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Fixed Point Theorems for Certain

Contraction in D-Metric Spaces

R. Asim, M. Aslam 1 and A. A. Zafer

Abstract

In this article we prove some fixed point theorems in the set up of
D-metric space by introducing A5 − contraction.
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1 Introduction, Preliminaries

Let (X, d) be a metric space, then d is a mapping from X2 to [0,∞). If we
replace X2 to X3 then we get the concept of D-metric space by canonical
replacement of the axioms of metric space (see [1.2]). The notion of D-metric
space was introduced by B.C Dhage [3] in 1992 for the sake of generalizing a few
results of fixed point theory satisfying a contractive type condition. Rhoades [4]
generalized Dhage’s contractive condition by increasing the number of factors
and proved the existence of unique fixed point of a self -map in D-metric
space. Recently, motivated by the concept of compatibility for metric space,
Singh and Sharma [7] introduced the concept of D-compatibility of maps in D-
metric space and proved some fixed point theorems by imposing a contractive
condition.

M.Akram, A.A Siddique, A.A Zafar [10], introduced a new class of contrac-
tions and comparison of this contraction with some previous contraction is also
found in [10]. They proved some results about fixed point theorems for self
maps using this contraction. Motivated by [10], we introduce A5−contraction
and prove some fixed point theorems for self-map satisfying A5 − contraction.
We also prove some fixed point theorems for semi-compatible mappings satis-
fying A5 − contraction.

Definition 1.1. [3] Let X be a nonempty set. A function D : X3 −→ [0,∞)is
called D-metric space onX if it satisfies the following axioms, for all x, y, z ∈ X
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(D1) D(x, y, z) ≥ 0 ∀ x, y, z ∈ X
(D2) D(x, y, z) = 0 ⇔ x = y = z
(D3) D(x, y, z) = D(p{x, y, z}), where p is permutation on {x, y, z}.
(D4) D(x, y, z) ≤ D(a, y, z) +D(x, a, z) +D(x, y, a) ∀ x, y, z ∈ X

The pair (X,D) is called a D-metric space. If (X, d) is a metric space, then it
admits D-metric space in the following two ways (see[3])

1. D(x, y, z) = Max{d(x, y), d(y, z), d(z, x)}
2. D(x, y, z) = d(x, y) + d(y, z) + d(z, x)

The notion of open ball in D-metric space was introduced by B.C Dhage [3] in
the following sense. Let x0 ∈ X and r > 0

B̂(x0, r) =
⋂

y∈X

{x, y ∈ D(x0, x, y) < r)}

This definition was not appropriate and it was rectified by Naidu.S.V.R [12]
in the following way

B∗(x0, r) = {x ∈ D(x0, x, x) < r)}
B̂(x0, r) = {x0} ∪ {x ∈ X : Sup

y∈X
D(x0, x, y) < r}

It should be noted that the existence of Sup
y∈X

D(x0, x, y) < r is not always

possible however, Sup
y∈B∗(x0,r)

D(x0, x, y) < r always exists. We believe that there

is some typing error in defining B̂(x0, r),in [12] it should refined be in the
following way;

Definition 1.2. Let (X,D) be a D-metric space. x0 ∈ X and r ∈ (0,+∞)
B∗(x0, r) = {x ∈ X : D(x0, x, x) < r}
B̂(x0, r) = {x0} ∪ {x ∈ X : Sup

y∈B∗(x0,r)

D(x0, x, y) < r}

B̂(x0, r) is called an open ball in (X,D).

Definition 1.3. [9]Let T be a self map on D-metric space (X,D) Let x0 ∈ X.
A sequence {xn} in X is said to be an orbit of T at x0, denoted by O(T : x0)
if xn−1 = T n−1(x0), that is, xn = Txn − 1 for all n ∈ N .

Definition 1.4. [9] Two Self maps S and T on a D-metric space (X,D) are
said to be D-compatible if lim

n→∞
D(STxn, TSxn, z) = 0, where z = STxn or

TSxn when ever {xn} is a sequence in X such that lim
n→∞

Txn = lim
n→∞

Sxn = x

(say),where x ∈ X.
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Definition 1.5. [9]A pair (S, T ) of self-mappings of a D-metric is said to be
semi-compatible if lim

n→∞
STxn = Tx whenever {xn} is a sequence in X such

that lim
n→∞

Txn = lim
n→∞

Sxn = x (say),where x ∈ X.

2 Main Results

In this section, we prove some fixed point theorems in D-metric space motivated
by A5 − contraction.

Definition 2.1. Let R+ be the set of non-negative real numbers and A5 ⊆
Map(R5

+, R+) be the set of functions from R5
+ to R+ and ψ ∈ A5 such that

ψ : R5
+ → R+ satisfying the following:

1. ψ is non-decreasing in the following sense. If a1, a2, b1, b2, c1, c2, d1, d2, e1, e2 ∈
R+ and a1 < a2, b1 < b2, c1 < c2, d1 < d2, e1 < e2. Then
ψ(a1, b1, c1, d1, e1) ≤ ψ(a2, b1, c1, d1, e1)
ψ(a1, b1, c1, d1, e1) ≤ ψ(a1, b2, c1, d1, e1)
ψ(a1, b1, c1, d1, e1) ≤ ψ(a1, b1, c2, d1, e1)
ψ(a1, b1, c1, d1, e1) ≤ ψ(a1, b1, c1, d2, e1)
ψ(a1, b1, c1, d1, e1) ≤ ψ(a1, b1, c1, d1, e2)

2. ψ continuous on R5
+

3. Let a, b ∈ R+ be such that if a ≤ ψ(a, b, b, b, b) or a ≤ ψ(b, a, b, b, b) or
a ≤ ψ(b, b, a, b, b) or a ≤ ψ(b, b, b, a, b) or a ≤ ψ(b, b, b, b, a) therefore exist
h ∈ [0, 1) such that a ≤ hb

Observation 2.1. 1. If b ≤ a then ψ(a, b, b, b, b) ≤ a

2. If a ≤ ψ(a, 0, 0, 0, 0), then a = 0

3. If b ≤ a then a ≤ ψ(a, b, b, b, b) then for some h ∈ [0, 1), b ≤ hb
This is only possible if h = 0 and hence b = 0.
In general if, a ≤ ψ(a, a, a, a, a) then there exist h ∈ [0, 1),such that
a ≤ ha. It is only possible if a = 0

4. If b ≤ a and a ≤ ψ(a, b, b, a, a) ≤ ψ(a, a, a, a, a) ≤ ha for some h ∈ [0, 1)
⇒ a = 0

Example 2.1. Let ψ : R5
+ → R+ be defined as ψ(a, b, c, d, e) = a+b+c+d+e

7

Take b = c = d = e
⇒ ψ(a, b, b, b, b) = a+4b

7

If a ≤ ψ(a, b, b, b, b)
⇒ a ≤ a+4b

7
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⇒ 7a ≤ a+ 4b
⇒ 7a− a ≤ 4b
⇒ 6a ≤ 4b
⇒ a ≤ 4

6
b

Let h = 4
6
∈ [0, 1)

⇒ a ≤ hb

Theorem 2.1. Let (X,D) be a complete D-metric space and let T be a self
map on X and ψ ∈ A5 such that
D(Tx, Ty, Tz) ≤ ψ{D(x, y, z), D(x, Tx, z), D(x, Tx, Ty), D(x, y, Ty), D(y, Ty, Tz)}
Then T has a unique fixed point x ∈ X.

Proof. Select x0 ∈ X and consider a sequence {xn} by letting xn+1 = Txn, we
have

D(xn, xn+1, xn+2) = D(Txn−1, Txn, Txn+1)

≤ ψ{D(xn−1, xn, xn+1), D(xn−1, xn, xn+1),

D(xn−1, xn, xn+1), D(xn−1, xn, xn+1), D(xn, xn+1, xn+2)}

D(xn, xn+1, xn+2) ≤ hD(xn−1, xn, xn+1) for some h ∈ [0, 1)

≤ h{hD(xn−2, xn−1, xn)}
≤ h2D(xn−2, xn−1, xn)

By continuing this process, we have D(xn, xn+1, xn+2) ≤ hnD(x0, x1, x2)

h < 1, this shows that {xn} be a Cauchy sequence. AsX is complete, therefore,
there exists x′ ∈ X such that xn → x′ as n→ ∞, we have

D(xn, xn+1, Tx
′) = D(Txn−1, Txn, Tx

′)

≤ ψ{D(xn−1, xn, x
′), D(xn−1, xn, xn+1), D(xn−1, xn, xn+1),

D(xn−1, xn, xn+1), D(xn, xn+1, x
′)}

Proceeding limit n→ ∞ and ψ is continuous, we have

D(x′, x′, Tx′) ≤ {0, 0, 0, 0, D(x′, x′, Tx′)}

By the observation (3), D(x′, x′, Tx′) = 0, Tx′ = x′

For uniqueness, let y be another fixed point of T such that Ty = y, we have
D(y, y, x′) = D(Ty, Ty, Tx′)

D(y, y, x′) ≤ ψ{D(y, y, x′), D(y, y, x′), 0, 0, D(y, y, x′)}
By the observation (4), D(y, y, x′) = 0 this implies that y = x′
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Corollary 2.1. Let (X,D) be a complete D-metric space m ∈ N and T be a
self map of X satisfying

D(Tmx, Tmy, Tmz) ≤ ψ{D(x, y, z), D(x, Tmx, z), D(x, y, Tmy), D(x, Tmx, Tmy),

D(y, Tmy, Tmz)}

Then T has a unique fixed point x′ ∈ X.

Proof. By the theorem (2.1) Tm has a unique fixed point x′ ∈ X . Since
Tx′ = TTmx′ = Tm(Tx′)
Tx′ is also the fixed point of Tm. Now x′, Tx′ are fixed point of are fixed point
of Tm and by uniqueness it follows that Tx′ = x′.

The following three theorems (2.2),(2.3), and (2.4) can be established by
using technique of above said theorem.

Theorem 2.2. Let {Tn}∞n=1 be a sequence of self mapping on a complete D-
metric space ‘X ′ such that

D(Tix, Tjy, Tkz) ≤ ψ{D(x, y, z), D(x, Tix, z), D(x, y, Tjy),

D(x, Tix, Tjy), D(y, Tjy, Tkz)

Where ψ ∈ A5. Then {Tn}∞n=1 has a unique fixed point x′ ∈ X.

Theorem 2.3. Let ‘X ′ be a complete D-metric space and T be a self map such
that

D(Tx, Ty, Tz) ≤ h
4
{D(x, y, z) +D(x, Tx, z) +D(x, y, Ty) +D(x, Tx, Ty)}

for some h ∈ [0, 1), then T has a unique fixed point x′.

Theorem 2.4. Let (X,D) be a complete D-metric space and T : X → X be
continuous, also assume that T satisfies

D(Tx, Ty, Tz) ≥ βmin{D(x, y, z) +D(y, Ty, z), D(x, y, z) +D(x, Tz, z),

D(y, Ty, z) +D(x, Tz, z)}

Where β > 1 . If T is onto, then T has unique fixed point.

Theorem 2.5. Let (X,D) be a D-metric space, T be a continuous self map on
‘X ′. Assume that there is an x0 X such that the orbit O(T : x0) is D-bounded
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and X is T-orbitally complete. Also assume that T satisfies the following

D(Tx, Ty, Tz) ≥ βmin{D(x, y, z) +D(y, Ty, z), , D(x, y, z) +D(x, Tz, z),

D(y, Ty, z) +D(x, Tz, z)}

If T is onto then T has a fixed point.

Proof. Since T is onto, we define a sequence {xn} in X by xn = Txn+1. If
we assume that xn = xn+1 for some n ∈ N , then T has a fixed point. We
therefore assume that xn �= xn+1 , for all n ∈ N . We want to show that {xn}
is D-Cauchy. We have to show that for any positive integers m,n,m > n.

D(xn, xn+1, xm) ≤ λnk.

Where k is D-bound of O(T : xo) and 0 ≤ λ < 1.

D(xn−1, xn, xm−1) = D(Txn, Txn+1, Txm))

≥ βmin{2D(xn, xn+1, xm), D(xn, xn+1, xm) +D(xn+1, xm−1, xm),

D(xn, xn−1, xm) +D(xn+1, xm−1, xm)}

Case 1.

If min{2D(xn, xn+1, xm), D(xn, xn+1, xm) +D(xn+1, xm−1, xm),

D(xn, xn+1, xm) +D(xn+1, xm+1, xm)}
= 2D(xn, xn+1, xm)

⇒ D(xn−1, xn, xm−1) ≥ β2D(xn, xn+1, xm)
⇒ 1

2β
D(xn−1, xn, xm−1) ≥ D(xn, xn+1, xm)

Let λ = 1
2β

∈ [0, 1)

⇒ D(xn, xn+1, xm) ≤ λD(xn−1, xn, xm−1)

≤ λ2D(xn−2, xn−1, xm−2).

By continuing this process we have

≤ λnD(x0, x1, xm−n) ≤ λnk

where k is D-bound of O(T : x0)

Case 2. If D(xn−1, xn, xm−1) ≥ β(D(xn, xn+1, xm) +D(xn+1, xm−1, xm)
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D(xn, xn+1, xm) and D(xn+1, xm−1, xm) are positive real numbers so there
exist a positive integer ‘a′ such that

D(xn, xn+1, xm) ≤ aD(xn+1, xm−1, xm)
⇒ 1

a
D(xn, xn+1, xm) ≤ D(xn+1, xm−1, xm).

We have

1

β
D(xn−1, xn, xm−1) ≥ D(xn, xn+1, xm) +

1

a
D(xn, xn+1, xm)

≥ (1 +
1

a
)D(xn, xn+1, xm)

1

β
D(xn−1, xn, xm−1 ≥ (1 +

1

a
)D(xn, xn+1, xm)

⇒ D(xn, xn+1, xm) ≥ a

β(1 + a)
D(xn, xn+1, xm)

Let a
β(1+a)

= λ ∈ [0, 1)
Then

D(xn, xn+1, xm) ≤ λD(xn−1, xn, xm−1)

≤ λ2D(xn−2, xn−1, xm−2)

By continuing this process, we have

≤ λnD(x0, x1, xm−n) ≤ λnk

where k is D-bound of O(T : x0). Therefore {xn} is a Cauchy sequence in X.
As X is T-orbitally complete therefore there exist x′ ∈ X such that xn → x′ ∈
X
xt = lim

n→∞
xn = lim

n→∞
Txn+1

xt = Txt

Uniqueness of common fixed point can be established in usual way.

3 SOME FIXED POINT THEOREMS FOR

SEMI-COMPATIBLE MAPPINGS

Proposition 3.1. Let S and T be two self-maps of a D-metric space (X,D)
such that S(X) ⊆ T (X). For some x0 ∈ X, define sequence {xn} and {yn} in
X by Sxn−1 = Txn = yn for all n ∈ N. Then

1. O(T−1S : x) = {x0, x1, x2, . . . , xn, . . . }
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2. O(ST−1 : Sx0) = {y0, y1, y2, . . . , yn, . . .}
Proof. By hypothesis Sx0 = Tx1 we have x1 ∈ T−1Sx0 and Sx1 = Tx2 gives
x2T

−1Sx1 = (T−1S)2x0. Similarly Sxn−1 = Txn gives xn ∈ T−1Sxn−1 =
(T−1S)nx0. Again
y1 = Sx0, y2 = Sx1 ∈ ST−1Sx0 = (ST−1)Sx0

y3 = Sx2 ∈ ST−1ST−1Sx0 = (ST−1)2Sx0

Similarly, we have, yn ∈ (ST−1)n−1Sx0.

Lemma 3.1. Let S, T, xn, yn, x0 be as above. If for all x, y, z ∈ O(T−1S : x0)
and ψ ∈ A5 such that

D(Sx, Sy, Sz) ≤ ψ{D(Tx, Ty, Tz), D(Tx, Sy, Ty), D(Ty, Sy, Sz),

D(Tx, Sy, Sx), D(Sx, Tx, Tz)}
then {yn} is a Cauchy sequence in O(ST−1 : Sx0)

Proof. Using given condition

D(yn, yn+1, yn+2) = D(Sxn−1, Sxn, Sxn+1)

≤ ψ{D(Txn−1, Txn, Txn+1), D(Txn−1, Sxn, Txn), D(Txn, Sxn, Sxn+1),

D(Txn−1, Sxn, Sxn−1), D(Sxn−1, Txn−1, Txn+1)}
≤ ψ{D(yn−1, yn, yn+1), D(yn−1, yn+1, yn), D(yn, yn+1, yn+2),

D(yn−1, yn+1, yn), D(yn, yn−1, yn+1)}
≤ hD(yn−1, yn, yn+1) for some h ∈ [0, 1)

≤ h2D(xn−2, xn−1, xn)

By continuing this process, we have, D(yn, yn+1, yn+2) ≤ hnD(x0, x1, x2), h <
1.
This shows that {yn} is a Cauchy sequence.

Theorem 3.2. Let T and S be self-maps on a D-metric space (X,D) satisfy-
ing the following

1. S(X) ⊆ T (X)

2. The pair (S, T ) is semi-compatible and T is continuous.

3. For some x0 ∈ X some orbit O(ST−1 : Sx0) = {yn} is complete.

4. For all x, y, z ∈ O(T−1S : x0) ∪ O(T−1S : Sx0) and ψ ∈ A5

D(Sx, Sy, Sz) ≤ ψ{D(Tx, Ty, Tz), D(Tx, Sy, Ty), D(Ty, Sy, Sz),

D(Tx, Sy, Sx), D(Sx, Tx, Tz)}
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Then S and T have a unique common fixed point.

Proof. For x0 ∈ X, construct sequence {xn} and {yn} in X as Sxn−1 = Txn =
yn for all n ∈ N . So by previous lemma (3.1) {yn} is a Cauchy sequence in
O(ST−1, Sx0) and by condition (4) O(ST−1, Sx0) is complete. This implies
that, lim

n→∞
yn = lim

n→∞
Txn = lim

n→∞
Sxn−1 = u ∈ O(ST−1 : Sx0)

As T is continuous and (S, T ) is semi-compatible we get, lim
n→∞

T 2xn = Tu,

lim
n→∞

STxn = Tu.

Step- 1. By putting x = Txn, y = Txnandz = xn in condition (4) we have

D(STxn, STxn, Sxn) ≤ ψ{D(TTxn, TTxn, Txn), D(TTxn, STxn, TTxn),

D(TTxn, STxn, Sxn), D(STxn, TTxn, Txn),

D(TTxn, STxn, STxn)}

By proceeding n → ∞ keeping in the view the definition (1.3) and continuity
of ψ, we have
D(Tu, Tu, u) ≤ ψ{D(Tu, Tu, u), 0, D(Tu, Tu, u), 0, D(Tu, Tu, u)}
By observation 2.1 (4) we have, Tu = u

Step- 2. By putting x = xn, y = xn and z = u in condition (4) we have

D(Sxn, Sxn, Su) ≤ ψ{D(Txn, Txn, Tu), D(Txn, Sxn, Txn),

D(Txn, Sxn, Su), D(Txn, Sxn, Sxn),

D(Sxn, Txn, Tu)}
By proceeding n→ ∞ , we have
D(u, u, Su) ≤ ψ{D(u, u, Su), D(u, u, u), D(u, u, Su), D(u, u, u), D(u, u, u)}
By observation 2.1 (4),we have, Su = u
Hence u = Su = Tu. u is the fixed point of T and S.

Step- 3. Let w be another common fixed point of S and T then, w = Sw =
Tw. By putting x = xn, y = xn and z = w in condition (4) we have

D(Sxn, Sxn, Sw) ≤ ψ{D(Txn, Txn, Tw), D(Txn, Sxn, Txn), D(Txn, Sxn, Sw),

D(Txn, Sxn, Sw), D(Sxn, Txn, Tw)}.

By proceeding n→ ∞ and continuity of ψ , we have u = w.
Hence u is unique common fixed point of S and T .

The following theorem can be established by adopting the proof of the theorem
(3.3) with mind and faced.
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Theorem 3.3. Let T and S be self-maps on a D-metric space (X,D) satisfy-
ing the following

1. S(X) ⊆ T (X)

2. The pair (S, T ) is semi-compatible and S is continuous.

3. For some x0 ∈ X some orbit O(ST−1 : Sx0) = {yn} is complete.

4. For all x, y, z ∈ O(T−1S : x0) ∪ O(ST−1 : Sx0)

D(Sx, Sy, Sz) ≤ ψ{D(Tx, Ty, Tz), D(Tx, Sy, Ty),

D(Ty, Sy, Sz), D(Tx, Sy, Sx),

D(Sx, Tx, Tz)} where ψ ∈ A5

Then S and T have a unique common fixed point.
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