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Abstract

In this paper, it is established that the sequential topology of a 2-
normed space coincides with the topology induced by the 2-norm if and
only if the 2-metric induced by the 2-norm satisfies the (K) property.
Such a linear 2- normed space is called (K)- space. Using this concept
the analogue of Baire category theorem for a 2-normed (K)- space is
proved.
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1 Introduction

The concept of linear 2-normed spaces and 2- metric spaces was introduced
and investigated by S.Gähler in 1960’s [6, 7]. There after the subject has got
attention from great mathematicians like A. White,Y J Cho,R W Freese, S C
Gupta, A H Siddique and others [1, 2, 8, 5]. Their works developed the sub-
ject extensively and brought into the lime light of the contemporary research.
Recently many authors came out with results in 2-normed spaces in analogous
with that in classical normed spaces and Banach spaces. It has been noted
that the sequentially closed sets in a linear 2-normed space satisfy Kuratowski
closure axioms and the sequential topology coincides with the topology in-
duced by the 2-norm if the 2-metric induced by the 2-norm satisfies the (K)
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property [4]. Using this idea we proved the Baire’s theorem in such 2-Banach
spaces. The approach is same as in the classical normed space.

2 Preliminary Notes

The concept of 2-norm on a real linear space X of dimension greater than 1,
is introduced as a 2 dimensional analogue of a norm, and is defined as a real
valued function ‖., .‖, defined on X × X satisfying the following conditions:
For all x, y, z ∈ X and α ∈ R,

N1. ‖x, y‖ = 0 if and only if x and y are linearly dependent,

N2. ‖x, y‖ = ‖y, x‖,
N3. ‖αx, y‖ = |α|‖x, y‖, and

N4. ‖x, y + z‖ ≤ ‖x, y‖ + ‖x, z‖.

The pair (X, ‖., .‖) is called a linear 2-normed space.

It is observed that ‖., .‖ is nonnegative and ‖x, y + αx‖ = ‖x, y‖ for all
x, y ∈ X and α ∈ R .

A simple and standard example of a 2-norm is the 2-norm ‖., .‖ on R
2,

defined by ‖a, b‖ = |a1b2 − a2b1| where a = (a1, a2), b = (b1, b2) ∈ R
2. Geomet-

rically this is the area of the parallelogram determined by the vectors a and b
as the adjacent sides.

If (X, ‖., .‖) is a linear 2-normed space, then for e ∈ X the mapping pe(x) =
‖x, e‖, x ∈ X, defines a seminorm on X and the collection {pe, e ∈ X} of semi
norms induces a locally convex topology on X. A typical basis element for this
topology is a finite intersection, ∩n

i=1Bei
(x, ri) of open balls Bei

(x, ri) where
Bei

(x, ri) = {y ∈ X : ‖y − x, ei‖ < ri}, ei ∈ X and ri > 0, i = 1, 2, . . . , n .

A sequence (xn) in a linear 2-normed space (X, ‖., .‖) is called a cauchy
sequence if there exists two elements y, z ∈ X such that y and z are linearly
independent, limm,n→∞ ‖xm − xn, y‖ = 0 and limm,n→∞ ‖xm − xn, z‖ = 0.

A sequence (xn) in a linear 2-normed space (X, ‖., .‖) is convergent if there
exists an element x ∈ X such that limn→∞ ‖xn − x, z‖ = 0 for every z ∈ X.

A linear 2-normed space (X, ‖., .‖) is called a 2-Banach space if every cauchy
sequence in X is convergent.

By a 2-metric space (X, σ) we understand a set X in which for each triple
a, b, c ∈ X there corresponds a real number σ(a, b, c) having the following
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conditions:

M1. For two distinct elements a and b in X there is an element c in X

such that σ(a, b, c) �= 0,

M2. σ(a, b, c) = 0 when two of the three elements are equal,

M3. σ(a, b, c) = σ(a, c, b) = σ(b, c, a), and

M4. σ(a, b, c) ≤ σ(a, b, d) + σ(a, d, c) + σ(d, b, c).

It is easly seen that σ(a, b, c) is non negative.

For every linear 2-normed space (X, ‖., .‖), the function defined on X ×
X ×X by σ(x, y, z) = ‖x− z, y− z‖, x, y, z ∈ X is a 2-metric and is called the
2-metric induced by the 2-norm ‖., .‖ [7].

Thus every linear 2-normed space (X, ‖., .‖) will be considered to be a
2-metric space.

There is a well defined topology for a 2-metric space. For ε > 0 define
the ε-neighborhood of two points a and b in X as the set Uε(a, b) = {c ∈ X :
σ(a, b, c) < ε}. Let B be the set of all intersections

⋂
i Uεi

(ai, bi) of finitely
many εi-neighborhoods of arbitrary points ai and bi in X. B forms a basis
for the 2-metric topology of X and the system of all ε-neighborhoods of two
points in X forms a subbasis for this topology. The family of all sets defined
by WS(a) =

⋂
i Uεi

(a, bi) with arbitrary finite pairs S = {(b1, ε1), · · · , (bn, εn)}
forms a complete system of neighborhoods of a. Let us denote the topology by
τσ. We already noted that every linear 2-normed space (X, ‖., .‖) is a 2-metric
space. Suppose σ is the 2-metric induced by the 2-norm ‖., .‖, then from the
very definition of the topology τσ, it coincides with the locally convex topology
induced by the collection {pe, e ∈ X} of seminorms.

A 2-metric space (X, σ) is said to have the property (K) if the following
holds: If for a sequence of points a, a1, a2, . . . of X there exists two points b
and c of X with σ(a, b, c) �= 0, limn→∞ σ(a, b, an) = 0, limn→∞ σ(a, c, an) = 0
then limn→∞ σ(a, a′, an) = 0, ∀a′ ∈ X.

Theorem 2.1. ([4]) A 2-metric space (X, σ) has the property (K) if and
only if for each point triple a, b, c ∈ X with σ(a, b, c) �= 0, the collection of sets
WSn(a) with Sn(a) = {(b, 1

n
), (c, 1

n
)} n = 1, 2, . . . forms a complete system of

neighborhoods of a.

Theorem 2.2. ([4]) A 2-metric space (X, σ) has the property (K) if and
only if for arbitrary points a, b, c ∈ X with σ(a, b, c) �= 0, a is limit point of set
M in X in case there is a sequence of points x1, x2, . . . in M, distinct from a
such that limn→∞ σ(a, b, xn) = 0 and limn→∞ σ(a, c, xn) = 0.
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3 Main Results

First, we discuss the topological aspects of the sequential convergence in 2-
normed spaces. For a subset E of a linear 2-normed space (X, ‖., .‖), we define
θ(E) = {x ∈ X : (xn) converges to x for some sequence (xn) ⊂ E}. Then
θ : P (X) → P (X) satisfies Kuratowski closure axioms [3]. So the collection
τ = {O ⊂ X : X \ O = E, where E is such that θ(E) = E} is a topology on
X, called sequential topology.

Remark 3.1. A subset E is closed in the sequential topological space (X, τ)
if and only if θ(E) = E. We denote θ(E) by Ē.

Proposition 3.2. Let (X, ‖., .‖) be a linear 2-normed space. The set Be(a, r) =
{x ∈ X : ‖x − a, e‖ < r} for any e, a ∈ X and r > 0 is open in (X, τ).

Proof. To prove that Be(a, r) is open it is sufficient to prove that its com-
plement Be(a, r)c closed in (X, τ). Let (xn) be a sequence in Be(a, r)c which
converges to x. We claim that ‖x − a, e‖ ≥ r. On the contrary, assume that
‖x − a, e‖ < r and set δ = r − ‖x − a, e‖ > 0. As (xn) converges to x, there
exists N ∈ N such that ‖xN − a, e‖ < δ. Therefore, we have

‖xN − a, e‖ ≤ ‖xN − x, e‖ + ‖x − a, e‖
< δ + ‖x − a, e‖
= r, a contradiction.

This implies x ∈ Be(a, r)c. That is, Be(a, r)c is closed or Be(a, r) is open in
(X, τ).

Remark 3.3. By theorem (2.2), the 2-metric induced by the 2-norm ‖., .‖
on linear 2-normed space Xsatisfies the property (K) if and only if the topology
induced by the family of seminorms {pe : e ∈ X} is the sequential topology τ
of X.

Definition 3.4. A linear 2-normed space (X, ‖., .‖) is called a (K)- space, if
the topology induced by the family {pe, e ∈ X} of seminorms, is the sequential
topology τ .

Proposition 3.5. Every (K)-space is first countable.

Proof. From remark (3.3) it follows that a linear 2-normed space (X, ‖., .‖) is
a (K)- space if and only if the induced 2-metric space (X, σ) has the property
(K). By theorem (2.1) we have, a 2-metric space (X, σ) has the property (K)
if and only if the topology has a countable local base of the form {Be1(x, 1

n
) ∩

Be2(x, 1
n
), n ∈ N } at each point x of X, where e1 and e2 are two points in X

such that σ(e1, e2, x) �= 0. Thus the (K)- space is first countable.
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Theorem 3.6. Let X be a linear 2-normed space. Then the intersection of
a finite number of dense open subsets of X is dense in X.

Proof. Let D1, D2, · · · , Dn be n dense open subsets of X. For x0 ∈ X, let
B0 be any neighborhood of x0 in X. As D1 is dense in X, there exists a
point x1 ∈ D1 ∩ B0. As D1 ∩ B0 is open in X, there is some δ1 > 0 and
z1,1, z1,2, · · · , z1,m1 ∈ X such that

B1 = ∩m1
j=1Bz1,j

(x1, δ1) ⊂ D1 ∩ B0.

Having defined non empty open sets B2, · · · , Bn−1 in such a way that

Bj ⊂ Dj ∩ Bj−1for j = 2, 3, . . . , n − 1,

we construct a non empty open set Bn as follows: As Dn is dense in X, there
exists a point xn ∈ Dn ∩ Bn−1. As Dn ∩ Bn−1 is open in X, there is some
δn > 0 and zn,1, zn,2, · · · , zn,mn ∈ X such that

Bn = ∩mn
j=1Bzn,j

(xn, δn) ⊂ Dn ∩ Bn−1.

Thus xn ∈ Bn ⊂ ∩n
i=1Di ∩ B0. Therefore ∩n

i=1 Di is dense in X.

Lemma 3.7. If (X, ‖., .‖) is a 2-normed space and Be(a, r) = {x ∈ X :
‖x − a, e‖ < r}, then Be(a, r) ⊆ {x ∈ X : ‖x − a, e‖ ≤ r}.
Proof. Let x ∈ X. Then x ∈ Be(a, r) if there is sequence (xn) in Be(a, r) such
that ‖xn − x, z‖ → 0 as n → ∞, ∀z ∈ X.
In particular, ‖xn − x, e‖ → 0 as n → ∞. Note that

‖x − a, e‖ ≤ ‖xn − x, e‖ + ‖xn − a, e‖.

Taking n → ∞, the above inequality becomes

‖x − a, e‖ ≤ lim
n→∞

‖xn − a, e‖ ≤ r.

This implies that Be(a, r) ⊆ {x ∈ X : ‖x − a, e‖ ≤ r}.
Theorem 3.8. (Baire’s Theorem for 2-Normed (K)-spaces) If X is a 2-

Banach (K)- space, then the intersection of a countable number of dense open
subsets of X is dense in X.

Proof. Let D1, D2, · · · be dense open subsets of X. For x0 ∈ X, let e1 and e2

be two linearly independent elements in X with σ(e1, e2, x0) �= 0 (where σ is
the 2-metric induced by the 2-norm in X). Then by remark 3.5, the collection
{Be1(x0,

1
n
)∩Be2(x0,

1
n
), n ∈ N } forms a complete system of neighborhoods at
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x0. As D1 is dense in X, let x1 ∈ D1 ∩B0, where B0 = Be1(x0, δ0)∩Be2(x0, δ0)
for some δ0 > 0. As D1 ∩ B0 is open in X, there exists elements z1,1 and z1,2

in X with σ(z1,1, z1,2, x1) �= 0 and 0 < δ1 < δ0 such that the neighborhood

B1 = Bz1,1(x1, δ1) ∩ Bz2,1(x1, δ1) ∩ Be1(x1, δ1) ∩ Be2(x1, δ1)

of x1 satisfies the condition that B1 ⊂ D1 ∩ B0. The lemma 3.7 assures the
existence of such an open set B1. Proceeding inductively suppose that

Bn−1 = Bz1,n−1(xn−1, δn−1)∩Bz2,n−1(xn−1, δn−1)∩Be1(xn−1, δn−1)∩Be2(xn−1, δn−1)

and
Bn = Bz1,n(xn , δn) ∩ Bz2,n(xn, δn) ∩ Be1(xn, δn) ∩ Be2(xn, δn)

are such that Bn ⊂ Dn∩Bn−1 for some elements z1,n−1, z2,n−1, z1,n and z2,n in X
with σ(z1,n−1, z2,n−1, xn−1) �= 0 and σ(z1,n, z2,n, xn) �= 0, where 0 < δn < δn−1.

As Dn is dense in X, let xn+1 ∈ Dn+1 ∩ Bn. As Dn+1 ∩ Bn is open in X,
there exist elements z1,n+1 and z2,n+1 in X with σ(z1,n+1, z2,n+1, xn+1) �= 0 and
0 < δn+1 < δn such that Bn+1, where

Bn+1 = Bz1,n+1(xn+1, δn+1)∩Bz2,n+1(xn+1, δn+1)∩Be1(xn+1, δn+1)∩Be2(xn+1, δn+1),

is contained in Dn+1 ∩ Bn. Without loss of generality we can assume that
limn→∞ δn = 0. Thus we get a sequence (xn) in X and sequence of open sets
Bn ⊂ ∩n

i=1Di such that xn ∈ Bn and Bn ⊂ Bm, ∀n > m, m = 1, 2, . . . .
Now for a positive integer m, if xi, xj ∈ Bm then ‖xi−xj , ek‖ < 2δm for all

i, j > m and for k = 1, 2. This shows that the sequence (xn) is a cauchy
sequence. Since X is a 2-Banach space, (xn) converges to some point x ∈ X and
x ∈ Bn, ∀n ∈ N. But Bn ⊂ Bm ⊂ (∩m

i=1Di)∩B0, ∀n > m ⇒ x ∈ (∩∞
i=1Di)∩B0.

As x0 ∈ X and δ0 are arbitrary, ∩∞
i=1Di is dense in X.
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