈ IO(X, τ)}.

In the first result we summarize the fundemental properties of the set ΛI(A).

Lemma 5. For subsets A, B and Aα(α ∈ Δ) of an ideal topological space
(X, τ, I), the following properties hold:

a) A ⊂ ΛI(A),
b) If A ⊂ B, then ΛI(A) ⊂ ΛI(B),
c) ΛI(ΛI(A)) = ΛI(A),
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d) If A ∈ IO(X, τ), then A = ΛI(A),
e) ΛI{∪Aα : α ∈ Δ} = ∪{ΛI(Aα) : α ∈ Δ},
f) ΛI{∩Aα : α ∈ Δ} ⊂ ∩{ΛI(Aα) : α ∈ Δ}.

Proof. We prove only statements (e) and (f) since the others are immediate
consequences of Definition 6.

(e). First, we note that for each α ∈ Δ, ΛI(Aα) ⊂ ΛI(∪Aα). Therefore, we
obtain ∪ΛI(Aα) ⊂ ΛI(∪Aα). Conversely, suppose that x /∈ ∪ΛI(Aα). Then
x /∈ ΛI(Aα) for each α ∈ Δ and hence there exists Uα ∈ IO(X, τ) such that
Aα ⊂ Uα and x /∈ Uα for each α ∈ Δ.We have ∪Aα ⊂ ∪Uα and ∪Uα is an
I-open set which does not contain x. Therefore, x /∈ ΛI(∪Aα). This shows
that ΛI(∪Aα) ⊂ ∪ΛI(Aα).

(f). Suppose that x /∈ ∩{ΛI(Aα) : α ∈ Δ}. There exists α0 ∈ Δ such that
x /∈ ΛI(Aα0) and there exists an I-open set U such that x /∈ U and Aα0 ⊂ U .
We have ∩Aα ⊂ Aα0 ⊂ U and x /∈ U . Therefore, x /∈ ΛI{∩Aα : α ∈ Δ}.
Remark 1. In (f) of Lemma 5 the equality does not necessarily hold as shown
by the following example.

Example 1. Let (X,τ ,I) be an ideal topological space such that X={a, b, c,
d}, τ={∅, X, {a}, {a,c}, {a,d}, {a,c,d}} and I={∅, {b}}. Set A={a,b,d} and
B={c}. Then ΛI(A ∩ B) = ΛI(∅) = ∅. On the other hand, since ΛI(A) =
{a, b, d} and ΛI(B) = {a, c}, we have ΛI(A)∩ΛI(B) = {a} � ∅ = ΛI(A∩B).

Definition 7. A subset A of an ideal topological space (X, τ, I) is a ΛI-set if
A=ΛI(A).

Lemma 6. For subsets A and Aα(α ∈ Δ) of an ideal topological space (X, τ, I),
the following properties hold:

a) ΛI(A) is a ΛI-set,
b) If A is an I-open, then A is a ΛI-set,
c) If Aα is a ΛI-set for each α ∈ Δ, then {∪Aα : α ∈ Δ} is a ΛI-set,
d) If Aα is a ΛI-set for each α ∈ Δ, then {∩Aα : α ∈ Δ} is a ΛI-set.

Proof. This proof is obtained from Lemma 5.

We note that in any ideal topological space (X, τ, I), since ∅∗ = ∅, it is clear
that ∅ is a ΛI-set but X is not. If (X, τ, I) is an H.S.S., X is an I-open and
hence a ΛI-set. Recall that a topological space (X, τ) is said to be Alexandroff
if arbitrary intersections of open sets are open.

Theorem 1. For an H.S.S. (X, τ, I), we take τΛI = {A : A is a ΛI-set of
(X, τ, I)}. Then the pair (X, τΛI ) is an Alexandroff space.

We use notion of τΛI -open for every subset of τΛI .
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4. I-g-closed sets

In this section, by using the local function operator, we introduce the classes
of I-generalized closed sets and investigate some properties of these sets.

Definition 8. A subset A of an ideal topological space (X, τ, I) is said to be
I-generalized closed ( briefly I-g-closed ) if A∗ ⊂U whenever A⊂U and U is
an I-open set of (X, τ, I).

We denote the family of all I-g-closed subsets of a space (X, τ, I) by IG(X, τ).
We should note that since open sets and I-open sets are different notions, no-
tions of I-generalized closed sets in here and I-generalized closed sets in [4]
are different from each other.

Remark 2. It is obvious that every τ ∗-closed set is an I-g-closed. The next
example shows that the reverse is not generally true.

Example 2. Let (X,τ ,I) be an ideal topological space such that X={a, b,
c, d}, τ={∅, X, {a}, {a,c}, {a,d}, {a,c,d}} and I={∅, {d}}.Set A={d}
and B={a,d}. Since B∗={a, b, c, d}=X and Int(B∗)=X, we have B={a,d}⊂
{a,b,c,d}=X=Int(B∗) and hence B is an I-open. Besides, since A={d}⊂{a,d}=B
and A∗={b}⊂{a,d}=B, A is an I-g-closed. On the other hand, since A∗={b}�{d}=A,
A is not τ ∗-closed.

Proposition 1. A subset A of an ideal topological space (X, τ, I) is I-g-closed
if and only if A∗ ⊂ ΛI(A).

Proof. Necessity. Let A be I-g-closed. For any U ∈ IO(X, τ) such that A ⊂ U ,
we have A∗ ⊂ U and hence A∗ ⊂ ∩{U : A ⊂ U , U ∈ IO(X, τ)}) = ΛI(A).

Sufficiency. Let A ⊂ U and U ∈ IO(X, τ). Then, by assumption, since
A∗ ⊂ ΛI(A) ⊂ U and hence A is I-g-closed.

Proposition 2. Let (X, τ, I) be an ideal topological space and A a subset of
X. Then (A∗-A) does not contain any non-empty τ ∗-open set.

Proof. Let A be a subset of X. Suppose that U is a τ ∗-open set and U ⊂ (A∗-
A). Since U ⊂ (A∗-A) ⊂ (X-A), we have A ⊂ (X-U) ∈ (τ ∗)c. By Lemmas
1 and 4, A∗ ⊂ (X-U)∗ ⊂ (X-U) and hence U ⊂ (X-A∗). However, since
U ⊂ (A∗-A) and so U ⊂ A∗, we have U = ∅.

Proposition 3. Let A be an I-g-closed set in (X, τ, I). Then (A∗-A) does not
contain any non-empty I-closed set.

Proof. Let A be I-g-closed. Suppose that F is an I-closed set and F ⊂
(A∗-A). Since F ⊂ (A∗-A) ⊂ (X-A), A ⊂ (X-F ) ∈ IO(X, τ). Therefore,
by Definition 8, we have A∗ ⊂ (X-F ) and F ⊂ (X-A∗). However, since
F ⊂ (A∗-A) and so F ⊂ A∗, we have F = ∅.

Proposition 4. For a subset A of an ideal topological space (X, τ, I), the fol-
lowing property holds: If A is I-g-closed and I-open, then it is ∗-perfect.
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Proof. Since A is I-g-closed and I-open, we have A∗ ⊂ A and hence A is
τ ∗-closed. Besides, since A is I-open, we have A ⊂ Int(A∗) ⊂ A∗ and hence
A is ∗-perfect.

Theorem 2. Let A be an I-g-closed set in (X, τ, I) which is H.S.S. Then A is
∗-perfect if and only if (A∗-A) is an I-closed set.

Proof. Necessity. Let A is ∗-perfect in (X, τ, I). Then A∗=A and hence, since
(X, τ, I) is H.S.S., (A∗-A) is an I-closed set.

Sufficiency. Assume that (A∗-A) is I-closed set. Since A is I-g-closed set by
Proposition 3, (A∗-A) =∅. This shows that A∗=A and hence, A is a ∗-perfect
set.

Theorem 3. Let (X, τ, I) be an ideal topological space with A⊆ X and Δ be a
finite index set. If {Aα : α ∈ Δ}⊆ IG(X, τ), then ∪{Aα : α ∈ Δ} ∈ IG(X, τ)
.

Proof. This is obtained from (2.2).

Theorem 4. Let (X, τ, I) be an ideal topological space and A, B ⊂ X. If A
is I-g-closed and A⊂ B ⊂ A∗, then B is I-g-closed.

Proof. Let B ⊂ U and U be I-open. Then A ⊂ U and hence, since A is I-g-
closed, A∗ ⊂ U . Besides, A∗ ⊂ B∗ ⊂ (A∗)∗ ⊂ A∗ and A∗ = B∗. This shows
that B is I-g-closed.

5. ΛI-closed and locally I*-closed sets

Definition 9. A subset A of an ideal topological space (X, τ, I) is said to be
a) ΛI-closed if A=L∩F, where L is a ΛI-set and F is a τ ∗-closed set of

(X, τ, I).

b) locally I*-closed ( briefly lI*-closed ) if A=L∩F, where L is an I-open
set and F is a τ ∗-closed set of (X, τ, I).

We have the following lemma from Definition 9.

Lemma 7. In any ideal topological space, the following properties hold:

a) Every lI*-closed set is ΛI-closed.
b) Every ΛI-set is ΛI-closed.

Proposition 5. For a subset A of an ideal topological space (X, τ, I), the fol-
lowing properties are equivalent:

a) A is ΛI-closed.
b) A = L ∩ Cl∗(A), where L is a ΛI-set.
c) A = ΛI(A) ∩ Cl∗(A).

Proof. (a)=⇒(b). Let A = L ∩ F , where L is a ΛI-set and F is a τ ∗-closed
set. Since A ⊂ F , we have A∗ ⊂ F ∗ ⊂ F and Cl∗(A) ⊂ F . So, A ⊂
L ∩ Cl∗(A) ⊂ L ∩ F ⊂ A. Therefore, we obtain A = L ∩ Cl∗(A).
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(b)=⇒(c). Let A = L ∩ Cl∗(A), where L is a ΛI-set. Since A ⊂ L, we
have ΛI(A) ⊂ ΛI(L) = L and hence A ⊂ ΛI(A) ∩Cl∗(A) ⊂ L ∩ Cl∗(A) = A.
Therefore, we obtain A = ΛI(A) ∩ Cl∗(A).

(c)=⇒(a). According to Lemma 1 since (Cl∗(A))∗ = (A ∪ A∗)∗ = A∗ ∪
(A∗)∗ ⊂ A∗ ⊂ Cl∗(A), one can say that Cl∗(A) is a τ ∗-closed set. Furthermore,
since ΛI(A) is a ΛI-set, the proof is obvious.

Proposition 6. Let (X, τ, I) be a H.S.S. For a subset A of (X, τ, I), the fol-
lowing properties are equivalent:

a) A is τ ∗-closed.
b) A is I-g-closed and lI*-closed set.
c) A is I-g-closed and ΛI-closed.

Proof. (a)=⇒(b). Since every τ ∗-closed set is both an I-g-closed and
lI*-closed set, the proof is clear.

(b)=⇒(c). The proof is consequence of Lemma 7.
(c)=⇒(a). Since A is I-g-closed, by Proposition 1, A∗ ⊂ ΛI(A). Further-

more, we have Cl∗(A) ⊂ ΛI(A) by using Definition 6. Since A is ΛI-closed,
so by Proposition 5, A = ΛI(A) ∩ Cl∗(A). Thus A = Cl∗(A) and hence
A = A ∪ A∗. This shows A∗ ⊂ A and hence A is a τ ∗-closed set.

Lemma 8. For the family {Aα : α ∈ Δ} of τ ∗-closed subsets of an ideal
topological space (X, τ, I), the following properties hold:

a) ∩Aα is also τ ∗-closed for any subset of Δ;
b) ∪Aα is also τ ∗-closed for any finite subset of Δ.

Proof. (a). Since for each α ∈ Δ, Aα is τ ∗-closed, we have A∗
α ⊂ Aα and ∩A∗

α ⊂
∩Aα. Besides according to (2.1), since (∩Aα)∗ ⊂ ∩A∗

α, we have (∩Aα)∗ ⊂ ∩Aα

and hence ∩Aα is τ ∗-closed.
(b). This proof is observed similar to (a) by using (2.2).

Theorem 5. Let {Aα : α ∈ Δ} be a family of subsets of an ideal topological
space (X, τ, I). If Aα is ΛI-closed for each α ∈ Δ, then the following properties
hold:

a) ∩{Aα : α ∈ Δ} is ΛI-closed.
b) ∪{Aα : α ∈ Δ0} is ΛI-closed for any finite subset Δ0 of Δ.

Proof. (a). Since Aα is ΛI-closed for each α ∈ Δ, then, for each α ∈ Δ, there
exists a ΛI-set Lα and a τ ∗-closed set Fα such that Aα = Lα ∩ Fα. By using
operator of intersection, we have ∩{Aα : α ∈ Δ} = ∩{Lα ∩ Fα : α ∈ Δ} =
(∩{Lα : α ∈ Δ}) ∩ (∩{Fα : α ∈ Δ}). Since ∩Lα is a ΛI-set and ∩Fα is a
τ ∗-closed set, respectively Lemmas 6 and 8, hence ∩{Aα : α ∈ Δ} is ΛI-closed
by using Definition 9a).

(b). For any finite subset Δ0 of Δ, since Aα is ΛI-closed for each α ∈ Δ0,
then, for each α ∈ Δ, there exists a ΛI-set Lα and a τ ∗-closed set Fα such
that Aα = Lα ∩ Fα. By using operator of union, we have ∪{Aα : α ∈ Δ0} =
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∪{Lα ∩ Fα : α ∈ Δ0} = (∪{Lα : α ∈ Δ0}) ∩ (∪{Fα : α ∈ Δ0}). Since ∪Lα

is a ΛI-set and ∪Fα is a τ ∗-closed set, respectively Lemmas 6 and 8, hence
∪{Aα : α ∈ Δ0} is ΛI-closed by using Definition 9a).

6. Separation Axioms

Definition 10. An ideal topological space (X, τ, I) is said to be I-T1 if for
each pair of distinct points x and y of X, there exists an I-open set U of X
containing x but not y and I-open set V of X containinig y but not x.

Proposition 7. For an ideal ideal topological space (X, τ, I), the following
properties are equivalent:

a) (X, τ, I) is I-T1.
b) For each x ∈ X, the singleton {x} is a ΛI-set,
c) For each x ∈ X, the singleton {x} is I-closed.

Proof. (a)=⇒(b). Let x be an arbitrary point of X. For any point y which is
not x, there exists an I-open set U such that x ∈ U and y /∈ U . Therefore,
we have y /∈ ΛI({x}). This shows that ΛI({x}) ⊂ {x}. Since {x} ⊂ ΛI({x}),
we have {x} = ΛI({x}).

(b)=⇒(c). Let x ∈ X. For any y ∈ (X-{x}), {y} = ΛI({y}) and hence
there exists Uy ∈ IO(X, τ) such that x /∈ Uy and y ∈ Uy. Therefore, we obtain
y ∈ Uy ⊂ (X-{x}) and hence X-{x} = ∪{Uy : y ∈ (X-{x})}. Thus according
to Lemma 2, (X-{x}) is an I-open and hence {x} is an I-closed.

(c)=⇒(a). For any distinct points of x and y of X, {x} and {y} are I-closed.
Clearly, (X, τ, I) is I-T1 .

Theorem 6. For an ideal topological space (X, τ, I), the following properties
are equivalent:

a) (X, τ, I) is I-T1.
b) Every subset of X is a ΛI-set.
c) Every I-closed set of X is a ΛI-set.

Proof. (a)=⇒(b). Let A be any subset of X. For each x ∈ A, the singleton
{x} is a ΛI-set by Proposition 7. Moreover, by Lemma 6, A is a ΛI-set.

(b)=⇒(c). This is clear.
(c)=⇒(a). Let A is an I-closed set such that x ∈ A and y /∈ A. By

assumption, since A is a ΛI-set we have A = ΛI(A) = ∩{U | A ⊂ U , U ∈
IO(X, τ)} and hence, x ∈ U and y /∈ U . On the other hand, since A is
an I-closed set if and only if (X-A) is an I-open such that y ∈(X-A) and
x /∈(X-A).Therefore, (X, τ, I) is I-T1.

Corollary 1. Let (X, τ, I) be an ideal topological space. Then, (X, τΛI ) is
always I-T1.

Definition 11. A function f : (X, τ, I) −→ (Y, ϕ, J) is said to be strongly
I-irresolute ( briefly sI-irresolute ) if for each V∈ IO(Y, ϕ), f−1(V ) ∈ τ .
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Recall that a function f : (X, τ, I) −→ (Y, ϕ, J) is said to be I-irresolute if
for each V∈ IO(Y, ϕ), f−1(V ) ∈ IO(X, τ)[3].

Next we offer the following ”composition” theorem.

Theorem 7. Let f : (X, τ, I) −→ (Y, ϕ, J) and g : (Y, ϕ, J) −→ (Z, ν, K) be
two functions, where I, J, K are ideals on X, Y, Z, respectively. Then:

a) gof is sI-irresolute, if f is sI-irresolute and g is I-irresolute.
b) gof is sI-irresolute, if f is continuous and g is sI-irresolute.

Proof. Obvious.

Definition 12. An ideal topological space (X, τ, I) is said to be I-connected if
X cannot be expressed as the union of two nonempty disjoint I-open sets of X.

Recall that a space (X, τ) is said to be connected if X cannot be expressed
as the union of two nonempty disjoint open sets of X.

Theorem 8. For ideal topological spaces (X, τ, I) and (X, τΛI ), the following
properties hold:

a) (X, τ, I) is I-T1 if and only if (X, τΛI ) is the discrete space.
b) The identity function i : (X, τΛI ) −→ (X, τ, I) is sI-irresolute.
c) If (X, τΛI ) is connected, then (X, τ, I) is I-connected.

Proof. (a) Necessity. Suppose that (X, τ, I) is I-T1 . Let x be any point of X.
According to Proposition 7, {x} is a ΛI-set and {x} ∈ τΛI . For any subset A
of X, we have A is τΛI -open by using Lemma 6. This shows that (X, τΛI ) is
the discrete.

Sufficiency: For each x ∈ X, {x} ∈ τΛI and hence {x} is a ΛI-set. So, we
have (X, τ, I) is I-T1 according to Proposition 7.

(b) Let V be any I-open set of (X, τ, I). By using Lemma 6,

i−1(V ) = V ∈ τΛI

and hence i is sI-irresolute.
(c) Suppose that (X, τ, I) is not I-connected. So, there exists nonempty

I-open sets V1 and V2 of (X, τ, I) such that V1 ∩ V2 = ∅ and V1 ∪ V2 = X.
Therefore, i−1(V1), i−1(V2) are disjoint nonempty open sets in (X, τΛI ) , i.e.
i−1(V1) ∩ i−1(V2) = ∅ and i−1(V1) ∪ i−1(V2) = X. This shows that (X, τΛI ) is
not connected.

Definition 13. An ideal topological space (X, τ, I) is said to be I-T1/2 if every
I-g-closed set is τ ∗-closed.

Theorem 9. For an H.S.S. (X, τ, I), the following property holds: (X, τ, I)
is I-T1/2 if and only if each singleton of X is τ ∗-open or I-closed.

Proof. Necessity. Let (X, τ, I) be I-T1/2 and x ∈ X. Assume that {x} is not
I-closed. Then (X-{x}) is not I-open and hence (X-{x}) is I-g-closed. Since
(X, τ, I) be I-T1/2, (X-{x}) is τ ∗-closed and hence {x} is τ ∗-open in (X, τ, I).
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Sufficiency. Suppose that A is an I-g-closed set. We will show that A∗ ⊂ A.
Let x be any point of A∗. Then {x} is τ ∗-open or I-closed.

(a) In case {x} is τ ∗-open. According to Proposition 2, A∗-A does not
contain any nonempty τ ∗-open set. Therefore, x /∈(A∗-A), but x ∈ A∗. Hence
x ∈ A.

(b) In case {x} is I-closed. According to Proposition 3, A∗-A does not
contain any nonempty I-closed set. Therefore, x /∈(A∗-A), but x ∈ A∗. Hence
x ∈ A. According to (a) and (b), we have A∗ ⊂ A and hence A is τ ∗-closed.
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