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Abstract

In this paper, we give an explicit description of all automorphisms of the Kohn-
Nirenberg type domain as follows: Ωk = {(z,w) ∈ C

2 : r(z,w) = Rew + |zw|2 +
|z|2n + k1|z|2n−2mRe(z2m) + k2|z|2n−2mIm(z2m) < 0}. If |k1| + |k2| < n2

n2−m2 and
k2

1 + k2
2 > 1, it is proved that the automorphism group of Ωk is a cyclic group of

order 2m.
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1. Introduction

In 1973, Kohn and Nirenberg [7] found an example which shows that local convexifiability

does not in general extend to weakly pseudoconvex domains. It disproved the popular

conjecture that pseudoconvexity is equivalent to local convexifiability. Their example is

the domain Ω = {(z, w) : Rew + |zw|2 + |z|8 + 15
7
|z|2Re(z6) < 0} which does not admit a

holomorphic supporting function at the origin, and therefore is not convexifiable. Fornæss

refines the example as follows: Ωt = {(z, w) : r(z, w) = Rew + |zw|2 + |z|6 + t|z|2Re(z4) <

0}. The main conclusion in his paper [5] is that there does not exist any C1−peak function

f on Ωt if 1 < t < 9
5
.

1The project is supported by National Natural Science Foundation of China(Grant No.10771011).
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It is an interesting problem to classify domains by their automorphism groups. However,

usually it is difficult to compute the automorphism group of a given domain.In [2], Byun

and Cho show that the automorphism group of the Kohn-Nirenberg example is the cyclic

group of order 6 generated by Π which is defined by Π(z, w) = (ei π
3 z, w). Recently, in

[3] they also give an explicit description of all automorphisms of the following general

domain Ωn,t = {(z, w) ∈ C2 : Rew + |zw|2 + |z|2n+2 + t|z|2Re(z2n) < 0}, where n be

positive integer and t be a real number satisfying 1 < |t| < (n+1)2

2n+1
. The automorphism

groups of Aut(Ωn,t) is equal to the set {Πk
n : k = 1, 2, . . . , 2n}, where Πn(z, w) = ei π

n z, w),

and Πk
n is the k-times function composition of Πn. Therefore, it is compact and a cyclic

group of order 2n. The Fornæss domain Ωt is a special case when n = 2.

In this paper, we consider a more general Kohn-Nirenberg domain in C2:

Ωk = {(z, w) ∈ C
2 : r(z, w) = Rew+|zw|2+|z|2n+k1|z|2n−2mRe(z2m)+k2|z|2n−2mIm(z2m) < 0},

where k ∈ R, n, m ∈ Z+, and n − m − 1 ≥ 0.

The main result of this paper is:

Theorem Let Ωk be the above set. If |k1| + |k2| < n2

n2−m2 and k2
1 + k2

2 > 1 then the

automorphism group of Ωk is equal to the set {Πl
k : l = 1, 2, . . . , 2m}, where Πk(z, w) =

(ei π
m z, w) and Πl

k is the l-times function composition of Πk. Therefore, it is compact and

a cyclic group of order 2m.

2. Proof of Theorem

2.1 The Kohn-Nirenberg type domain

Following the exposition of the paper in [6], we have

Proposition 1. If |k1|+ |k2| < n2

n2−m2 , then Ωk is a strongly pseudoconvex domain away

from the origin.

Proof. For ξ = (z, w) ∈ ∂Ωk and t = (t1, t2) ∈ C2, we write ∂rξ(t) for ∂r
∂z1

(ξ)t1 + ∂r
∂z2

(ξ)t2,

and we write Lξ(r, t) for
2∑

j,k=1

∂2r
∂zj∂zk

(ξ)tjtk , the Levi form of r at ξ applied to t.

To prove that Ωk is a strongly pseudoconvex domain away from the origin it suffices to

verify the positive definiteness of the Levi form of r along the complex tangent plane, i.e.

Lξ(r, t) > 0, for all ξ0 = (z0, w0) ∈ ∂Ωk\{0} and all t ∈ T �

ξ (∂Ωk) = {t ∈ C2 : ∂rξ(t) = 0}.
Without loss of generality, we let t = (−rw, rz) here. Calculations lead to the following
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formula:

Lξ0(r, t) = rzz|rw|2 − rzwrwrz − rzwrwrz + rww|rz|2
= 1

4
|w0|2 + n2

4
|z0|2n−2 + k1

n2−m2

4
|z0|2n−2m−2Re(z2

0m)

+k2
n2−m2

4
|z0|2n−2m−2Im(z2

0m) + o(|w − w0|2 + |z − z0|p−2)

≥ 1
4
|w0|2 + n2

4
|z0|2n−2 − |k1|n2−m2

4
|z0|2n−2 − |k2|n2−m2

4
|z0|2n−2 + o(|w − w0|2 + |z − z0|p−2)

> 0, if |k1| + |k2| < n2

n2−m2 .

It is easy to see that the origin is the only nonstrongly pseudoconvex boundary point.�

2.2 The automorphism preserving the origin

Let O = (0, 0) be the origin of C2 and let f be an automorphism of Ωk. We adopt the

notation f(O) = O in [2] which means that there is a sequence of points qj ∈ Ωk converging

to the origin such that lim
j→∞

f(qj) = O. In this case, we say that the automorphism f

preserves the origin.

Proposition 2. Let f be an automorphism of the Kohn-Nirenberg type domain Ωk with

f(O) = O and k2
1 + k2

2 > 1, then there is an integer l such that f ≡ Πl
k.

Proof. Let H0 be the holomorphic tangent space at O to the boundary of Ωk and

f = (f1, f2). Then H0 = {(z, 0) : z ∈ C}.
Fix an f ∈ Aut(Ωk) with f(O) = O. Since the domain is of finite type, every automor-

phism extends smoothly to the boundary. That is to say, f extends across the point 0.

Following the technique in the first part of the proof of Theorem 1 [4] in this case, we get

that f preserves the holomorphic tangent space H0.

Consider the map f on the H0 ∩ Ωk. The set H0 ∩ Ωk as follows:

H0 ∩ Ωk = {z ∈ C : |z|2m + k1Re(z2m) + k2Im(z2m) < 0}

It is a disconnected set whose boundary consists of 2m straight lines passing through the

origin. The map f is holomorphic, 1−1, and onto on H0∩Ωk, and f can be holomorphically

extended near the origin. By this property and the Schwarz reflection principle, ˜f(ζ) :=

f1(ζ, 0) is an automorphism of C. Hence ˜f(ζ) = aζ .Furthermore, we get |a| = 1. In fact,

if |a| < 1 or |a| > 1, then the iterated sequence of f converges to the origin. This is

a contradiction with the work in [1] that the origin is not an orbit accumulation point.

Finally, we obtain that a = ei π
m

l for some l. This implies that Ff̃ (z, w) := (f̃(z), w) =

(ei π
m

lz, w). Moreover, Aut0(Ωk) which denotes the subgroup of automorphisms that fix

the origin is compact. Also, by the same technique ( the Cartan uniqueness theorem) in
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the Theorem 1 [4], we get that f(z, w) = (ei π
m

lz, w). �

2.3 The automorphism not preserving the origin

Note that Ωk\B(O, R) is connected of 2m + 1 connect components, where B(O, R) is

a ball centered the origin with radius R > 100. Let U be a connedted component of

Ωk\B(O, R) such that its image of the projection to the z-coordinate is bounded. We see

that the other 2m components have the some geometric structure by the automorphism

Πk. We mark these components by Lj, j = 1, 2, . . . , 2m in counterclockwise.

Moreover, note that the D’Angelo type of all boundary points is 2 except the origin. If f

does not preserve the origin, by the invariance of the D’Angelo type, we may assume that

lim
j→∞

|f(aj)| = ∞

for each sequence of points aj ∈ Ωk converging to the origin. In this case, we write

f(O) = ∞ for convenience. We say that f goes to infinity along L1 if f(O) = ∞ and

f(aj) ∈ L1.

The following two lemmas whose proof is the same technique as [2] are needed for the

proof of Proposition 3.

Lemma 3.1. Let f,g be automorphisms of Kohn-Nirenberg type domain. Suppose that

both of them go to infinity along the component L1. Then f−1 ◦ g preserves the orgin.

Lemma 3.2. Let f be an automorphism of Kohn-Nirenberg type domain. Suppose that

there are two integers p, q satisfying p �≡ 0 mod 2m and f ◦Πp ≡ Πq ◦f . Then f preserves

the orgin.

Proposition 3. Let f be an automorphism of the Kohn-Nirenberg type domain Ωk, then

f preserves the orgin.

Proof. Expecting a contradiction, we can assume that f is an automorphism with f(O) =

∞.

First, suppose that there is a sequence of points aj ∈ Ωk converging to the origin such

that f(aj) is contained in U. By the above observation the same as Lemma 3.2, we get

contradiction.

For the other case, we may assume that the path of f(aj) is lies in L1 by Πk. Define

h = f ◦ Πm
k ◦ f−1. Then h is an automorphism with h2 = Id. If h(O) = O, then h = Πp

k

by Proposition 2. This means that f ◦ Πm
k = Πp

k ◦ f . By Lemma 3.1, we have f(O) = O.

This is a contradiction. Hence we get that h(O) = ∞. By the same technique, we can

show that h ◦ Πk ◦ h(O) = ∞.



Explicit description for the automorphism group 573

We can assume that the path of h◦Πk◦h(O) is in Lt, for some t. Also, we can assume that

h(O) lies in L1. Then the path of Πt−1◦h(O) is in Lt. By Lemma 3.2, (h◦Πk◦h)−1◦Πt−1
k ◦h

preserves the origin. By Proposition 2, h ◦Πk ◦h ≡ Πt−1
k ◦h ◦Πp

k. We can apply the same

technique to h ◦ Πj
k ◦ h for j = 2, 3, . . . , 2m − 1. So we have the following relations

h ◦ Πj
k ◦ h ≡ Π

pj

k ◦ h ◦ Π
qj

k . (1)

Now, we consider the subgroup H generated by Πk and h. Then H = {Πp
k ◦hj ◦Πq

k : p, q =

1, 2, . . . , 2m and j = 1, 2}. Note that if Πp
k ◦ hj ◦ Πq

k ≡ Πs
k ◦ hj ◦ Πt

k, then p ≡ s mod 2m

and q ≡ t mod 2m. This can be achieved by Lemma 3.2. The order of the group H is

2m × (2m + 1).

We can choose a prime number d such that d divides 2m+1. By Cauchy’s Theorem, there

is an element g ∈ H whose order is d. Since g ∈ H , we can represent g as Πp
k ◦ h ◦ Πq

k.

Thus we get a relation

g ◦ Πk ◦ g ≡ Πp
k ◦ g ◦ Πq

k (2)

by the above relation (1) of h.

Note that g preserves U. We consider g̃ = ◦g◦−1, where (z, w) = (z, 1
w
). Then g̃ is a local

biholomorphism of the domain defined by Rew+ |z|2 + |w|2(|z|2n +k|z|2n−2mRe(z2m)) < 0

at the origin. Since the order of g̃ is d, the differential of g̃ at the origin is a rotation in

the direction of the z-coordinate. The rotation angle is 2π
d

.

Since ◦Πk◦−1 ≡ Πk, by the relation (2), we obtain that

g̃ ◦ Πk ◦ g̃ ≡ Πp
k ◦ g̃ ◦ Πq

k.

This implies that the rotation angle is a multiple of π
m

. This implies that d divides 2m.

Note that d divides 2m + 1. Hence, d divides 1. This is impossible. �
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