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Abstract
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1 Introduction

Lyapunov inequalities have proved to be useful tools in oscillation theory, dis-
conjugacy, eigenvalue problems and numerous other applications in the theory
of differential and difference equations.

Eigenvalue problems for quasilinear operators of p-Laplace type have re-
ceived considerable attention in the last years (see, e.g., [1, 3, 4, 6]).

The spectral counting function for the weighted p-Laplacian in one dimen-
sion was studied by Bonder and Pinasco in [5].

For the study of qualitative nature of solutions to ordinary linear differential
equations, Lyapunov inequalities have proved to be useful tools.

The classical Lyapunov inequality states that, if r : [a, b] → R is a positive
continuous function and u is a solution of

−u′′(x) = r(x)u(x), x ∈ (a, b), u(a) = u(b) = 0

then the following inequality holds∫ b

a

r(x)dx ≥ 4

b − a
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(see [9]).
In [11] Pinasco obtained Lyapunov inequality for one-dimensional p-Laplacian

problem

−(|u′|p−2u)′ = r(t)|u|p−2u, t ∈ (a, b), u(a) = u(b) = 0,

where p > 1 and r ∈ C([a, b], (0,∞)) which is given by

2p

(b − a)p/q
≤
∫ b

a

r(t)dt

with 1/p + 1/q = 1.
There have been many studies for various types of differential equations.

Nápoli and Pinasco proved a Lyapunov type inequality for a monotone quasi-
linear operators generalizing the p-Laplacian, see [10]. A Lyapunov type in-
equality for the case of partial differential equations which have weight function
in L1 was proved by Cañada, Montero and Villegas, see [2].

In [12], Inbo Sim and Young-Hoon Lee obtained Lyapunov inequalities for
a single equations as well as systems of one-dimensional p-Laplacian problems
with singular weight functions, and for this propose they considered three
specific classes of weight functions, i.e.,

A =

{
r ∈ C((a, b), [0,∞)) :

∫ (a+b)/2

a

ϕ−1
p

(∫ (a+b)/2

s

r(τ)dτ

)
ds

+

∫ b

(a+b)/2

ϕ−1
p

(∫ s

(a+b)/2

r(τ)dτ

)
ds < ∞

}
,

where ϕp(y) = |y|p−2y,

B =

{
r ∈ C((a, b), [0,∞)) :

∫ b

a

(s − a)p−1(b − s)p−1r(s)ds < ∞
}

and

C = {r ∈ C((a, b), [0,∞)) : there are α, β > 0 such that α, β < p − 1 and∫ b

a

(s − a)α(b − s)βr(s)ds < ∞
}

.

Here, we consider the following nonlinear problem for p-Laplacian with two
weight functions

− (s(t)ϕp(u
′(t)))′ = r(t)ϕp(u(t)), t ∈ (a, b),

u(a) = u(b) = 0 (1)
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where
ϕp(y) = |y|p−2y, p > 1,

r ∈ C([a, b], (0,∞)), s ∈ C1([a, b], (0,∞)), s(t) ≥ k, for all t ∈ [a, b] and k > 0.

The paper is organized as follows. Section (2) is devoted to estimate Lya-
punov inequality for a one-dimensional p-Laplacian problem like (1) when
r ∈ A∩B. In Section (3), we estimate Lyapunov inequality for cycled system
of one-dimensional p-Laplacian problem with r ∈ C. At the end, in Section
(4), we obtain Lyapunov inequality for coupled system of one-dimensional p-
Laplacian problem when r ∈ C.

2 Lyapunov inequality for a one-dimensional

p-Laplacian problem

In this section, we estimate Lyapunov inequality for (1).
Here, we assume r ∈ A∩B, s ∈ C1([a, b], (0,∞)) with s(t) ≥ k, for all t ∈

[a, b] and k > 0. Hence, the solution u of the problem (1) means that u ∈
C[a, b]∩C1[a, b], ϕp(u

′(t)) is absolutely continuous in any compact subinterval
of (a, b).

Theorem 2.1 Let r ∈ A ∩ B, s ∈ C1([a, b], (0,∞)) with s(t) ≥ k > 0. If u is
a positive solution of (1) then the following inequality hold

k(b − a)p−1

2p−2
≤
∫ b

a

(t − a)p−1(b − t)p−1r(t)dt. (2)

Proof: Integrating by parts (1) after multiplying both sides of (1) by u,
we obtain ∫ b

a

s(t)|u′(t)|pdt =

∫ b

a

r(t)|u(t)|p. (3)

Clearly, by using Hölder’s inequality, we get

|u(t)| ≤
∫ t

a

|u′(s)|ds ≤ (t − a)(p−1)/p

(∫ t

a

|u′(s)|pds

)1/p

. (4)

For a ≤ t ≤ (a + b)/2 which implies t− a ≤ (2/(b− a))(t− a)(b− t), and from
(4) we obtain

|u(t)| ≤
(

2

b − a
(t − a)(b − t)

)(p−1)/p
(∫ (a+b)/2

a

|u′(s)|pds

)1/p

. (5)
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Thus, we have

|u(t)|p ≤
(

2

b − a
(t − a)(b − t)

)(p−1)
(∫ (a+b)/2

a

|u′(s)|pds

)
. (6)

Similarly, by Hölder’s inequality, we obtain

|u(t)| ≤
∫ b

t

|u′(s)|ds ≤ (b − t)(p−1)/p

(∫ b

t

|u′(s)|pds

)1/p

. (7)

For (a + b)/2 ≤ t ≤ b which implies b − t ≤ (2/(b − a))(t − a)(b − t) and
therefore from the previous inequality, we have

|u(t)|p ≤
(

2

b − a
(t − a)(b − t)

)(p−1)(∫ b

(a+b)/2

|u′(s)|pds

)
. (8)

Adding the inequalities (6) and (8), we get

2|u(t)|p ≤
(

2

b − a
(t − a)(b − t)

)(p−1)(∫ b

a

|u′(s)|pds

)
. (9)

Let us remark that s(t) ≥ k > 0, t ∈ [a, b].
Multiplying both sides of (9) by kr(t) and after some calculations, we have

(b − a)p−1

2p−2
kr(t)|u(t)|p ≤ r(t) ((t − a)(b − t))p−1

(∫ b

a

k|u′(s)|pds

)
.

≤ r(t) ((t − a)(b − t))p−1

(∫ b

a

s(s)|u′(s)|pds

)
.(10)

Integrating (10) on [a, b] and using∫ b

a

s(t)|u′(t)|pdt =

∫ b

a

r(t)|u(t)|pdt

(see (3)), we obtain

(b − a)p−1

2p−2

∫ b

a

s(t)|u′(t)|pdt =

∫ b

a

k(b − a)p−1

2p−2
r(t)|u(t)|pdt

≤
∫ b

a

r(t) ((t − a)(b − t))p−1

(∫ b

a

s(s)|u′(s)|pds

)
dt.

Therefore,

k(b − a)p−1

2p−2
≤
∫ b

a

r(t) ((t − a)(b − t))p−1 dt (11)

which proves our result.



Lyapunov inequalities for nonlinear p-Laplacian problems 1501

3 Lyapunov inequality for cycled system of

one-dimensional p-Laplacian problem

This section is devoted for estimate Lyapunov inequality for cycled system of
one-dimensional p-Laplacian problem when ri ∈ C, si ∈ C1([a, b], (0,∞)) with
si(t) ≥ ki, for all t ∈ [a, b] and k > 0, for i = 1, . . . , n.

Here, we consider the following cycled system

(s1(t)ϕp(u
′
1(t)))

′
= r1(t)ϕp(u2(t)), t ∈ (a, b),

(s2(t)ϕp(u
′
2(t)))

′
= r2(t)ϕp(u3(t)), t ∈ (a, b),

. . .(
sn−1(t)ϕp(u

′
n−1(t))

)′
= rn−1(t)ϕp(un(t)), t ∈ (a, b),

(sn(t)ϕp(u
′
n(t)))

′
= rn(t)ϕp(u1(t)), t ∈ (a, b),

u1(a) = . . . un(a) = 0 = u1(b) = . . . = un(b) (12)

with ui ∈ C[a, b] ∩ C1[a, b], ϕp(u
′
i(t)) is absolutely continuous in any compact

subinterval of (a, b).

Theorem 3.1 Let si ∈ C1([a, b], (0,∞)), si(t) ≥ ki > 0, and ri ∈ C, i =
1, . . . , n. If (u1, u2, . . . , un) is a positive solution of (12) then

n∏
i=1

k2
i

[(b − a)p−1]
n

[2p−2]n
≤
∫ b

a

((t − a)(b − t))p−1r1(t)dt . . .

∫ b

a

((t − a)(b − t))p−1rn(t)dt.

(13)

Proof: We will make the proof only for the case n = 2. The general case can
be proved by repeating the procedure that we will present below.

Taking into account (9) and (10), for i = 1, 2, we obtain

|ui(t)|p−1 ≤ 2(p−2)(p−1)/p

ki(b − a)(p−1)2/p
((t − a)(b − t))(p−1)2/p

(∫ b

a

si(s)|u′
i(s)|pds

)(p−1)/p

,

(14)

i.e.,

|ui(t)| ≤ 2(p−2)/p

ki(b − a)(p−1)/p
((t − a)(b − t))(p−1)/p

(∫ b

a

si(s)|u′
i(s)|pds

)1/p

. (15)
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Integrating the first equation of (12) on [a, b] after multiplying by u1 and using
(14), (15), we have

∫ b

a

s1(t)|u′
1(t)|pdt ≤

∫ b

a

r1(t)|u2(t)|p−1|u1(t)|dt

≤ 2p−2

k2k1(b − a)p−1

∫ b

a

((t − a)(b − t))p−1 r1(t)dt

×
(∫ b

a

s2(s)|u′
2(s)|pds

)(p−1)/p(∫ b

a

s1(s)|u′
1(s)|pds

)1/p

.

(16)

So, we get

(∫ b

a

s1(t)|u′
1(t)|pdt

)(p−1)/p

≤ 2p−2

k2k1(b − a)p−1

∫ b

a

((t − a)(b − t))p−1 r1(t)dt

×
(∫ b

a

s2(s)|u′
2(s)|pds

)(p−1)/p

. (17)

Similarly, for the second equation of (12), we obtain

(∫ b

a

s2(t)|u′
2(t)|pdt

)(p−1)/p

≤ 2p−2

k1k2(b − a)p−1

∫ b

a

((t − a)(b − t))p−1 r2(t)dt

×
(∫ b

a

s1(s)|u′
1(s)|pds

)(p−1)/p

. (18)

Thus, we have

∫ b

a

((t − a)(b − t))p−1r1(t)dt

∫ b

a

((t − a)(b − t))p−1r2(t)dt ≥ (k2k1)
2((b − a)p−1)2

(2p−2)2
.(19)

Corollary 3.2 Assume si ∈ C1([a, b], (0,∞)), si(t) ≥ ki > 0, and ri = r ∈ C,
ki = k for i = 1, 2, . . . , n. If (u1, u2, . . . , un) is a positive solution of (12) then
we have

k2(b − a)p−1

2p−2
≤
∫ b

a

((t − a)(b − t))p−1r(t)dt. (20)
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4 Lyapunov inequality for coupled system of

one-dimensional p-Laplacian problem

Here, we consider the following coupled system

(s1(t)ϕp(u
′
1(t)))

′
+ r1(t) (ϕp(u1(t)) + ϕp(u2(t)) + . . . + ϕp(un(t))) = 0, t ∈ (a, b),

(s2(t)ϕp(u
′
2(t)))

′
+ r2(t) (ϕp(u1(t)) + ϕp(u2(t)) + . . . + ϕp(un(t))) = 0, t ∈ (a, b),

. . .

(sn(t)ϕp(u
′
n(t)))

′
+ rn(t) (ϕp(u1(t)) + ϕp(u2(t)) + . . . + ϕp(un(t))) = 0, t ∈ (a, b),

u1(a) = . . . un(a) = 0 = u1(b) = . . . = un(b), (21)

where ri ∈ C, si ∈ C1([a, b], (0,∞)), si(t) ≥ ki > 0, for i = 1, . . . , n . We can
give a definition for solution of (21) as the definition for a solution of (12) and
it is known that all positive solutions for (21) are of class C1(a, b).

Theorem 4.1 Let si ∈ C1([a, b], (0,∞)), si(t) ≥ ki > 0, M = max
i=1,... ,n

{1/ki},
ri ∈ C, i = 1, . . . , n. If (u1, u2, . . . , un) is a positive solution of (21) then

(b − a)p−1

(M + (n − 1)M2)2p−2
≤
∫ b

a

((t − a)(b − t))p−1r1(t)dt + . . . +

∫ b

a

((t − a)(b − t))p−1rn(t)dt.

(22)

Proof: As in proof of Theorem (3.1), we only show the case n = 2.

Multiplying the first equation of (21) by u1 and integrating on [a, b], and
using (10), (14), (15), we have

∫ b

a

s1(t)|u′
1(t)|pdt ≤

∫ b

a

r1(t)|u1|pdt +

∫ b

a

r1(t)|u2(t)|p−1|u1(t)|dt

≤ 2(p−2)

k1(b − a)(p−1)

∫ b

a

((t − a)(b − t))(p−1) r1(t)dt

∫ b

a

s1(s)|u′
1(s)|pds

+
2(p−2)

k2k1(b − a)(p−1)

∫ b

a

((t − a)(b − t))(p−1) r1(t)dt

×
(∫ b

a

s2(s)|u′
2(s)|p

)(p−1)/p

ds

(∫ b

a

s1(s)|u′
1(s)|p

)1/p

ds. (23)

Similarly, from the second equation of (21), we have
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∫ b

a

s2(t)|u′
2(t)|pdt ≤

∫ b

a

r2(t)|u2(t)|pdt +

∫ b

a

r2(t)|u1(t)|p−1|u2(t)|dt

≤ 2(p−2)

k2(b − a)(p−1)

∫ b

a

((t − a)(b − t))(p−1) r2(t)dt

∫ b

a

s2(s)|u′
2(s)|pds

+
2(p−2)

k2k1(b − a)(p−1)

∫ b

a

((t − a)(b − t))(p−1) r2(t)dt

×
(∫ b

a

s1(s)|u′
1(s)|p

)(p−1)/p

ds

(∫ b

a

s2(s)|u′
2(s)|p

)1/p

ds. (24)

Let us denote

X =

∫ b

a

s1(t)|u′
1(t)|pdt,

Y =

∫ b

a

s2(t)|u′
2(t)|pdt,

C1 =
2(p−2)

k1(b − a)(p−1)

∫ b

a

((t − a)(b − t))(p−1) r1(t)dt,

C2 =
2(p−2)

k2(b − a)(p−1)

∫ b

a

((t − a)(b − t))(p−1) r2(t)dt. (25)

From (23), (24) and (25) we have

X ≤ C1X +
1

k2

C1X
1/pY (p−1)/p,

Y ≤ C2Y +
1

k1
C2Y

1/pX(p−1)/p, (26)

respectively. Inequalities (26) implies

X ≤ C1(X + Y ) +
1

k2

C1

(
X1/pY (p−1)/p + Y 1/pX(p−1)/p

)
,

Y ≤ C2(X + Y ) +
1

k1

C2

(
X1/pY (p−1)/p + Y 1/pX(p−1)/p

)
, (27)

respectively. Therefore, we have

X + Y ≤ (C1 + C2)(X + Y ) +

(
1

k2
C1 +

1

k1
C2

)(
X1/pY (p−1)/p + Y 1/pX(p−1)/p

)
.

(28)

Since
(
X1/pY (p−1)/p + Y 1/pX(p−1)/p

) ≤ X + Y (see [7], page 38), we get

X + Y ≤ (C1 + C2)(X + Y ) +

(
1

k2
C1 +

1

k1
C2

)
(X + Y ). (29)
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Hence, we obtain

1 ≤ (M + M2)
2(p−2)

(b − a)(p−1)

(∫ b

a

((t − a)(b − t))(p−1) r1(t)dt

+

∫ b

a

((t − a)(b − t))(p−1) r2(t)dt

)
, (30)

where M = max
i=1,... ,n

{1/ki}.
Thus (30) can be rewritten by

∫ b

a

((t − a)(b − t))(p−1) r1(t)dt +

∫ b

a

((t − a)(b − t))(p−1) r2(t)dt ≥ (b − a)p−1

(M + M2)2p−2
.

(31)

Corollary 4.2 Assume si ∈ C1([a, b], (0,∞)), si(t) ≥ ki > 0, and ri = r ∈ C,
ki = k for i = 1, 2, . . . , n. If (u1, u2, . . . , un) is a positive solution of (21), then
we have

1

n/k + (n − 1)n/k2

(b − a)p−1

2p−2
≤
∫ b

a

((t − a)(b − t))p−1r(t)dt. (32)
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