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Abstract

In this paper, we are going to investigate the nodal points of system
of differential equations having a singularity. First, by a replacement, we
transform the system to the singular Sturm-Liouville equation. Using of
the asymptotic estimates provided[14] for the solution of Sturm-liouville
equation, we obtain eigenvalues and eigenfunctions. Then we find zeros
of eigenfunctions.
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1 Introduction

We consider the following system of differential equations

dy

dt
= iρ

1

R(t)
x,

dx

dt
= (iρR(t) +

1

iρ
(p(t) +

R(t)

t2
))y, t ∈ [0, 1]. (1)

with initial conditions x(1, ρ) = 0, y(1, ρ) = 1, where ρ is the spectral pa-

rameter, R(t) is a constant function and p(t) is integrable. System (1) is a
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canonical form for many problem in natural sciences. For example, for a wide

class of problems describing the propagation of electromagnetic waves in a

stratified medium, Maxwell’s equations can be reduced to the canonical form

(1)(see[13]). System (1) often appears in optics, spectroscopy and acoustic

problems. Also appears for the design of directional couplers for heteroge-

neous electronic lines, which constitutes one of the important classes of radio

physical synthesis problems(see[8],[13]).

The importance of asymptotic analysis in obtaining information on the solu-

tion of a Sturm-liouville equation with multiple turning points was realized

by Olver [10] and Eberhard, Freiling and Schneider in [2]. Also, in [3], the

asymptotic estimate for a special fundamental system of solutions of the cor-

responding differential equation studied by Eberhard, Freiling and Wilehen,

and determined the asymptotic distribution of the eigenvalues with several

singularities or/and turning points inside the interval [0,1]. It is necessary to

point out that applying asymptotic solutions for studying inverse problem in

turning points cases, is more complicated and practically is not convenient to

use. Especially in deriving the asymptotic formulas, one should apply Bessel

function type. In addition a more difficult and challenging task is to shape the

asymptotic behavior of the solutions and corresponding eigenvalues. So the

inverse problem of reconstructing the potential function from the given spec-

tral information and corresponding dual equation cannot to studied by using

the asymptotic forms.

In fact, in asymptotic methods one cannot generally express the exact solution

in closed form. The representing solution of the infinite product form plays an

important role for investigating the corresponding dual equations. We mention

that some aspects of the inverse problem with a singularity were studied in [9],

[15].

In later years, Hald[5], poschel and Trubowitz, [11], Rundell and Sack[12] and

Isaacson and Trubowitz[7] solved inverse Sturm-Liouville problems by using

some new methods.

In some recent interesting work[6], [1], Hald and Mclaughlin, nd Browne and

Sleeman have taken a new approach to inverse spectral theory for the Sturm-

liouville problem. The novelty of this work lies in the use of nodal points as

the given spectral data.

In this paper, first, we transform(1) to the sturm-liouville equation singular

point, then we approximate the solution of this equation by the form[14].

Using this asymptotic distribution of the eigenvalues and eigenfunctions(see

section2). In section3, we have estimated nodal points.
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2 Preliminary results

Let us consider the system of differential equation (1), where R(t) is a constant

function. System (1) after elimination of x reduces to the differential equation

−y′′ + (q(t) +
1

t2
)y(t) = λy(t), y(1) = 1, y′(1) = 0 (2)

where q(t) = p(t)
R(t)

, λ = ρ2. Without loss of generality we assume that
∫ s
1 q(t)dt =

0.

The general solution of (2) is the sum of the two solutions: y = yc + yp where

yc is a solution of the associated homogeneous equation y′′ + λy = 0 and yp is

a particular solution of the nonhomogeneous equation (2).

For homogeneous equation we have yc = C1 cos
√

λt + C2 sin
√

λt. The bound-

ary conditions implies that yc = cos
√

λ(t − 1). Also, for equation (2), by a

procedure known as variation of parameters,

yp = U1(t) cos
√

λt + U2(t) sin
√

λt.

We determine U1 and U2. Therefore

yp =
∫ t

1

sin
√

λ(t − ξ)√
λ

y(ξ, λ)[q(ξ) +
1

ξ2
]dξ.

Thus, the general solution of (2) is

y(t, λ) = cos
√

λ(t − 1) +
∫ t

1

sin
√

λ(t − ξ)√
λ

y(ξ, λ)[q(ξ) +
1

ξ2
]dξ. (3)

Differentiating (3) we calculate

y′(t, λ) = −
√

λ sin
√

λ(t − 1) +
∫ t

1
cos

√
λ(t − ξ)y(ξ, λ)[q(ξ) +

1

ξ2
]dξ (4)

and more precisely, for λ → ∞,

y(t, λ) = cos
√

λ(t − 1) + O(1), (5)

y′(t, λ) = −
√

λ sin
√

λ(t − 1) + O(1). (6)

Substituting the asymptotic for y(x, λ) from (5) into the right-hand sides of

(3), we calculate

y(t, λ) = cos
√

λ(t − 1) +
sin

√
λ(t − 1)

2
√

λ

∫ t

1
q(ξ)dξ + o(

1√
λ

). (7)
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We consider the boundary value problem L = L(q(t), s) for equation (2) with

boundary condition y(s) = 0, y′(1) = 0 y(1) = 1.

The boundary value problem L for s ∈ (0, 1) has a countable set of eigenvalues

λn(s). From (7), by the well-known method (see, for example, [4]) one has

that for n → ∞

ρn =
√

λn =
π

(s − 1)
(n +

1

2
) +

1

2nπ

∫ s

1
q(ξ)dξ + o(

1

n
). (8)

The eigenfunction of the boundary value problem L have the form yn(x) =

y(x, λn). Substituting (8)into (7) we obtain the following asymptotic formulae

for n → ∞ uniformly in x:

yn(x) = y(x, λn) = cos(
(n + 1

2
)π(x − 1)

s − 1
) − sin(

(n + 1
2
)π(x − 1)

s − 1
)

[
(x − 1)

2nπ

∫ s

1
q(ξ)dξ − s − 1

2nπ

∫ x

1
q(ξ)dξ] + o(

1

n
). (9)

3 Computation the nodal points

For the boundary value problem L an analog of Sturm’s oscillation theorem is

true. More precisely, the eigenfunction yn(x) has exactly n (simple) zeros inside

the interval (0,1), namely : 0 < x1
n < ... < xn

n < 1. The set XL := {xj
n}n≥1,j=1,n

is called the set of nodal points of the boundary value problem L.

Inverse nodal problems consist in recovering the potential q(x) from the given

set XL of nodal points or from a certain its part. Taking (9), some straight-

forward computations,

cot(
(n + 1

2
)π(x − 1)

s − 1
) =

1

2nπ
[(x − 1)

∫ s

1
q(ξ)dξ − (s − 1)

∫ x

1
q(ξ)dξ] + o(

1

n
),(10)

(n + 1
2
)π(x − 1)

s − 1
= (j − 1

2
)π − 1

2nπ
[(x − 1)

∫ s

1
q(ξ)dξ − (s − 1)

∫ x

1
q(ξ)dξ] + o(

1

n
),(11)

we obtain the following asymptotic formula for nodal points as n → ∞ uni-

formly in j :

xj
n =

(j − 1
2
)(s − 1)

n + 1
2

− s − 1

2n(n + 1
2
)π2

[(x − 1)
∫ s

1
q(ξ)dξ − (s − 1)

∫ x

1
q(ξ)dξ] + o(

1

n2
).(12)

Using this formula we arrive at the following assertion.
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Theorem 1 . Fix x ∈ [0, 1]. Choose jn such that xn → x as n → ∞. There

exist a finite limit

g(x) = lim
2nπ2

s − 1
(xj

n(n +
1

2
) − (jn − 1

2
)(s − 1)) (13)

and

g(x) = (s − 1)
∫ x

1
q(ξ)dξ − (x − 1)

∫ s

1
q(ξ)dξ. (14)
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