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Abstract

In this paper, we give the notion of the k-order Hankel operators on
Bergman space and generalized to essentially slant Hankel operators on
the space L2

a(D, dA). We obtain some properties of k-order slant Hankel
operator and essentially slant Hankel operators.
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1 Introduction and Preliminaries

Let C be the complex plane, D = {z ∈ C : |z| < 1} the open unit disk in
C, and dA(z) the area measure on D normalized so that the area of D is 1.
For 1 ≤ p < +∞, we denote by Lp(D, dA) the Banach space of Lebesgue
measurable functions f on D with

∥f∥p = [

∫
D

|f(z)|pdA(z)]
1
p < +∞,

and L∞ = L∞(D, dA) the Banach space of Lebesgue measurable functions f
on D with

∥f∥∞ = esssup{|f(z)| : z ∈ D} < +∞.

The Bergman space L2
a(D, dA)is the Banach space of analytic functions

on D which are in L2(D, dA). The Bergman space L2
a(D, dA)has reproducing
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kernels, that is, for any z ∈ D there exists a function Kz ∈ L2
a(D) such that

for all f ∈ L2
a(D, dA),

f(z) = ⟨f,Kz⟩,

and

Kz(w) =
1

(1− zw)2
.

Let P denote the orthogonal projection from L2(D, dA) onto L2
a(D, dA).

We call P the Bergman projection. From a function f ∈ L∞(D), the Hankel
operator Hf on L2

a(D) is defined by

Hf (g) = (I − P )(fg), g ∈ L2
a(D).

For w ∈ D, let φw(z) =
w−z
1−wz

be the automorphism of D such that φw(0) =
w and φ−1

w = φw.The mapping φw are described in [1].
Many researchers like Goodman [2], Strang and Atrela[3], Villemoes [4], etc.

have connected the smoothness of the wavelets with the spectral properties of
slant Toeplitz operators but the first attempt to investigate basic properties
of slant Toeplitz operators was made by M.C.Ho [5]. S.C.Arora [6] along with
his research associates introduced the class of slant Hankel operators in the
year 2006 and obtain the characterization of slant Hankel operators in L2(T ).
Motivated by the work of S.C.Arora, in this paper, we give the notion of the
k-order Hankel operators on Bergman space and generalized to essentially k-
order slant Hankel operators on the space L2

a(D, dA).

2 K-order slant Hankel operators on L2
a(D)

In this paper, k is a fixed positive integer and k ≥ 2. The operator Wk on
L2
a(D, dA) is defined as

Wk(z
i) =

{
z

i
k , if i is divisible by k.
0, otherwise.

If φ ∈ L∞(D), and Hφ is the Hankel operator on L2
a(D), then the k-order

slant Hankel operator on L2
a(D, dA) is defined as

Aφ = WkHφ.

In [7], we discussed the operators Wk,

Lemma 2.1 Wk is a bounded linear operator, and ∥Wk∥2 =
√
k .

Lemma 2.2 W ∗
k z

n = kn+1
n+1

zkn , n = 0, 1, 2, · · · and ∥f∥2 ≤ ∥W ∗
k f∥2 ≤√

k∥f∥2 , f ∈ L2
a(D, dA).
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Also, we can have the property of the operator Wk as below.

Lemma 2.3 If φ ∈ H∞(D), then MφWk = WkMφ(zk).

Proof. If

φ =
∞∑
n=0

cnz
n.

Let

f =
+∞∑
p=0

k−1∑
i=0

apk+iz
pk+i ∈ L2

a(D),

then

WkMφ(zk)f = WkMφ(zk)(
+∞∑
p=0

k−1∑
i=0

apk+iz
pk+i)

= Wk(
+∞∑
n=0

cnz
nk)(

+∞∑
p=0

k−1∑
i=0

apk+iz
pk+i)

= Wk(
+∞∑
n=0

+∞∑
p=0

k−1∑
i=0

cnapk+iz
k(n+p)+i)

=
+∞∑
n=0

+∞∑
p=0

k−1∑
i=0

cnapkz
(n+p).

On the other hand,

MφWkf = MφWk(
+∞∑
p=0

k−1∑
i=0

apk+iz
pk+i)

= Mφ(
+∞∑
p=0

apkz
p)

= (
+∞∑
n=0

cnz
n)(

+∞∑
p=0

apkz
p)

=
+∞∑
n=0

+∞∑
p=0

cnapkz
n+p.

From the definition of the k-order slant Hankel operator, we can see

Theorem 2.4 A k-order slant Hankel operator Aφ with φ in L∞(D) is

bounded linear operator on L2
a(D, dA) with ∥Aφ∥ ≤

√
k∥φ∥∞.
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Proof. Since ∥Aφ∥ = ∥WkHφ∥ ≤ ∥Wk∥∥Hφ∥ ≤
√
k∥φ∥∞.

Theorem 2.5 Let f and g be in L2(D, dA), if there is a positive constant
ε such that

sup
w∈D

∥f ◦ φw − p(f ◦ φw)∥2+ε∥g ◦ φw − p(g ◦ φw)∥2+ε < ∞

then the product AfA
∗
g is bounded.

Proof. Since

∥AfA
∗
g∥ = ∥WkHf (WkHg)

∗∥ = ∥WkHfH
∗
gW

∗
k ∥

≤ ∥Wk∥∥HfH
∗
g∥∥W ∗

k ∥

From Lemma 2.1, 2.2, there exist constantM , such that ∥AfA
∗
g∥ ≤ M∥HfH

∗
g∥,

thus, from Theorem 5.4 in [8], the proof is complete.

3 Essentially k-order slant Hankel operators

on L2
a(D, dA)

As the Definition 2.1 in [9], in this paper we introduce and study the class of
essentially k-order slant Hankel operators on Bergman spaces.

Definition 3.1 A bounded linear operator on the space L2
a(D, dA) is said

to be an essentially k-order slant Hankel operator if

MzB −BMzk = K

for some compact operator K on L2
a(D, dA), where Mz denotes the multiplica-

tion operator induced by z on L2
a(D, dA).

We denote the set of all essentially slant Hankel operators on L2
a(D, dA) by

ESHO(L2
a). And K denotes the space of all compact operators on L2

a(D, dA).
The prove below analogous to the prove in [9].

Theorem 3.2 If H1, H2 ∈ ESHO(L2
a) , then H1H2 ∈ ESHO(L2

a) if and
only if H1MzH2 = H1MzkH2( mod K).

Proof. Let H1, H2 ∈ ESHO(L2
a). Then

MzH1H2 −H1H2Mzk = H1MzkH2 −H1H2Mzk( mod K)

= H1MzkH2 −H1MzH2( mod K).

Therefore, H1H2 ∈ ESHO(L2
a) if and only if H1MzH2 = H1MzkH2( mod K).
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Theorem 3.3 If Mϕ is a multiplication operator on L2
a(D, dA) induce by ϕ

in L∞(D) and H ∈ ESHO(L2
a) then HMϕ and MϕH both are in ESHO(L2

a).

Proof. LetH ∈ ESHO(L2
a) andMϕ be the multiplication operator on L2

a(D, dA)
induce by ϕ in L∞(D). Then

Mz(HMϕ)− (HMϕ)Mzk = (MzH −HMzk)Mϕ ∈ K.

Also,
Mz(MϕH)− (MϕH)Mzk = Mϕ(MzH −HMzk) ∈ K.

Therefore HMϕ,MϕH ∈ ESHO(L2
a) .

Theorem 3.4 If A,A∗ ∈ ESHO(L2
a), then A∗T = T ∗A∗( mod K) where

T = Mz(I +Mz).

Proof. Let A,A∗ ∈ ESHO(L2
a). Then

MzA− AMzk = K1 (1)

MzA
∗ − A∗Mzk = K2 (2)

where K1, K2 ∈ K. Taking adjoints on both sides of equation(1) and subtract-
ing equation(2), we have

A∗(Mz +Mzk) = (Mz +Mzk)A
∗( mod K).

Therefore A∗T = T ∗A∗( mod K), where T = Mz(I +Mz).

Theorem 3.5 If H1 is in the essential commutant of Mz and H2 ∈ ESHO(L2
a),

then H1H2 ∈ ESHO(L2
a).

Proof. Let H1 be in the essential commutant of Mz and H2 ∈ ESHO(L2
a).

Then

MzH1H2 −H1H2Mzk = H1MzH2 −H1H2Mzk( mod K)

= H1(MzH2 −H2Mzk)( mod K)

∈ K.

Therefore, H1H2 ∈ ESHO(L2
a).

Theorem 3.6 If H1 ∈ ESHO(L2
a) and H2 is in the essential commutant

of Mzk , then H1H2 ∈ ESHO(L2
a).

Proof. Let H1 ∈ ESHO(L2
a) and H2 be in the essential commutant of Mzk .

Then

MzH1H2 −H1H2Mzk = MzH1H2 −H1MzkH2( mod K)

= (MzH1 −H1Mzk)H2( mod K)

∈ K.

Therefore, H1H2 ∈ ESHO(L2
a).



2102 Jun Yang

References

[1] Kehe Zhu, Operator Theory in Function Spaces, American Mathematical
Society, 2007.

[2] T. Goodman, C,Micchelli and J.Ward, Spectral radius formula for subdi-
vision operaotrs, In: Recent Advances in Wavelet Analysis (Ed. L. Schu-
maker, G. Webb), Academic Press, (1994), 335 - 360.

[3] G. Strang, V. Strela, Orthogonal multiwavelets with vanishing moments,
Proc.SPIC,Orlando, (1994).

[4] L. Villemoes, Wavelet analysis of refinement equations. SIAM J. Math.
Analysis, 25(1994), 1433-1460.

[5] M. C. Ho, Properties of slant Toeplitz operators, Indiana Univ. Math.J.,
45(1996), 843-862.

[6] S. C. Arora, Ruchika Batra and M.P.Singh, Slant Hankel operators.
Archivum Mathematicum, 42(2006),125-133.

[7] Yufeng Lu,Zhaomei Liu and Jun Yang, Commutativity of kth- order Slant
Toeplitz Operators, Mathematische Nachrichten, 9(2008), 1304-1313.

[8] Karel Stroethoff, Dechao Zheng, Products of Hankel and Toeplitz Op-
erators on the Bergman Spaces, Journal Function Analysis, 169(1999),
289-313.

[9] S. C. Arora, Jyoti Bhola, Essentially Slant Hankel Operators, Bull.
Malays. Math. Sci.Soc., 312(2008),165-173.

[10] Conway J. B. , A course in functional Analysis, New York: Springe-Verlag
1985.

[11] W. Rudin, Function Theory in the Unit Ball in Cn, Spring-Verlag, 1980.

Received: June, 2011


