
Int. Journal of Math. Analysis, Vol. 5, 2011, no. 10, 479 - 486

Symmetric Antieigenvalues for

Non-Normal Operators

Kallol Paul

Department of Mathematics
Jadavpur University

Kolkata 700032, India
kalloldada@yahoo.co.in

Gopal Das

Department of Mathematics
Jadavpur University

Kolkata 700032, India
gopaldasju@yahoo.com

Abstract

We study the symmetric antieigenvalue and symmetric antieigen-
vector of a non-normal operator T in Hilbert space H. We here use the
Lagrange multiplier method to estimate symmetric antieigenvalue of a
2× 2 complex matrix and generalise the method for the matrices which
are direct sum of 2 × 2 matrices.
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1 Introduction

The notion of cosine of angle of an operator was itroduced by Gustafson[3]
while studying the problems on perturbation theory of semi-group generators.
The definition of the cosine of angle of an operator is as follows:

Definition 1.1 Let T be a strictly accretive operator defined on complex
Hilbert space H. Then

φT (f) =
Re〈Tf, f〉
‖Tf‖‖f‖ , T f �= 0
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and
cosφ(T ) = inf

Tf �=0
φT (f).

cosφ(T ) is called cosine of angle of the operator T .

The cos φ(T ) is also denoted by cosT . cos T depends on the real part of
the numerical range of T . geometrically, it represents the maximum turning
effect of the operator T . Krein[16] also introduced the notion of deviation of
operator which is equivalent to the notion of angle of an operator. Gustafson[6]
also interpreted cosT as first antieigenvalue of Tand it is denoted by μ1(T ).
The vectors f (if exists) for which T attains its antieigenvalue, are called
antieigenvectors. A number of results on the antieigenvalues can be found
in the papers [1,6-10,12-14,20,21]. Recently in the paper [15], the notion of
symmetric antieigenvalue and antieigenvector is introduced.

Definition 1.2 For a bounded linear operator T on a complex Hilbert space
H, the symmetric antieigenvalue is defined as follows:-

ΦS(T ) =
Re〈Tf, f〉 + Im〈Tf, f〉√

2‖Tf‖‖f‖
and

cos ΦS(T ) = inf
‖Tf‖�=0

ΦS(T ) = μS(say).

μS is called symmetric antieigenvalue and the vector f(if exists) for which
ΦS(T ) attains μS, are called symmetric antieigenvector.

In paper [15], a number of results on symmetric antieigenvalues are obtained.
In [21], Seddighin computted antieigenvalues for matrices. In paper [19], the
computation of μS(T ) for a normal operator T has been shown. But, in general,
the computation of the symmetric antieigenvalue of a bounded linear operator
T on a Hilbert space is very difficult. The unit vector f for which ΦT (f) is
stationary, satisfies the following characteristic equation as given in Theorem
2.2 of [15]:-

c2(T + T ∗)f + ic2(T ∗ − T )f − (a + b)T ∗Tf − c2(a + b)f = 0.

The computations of symmertic antieigenvalue and symmetric antieigenvec-
tor for self-adjoint and normal operators have been shown in the papers[15,
19]. In the present paper, we obtain symmetric antieigenvalue and symmetric
antieigenvector for any bounded operator on complex Hilbert space H. We also
estimate symmetric antieigenvalue and corresponding symmetric antieigenvec-
tors for a 2 × 2 non-normal complex matrix and extend the method for the
matrices which are the direct sum of 2 × 2 matrices.
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2 Estimation of Symmetric Antieigenvalue

Let H be complex Hilbert space and T be an operator on H and S = 1√
2
(ReT +

ImT ) + iT ∗T . First we prove a theorem which is based on some properties of
the numerical range W (S) of the operator S. Some well-known properties of
the numerical range of a bounded linear operator are as follows:

1. W (S) is a convex set.

2. The closure W (S) of the numerical range W (S) of S contains its spectrum
σ(S). If S is normal, then W (S) = Coσ(S), where Coσ(S) is the convex
hull of σ(S).

3. Suppose W (S) is on the plane of complex numbers z = ξ + iη. Let L be
the line of support of W (S), with W (S) to the right of L. Let the angle
between L and x-axis be θ and the intersection of L and x-axis denoted
by λ. Then λ is the lower bound of σ(A−B cot θ), where A = ReS and
B = ImS.

In the following theorem, we assume that T is a bounded linear operator
on a complex Hilbert space H such that

Re(Tf, f) + Im(Tf, f) > 0

for all non-zero f ∈ H .

Theorem 2.1 If ‖T‖ < ∞, then

μ2
S(T ) = 4 max

t
(tλt) > 0

where λt is the lower bound of the spectrum of the operator St = ReT − tT ∗T .

Proof Let S = 1√
2
(ReT + ImT ) + iT ∗T

Then,

μ2
S(T ) = inf{ξ2

η
: ξ + iη ∈ W (S)}.

Let L be the line of support of the numerical range W (S), with W (S) to the
right of L. Then by the property (3) of numerical range, λt is the lower bound
of σ(ReT − tT ∗T ) for some t and the slope of the line L is 1

t
. The equation of

the line L is η = 1
t
(ξ − λt).

Now we find out the minimum value of the function J(ξ, η) = ξ2

η
along the line

L. To find the minimum value of J , here we apply the Lagrange multiplier
method.
Consider the function

f(ξ, η, ζ) =
ξ2

η
− ζ{η − 1

t
(ξ − λt)}.
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We have

2ξ

η
= ζ(−1

t
)

−ξ2

η2
= ζ

Solving the above equations, we get ξ = 2λt and η = λt

t
.

Therefore

ξ2

η
= 4λ2

t/(
λt

t
)

= tλt

Hence
μ2

S(T ) = 4 max
t

(tλt).

This completes the proof. �

It is to be noted that if ‖T‖ = ∞, then ‖S‖ = ∞ and the numerical range
of W (S) of S is an unbounded convex set. Since 1√

2
(Re(Tf, f)+ Im(Tf, f)) ≤

‖Tf‖ for any unit vector f, then W (S) lies within the parabola ξ2 = η. Since
W (S) is the unbounded convex set, then W (S) must contain a vertical ray.
Therefore for any positive value of c, the intersection of the parabola ξ2 = cη
and W (S) has more than one points. Hence

μS(T ) = 0.

The corollary follows from above theorem.

Corollary 2.2 If T be a normal operator such that Re(Tf, f)+Im(Tf, f) >
0 for all f ∈ H. Then

μ2
S(T ) = 4 max

t
min

λ∈σ(T )
{tReλ + Imλ√

2
− t2 |λ|2}.

3 Antieigenvalue for Non-normal Operator

Theorem 3.1 Let T be a 2× 2 complex matrix and S = 1
2
(ReT + ImT ) +

iT ∗T . Suppose S is a strictly accretive operator. If S has two distinct eigen-
values λ1 = α1 + iβ1 and λ2 = α2 + iβ2, then the symmetric antieigenvalue of

T, μS(T ) =
√

x2
0

y0
, where (x0, y0) is a point where a member of the family of

convex functions yk = x2 touches only one point of the ellipse whose equation
is {

(α2−α1)2

a2 + (β2−β1)2

b2

}(
y − β1+β2

2

)2
+

{
(β2−β1)2

a2 + (α2−α1)2

a2

}(
x − α1+α2

2

)2
+

2
(

1
b2
− 1

a2

)
(α2 − α1) (β2 − β1)

(
x − α1+α2

2

) (
y − β1+β2

2

) − |λ1 − λ2|2 = 0 (1)
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where 4b2 = trA∗A−|λ1|2−|λ2|2 and 4a2 = trA∗A−2Reλ̄2λ1 [ trA∗A denotes
the trace of A∗A ].

If S has only one eigenvalue, say, λ = α + iβ, then μS(T ) =
√

x2
0

y0
, where

(x0, y0) is a point where a member of family of convex function ky = x2 touches
one point of the circle whose equation is

(x − α)2 + (y − β)2 =
‖S − λ‖2

4
(2)

Proof: Let W (S) be the numerical range of S. Clearly S is a 2 × 2 matrix.
Suppose S has two distinct eigenvalues. Then by Li [17], W (S) is a closed
elliptic disk in the complex plane whose focii are at λ1 and λ2 and the minor

axis is 2b = {trA∗A − |λ1|2 − |λ2|2}
1
2 . Clearly the major axis of the ellipse is

2a =
{
trA∗A − 2Reλ1λ̄2

} 1
2 . Therefore the equation of the ellipse is given by

equation (1).
If S has only one eigenvalue, say, λ = α + iβ then by the Donoghue[2], the
numerical range of S is circle whose equation is given by (2).
Now we have

μ2
S(T ) = inf

{
x2

y
| x + iy ∈ W (S)

}
Using the convexity property of the function p(x, y) = x2/y, we can say that
the minimum of the function p(x, y) = x2/y is attained at a point where a
member of the family of the parabola ky = x2 touches one point of W (S).
The point of contact will be point on the boundary of the numerical range
W (S) of S i.e. the point of contact will be either on the ellipse (1) or on the
circle (2). �

To compute μS(T ) of a 2×2 complex matrix, we used the convex property
of the function p(x, y) = x2/y. The minimum of a convex function defined
on a convex set is attained on the boundary of the convex set. The above
method can be used for an arbitrary operator on the complex Hilbert space.
But for the case of an operator of dimension greater than two , the numerical
range of the operator may not be an ellipse. In that case, the boundary of
the ellipse will be very complicated. But the above method can be generalised
for some special matrices. Let T be an operator which is the direct sum
of two 2 × 2 matrices i.e. T = T1 ⊕ T2 where dimensions of both T1 and
T2 are two. Let S = 1√

2
(ReT + ImT ) + iT ∗T . Then S = S1 ⊕ S2 where

Si = 1√
2
(ReTi + ImTi) + iT ∗

i Ti (i=1,2). Suppose S is an accretive operator.
Clearly the numerical ranges of S1 and S2 are ellipses. Since the numerical
range of S , W (S) = Co(W (S1), W (S2)) where Co(W (S1), W (S2)) denotes
the convex hull of the W (S1) and W (S2).
Then W (S) is the closed region on the complex plane whose boundary is
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formed by a finite number of elliptic arcs, circular arcs and straight lines.
The minimum value of the convex function p(x, y) = x2/y on each curve can
be obtained by Lagrange multiplier method. The smallest of these minimum
values will be the μS(T ). This method can be generalised for a matrix which
is a direct sum of a finite number of 2 × 2 matrices.
For an arbitrary operator T the above method can be applied if

1. boundary of S is closed, and

2. boundary of S consists of simple arcs, i.e. elliptic arcs, circular arcs and
straight lines only.

Now we consider an operator T such that the numerical range of S = 1√
2
(ReT +

ImT ) + iT ∗T is closed and lies on the right side of y-axis. Then the boundary
of the numerical range ∂W (S) consists of a countable set of differential arcs
and some countable set of points at which the boundary is not differentiable.
These points are eigenvalues of S. Observing the above facts, we can state that
the following theorem:

Theorem 3.2 Let T be an operator on complex Hilbert space H and S =
1√
2
(ReT + ImT )+ iT ∗T and S is an accretive operator. Suppose the numerical

range W(S) is closed and the boundary of the numerical range ∂W (S)isM ∪N
where M = {(αj , βj) | αj + iβj ∈ ∂W (S) and ∂W (S) is not differentiable at (αj , βj)}
and
N = set of all differentiable arcs represented by the differentiable functions
gj(x, y) = 0
Let N1 be the set of all points (uj, vj) such that (uj, vj) is a solution by the
Lagrange multiplier method of the equations

gj(x, y) = 0

2x

y
= λ

∂gj(x, y)

∂x
(3)

−x2

y2
= λ

∂gj(x, y)

∂y

at which the function p(x, y) = x2/y attains its minimum on the differentiable
arc γj of the boundary of the numerical range ∂W (S). If

E =

⎧⎨
⎩

√
α2

j

βj

| (αj, βj) ∈ M

⎫⎬
⎭

F =

⎧⎨
⎩

√
u2

j

vj
| (uj, vj) ∈ N1

⎫⎬
⎭ .

Then, μS(T ) = inf(E ∪ F ).
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Although the W (S) is closed, but each differentiable arc γj may not be
simple arc like conic section or straight line. For those cases, the equations (3)
can not be solved explicitly.
Acknowledgement: We would like to thank Professor T. K. Mukherjee and
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