Int. Journal of Math. Analysis, Vol. 5, 2011, no. 30, 1497 - 1506

Lyapunov Inequalities for Nonlinear
p-Laplacian Problems with Weight Functions
M. M. Rodrigues

Departamento de Matematica
Universidade de Aveiro
3810-193 Aveiro, Portugal
mrodrigues@ua.pt

Abstract

In this paper we obtain Lyapunov inequality estimates for a single,
cycled system and for a coupled system of p-Laplacian problems with
weight functions on the one-dimensional case.
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1 Introduction

Lyapunov inequalities have proved to be useful tools in oscillation theory, dis-
conjugacy, eigenvalue problems and numerous other applications in the theory
of differential and difference equations.

Eigenvalue problems for quasilinear operators of p-Laplace type have re-
ceived considerable attention in the last years (see, e.g., [1, 3, 4, 6]).

The spectral counting function for the weighted p-Laplacian in one dimen-
sion was studied by Bonder and Pinasco in [5].

For the study of qualitative nature of solutions to ordinary linear differential
equations, Lyapunov inequalities have proved to be useful tools.

The classical Lyapunov inequality states that, if r : [a,b] — R is a positive
continuous function and w is a solution of

—u"(z) = r(z)u(z), z € (a,b), ula)=u(b)=0

then the following inequality holds
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(see [9]).
In [11] Pinasco obtained Lyapunov inequality for one-dimensional p-Laplacian
problem

—([u'[""*u) = r(@®)]ul"?u, t € (a,b), u(a) = u(b) =0,

where p > 1 and r € C(]a, b], (0,00)) which is given by

ﬁg | e

with 1/p+1/¢ = 1.

There have been many studies for various types of differential equations.
Népoli and Pinasco proved a Lyapunov type inequality for a monotone quasi-
linear operators generalizing the p-Laplacian, see [10]. A Lyapunov type in-
equality for the case of partial differential equations which have weight function
in L' was proved by Canada, Montero and Villegas, see [2].

In [12], Inbo Sim and Young-Hoon Lee obtained Lyapunov inequalities for
a single equations as well as systems of one-dimensional p-Laplacian problems
with singular weight functions, and for this propose they considered three
specific classes of weight functions, i.e.,

(a+b)/2 (a+b)/2
A = {7“ € C((a,b),[0,00)) : / o5 (/ 7“(7')(17') ds

b s
+ / o, (/ T(T)dT) ds < oo} :
(a-+b)/2 (a+b)/2

where ¢, (y) = |y[P~?y,

b
B = {7" € C((a,b),[0,00)) : / (s —a)P H(b—s)P'r(s)ds < oo}
and
C = {reC((a,b),[0,00)): there are a, 5 > 0 such that a,, 3 < p— 1 and

/ab(s — a)*(b— $)Pr(s)ds < oo} |

Here, we consider the following nonlinear problem for p-Laplacian with two
weight functions

= (s(W)ep(' (1)) = r(t)op(ult)), t€ (a,b),
u(a) =u(b) =0 (1)
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where
ep(y) = lyI" %y, p > 1,
r € C([a,b], (0,0)),s € C*([a,b], (0,)), s(t) >k, for all t € [a,b] and k > 0.
The paper is organized as follows. Section (2) is devoted to estimate Lya-
punov inequality for a one-dimensional p-Laplacian problem like (1) when
r € ANB. In Section (3), we estimate Lyapunov inequality for cycled system
of one-dimensional p-Laplacian problem with » € C. At the end, in Section

(4), we obtain Lyapunov inequality for coupled system of one-dimensional p-
Laplacian problem when r € C.

2 Lyapunov inequality for a one-dimensional
p-Laplacian problem

In this section, we estimate Lyapunov inequality for (1).
Here, we assume r € AN B, s € C*([a, ], (0,00)) with s(t) > k, for all t €
la,b] and k£ > 0. Hence, the solution u of the problem (1) means that u €

Cla,b)NC*a, b], p,(u/(t)) is absolutely continuous in any compact subinterval
of (a,b).

Theorem 2.1 Letr € ANB, s € C([a,b], (0,00)) with s(t) >k > 0. If u is
a positive solution of (1) then the following inequality hold

k(b;p# < /a (t — a)p—l(b _ t)p_lr(t)dt. (2)

Proof: Integrating by parts (1) after multiplying both sides of (1) by u,
we obtain

b b
| soord = [ rouor )
Clearly, by using Holder’s inequality, we get
t t 1/p
ol < [ Welas < - ([ wers) @

For a <t < (a+0b)/2 which implies t —a < (2/(b—a))(t —a)(b—t), and from
(4) we obtain

(p=V/p [ platb)/2 L/p
u(t)] < (bfa(t—a)(b—t)) (/ ,u/(s)‘m) NG
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Thus, we have

(p-1) (a+b)/2
L 0 (/ |u'<s>|pds>. )

Similarly, by Holder’s inequality, we obtain

y</ [u'(s)|ds < (b—t)P~ 1>/p(/ [u'(s |pds) : (7)

For (a +b)/2 < t < b which implies b — ¢t < (2/(b — a))(t — a)(b — t) and
therefore from the previous inequality, we have

por < (;2ge-a0-0)" [, ers).

Adding the inequalities (6) and (8), we get

2t < (2 (- a0 -0) " (/ b Wepds). O

Let us remark that s(t) > k > 0, € [a, b].
Multiplying both sides of (9) by kr(t) and after some calculations, we have

(b;pi(i);_kr(t”u(t)’p < r@)((t—a)b—1t)"" (/a k\u’(s)]pds) '

< v (- - 0 ([ selras) 0o

Integrating (10) on [a, b] and using

b b
| sowora = [ rouora
(see (3)), we obtain

(b_a)p_l ’ P _
Coi— [ somora -

Therefore,

b—ap1

s ((t—a)(b—1t)"""dt (11)

IA
=3
@F
|
=
=
|
C’:
/\
T~
<
=
P
~—
=
IS
@
N————
~

which proves our result.
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3 Lyapunov inequality for cycled system of
one-dimensional p-Laplacian problem

This section is devoted for estimate Lyapunov inequality for cycled system of
one-dimensional p-Laplacian problem when r; € C, s; € C''([a, b], (0, 00)) with
si(t) > k;, for all t € [a,b] and k>0, fori=1,... ,n

Here, we consider the following cycled system

ur(a) = ... up(a) =0=wuy(b) = ... = u,(b) (12)

with u; € Cla,b] N Ca, b], ¢,(ui(t)) is absolutely continuous in any compact
subinterval of (a,b).

Theorem 3.1 Let s; € C'([a,b],(0,00)), si(t) > k; > 0, and r; € C, i =
oo ,mn If (ug, ug, . .., uy) is a positive solution of (12) then

Hzf O < [t apno... [ @ a6-op o
13

Proof: We will make the proof only for the case n = 2. The general case can
be proved by repeating the procedure that we will present below.
Taking into account (9) and (10), for i = 1,2, we obtain

2(p—2)(p—1)/p 12 b (p—1)/p
0P < e (= - ) ([Cseras)
(14

ie.,

o(p=2)/p

b 1/p
) < gy (€~ 00 =007 ([ soloras) . a9
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Integrating the first equation of (12) on [a, b] after multiplying by u; and using
(14), (15), we have

b b
/ sl P < / 1 (8) un (D)7 sy (1) dt

2r—2

< wriap | (@ ae= 0y ni

( / b sa(s) ’(s)lpds) m ( / b 81(8)|u'1(s)|pds) l/p,

(16)

X
=
)

So, we get

([Sl(t)wll(t)'pdt)(p_l)/p = kal(ip—Qa)pl /ab((t_“)(b_t))plﬁ(t)dt
([ wpara) " an

Similarly, for the second equation of (12), we obtain

(/abs2(t)|ul2(t)|pdt)(pWp = kle(ip—Qa)p—l /ab((t_“)(b_t))p_lw(t)dt

Thus, we have

[ = ao- 0y tnw [ (@ - a)e-or (k2k1)2<(2(zobz_>f ") (19)

Corollary 3.2 Assume s; € C*([a,b],(0,00)), si(t) > k; >0, and r; =1 €C,
ki=k fori=1,2,... n. If (ug,us, ... ,u,) is a positive solution of (12) then
we have

’f(’;;—_j)p < / ((t = a)(b— )P r(t)dt. (20)
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4 Lyapunov inequality for coupled system of
one-dimensional p-Laplacian problem

Here, we consider the following coupled system

!/

)+ 71() (ep(ur(t)) + p(ua(t)) + .- + p(un(t))) = 0, ¢ € (a,b),
(s2(8)2p (1 (1)) + a2 (t) (p(ua (1)) + pp(u2(t)) + ... + @p(un(t))) = 0, ¢ € (a,b),

where r; € C, s; € C'([a, 1], (0,00)), si(t) > k; >0, fori =1,... ,n . We can
give a definition for solution of (21) as the definition for a solution of (12) and
it is known that all positive solutions for (21) are of class C*(a, b).

goee

ri€C,i=1,... ,n. If (u1,ug, ... ,uy,) is a positive solution of (21) then
(b—a)yt b . b .
(M + (n — 1)M?2)2v-2 < /a (t —a)(b—t))Ptry(t)dt + ... +/a ((t —a)(b— )P r,(t)dt.
(22)

Proof: As in proof of Theorem (3.1), we only show the case n = 2.
Multiplying the first equation of (21) by w; and integrating on [a, b], and
using (10), (14), (15), we have

b b b
[ souora < [ n@prds [ n©laor ool
2(p—2) b

b
< W/a ((t_a)(b—t))(pl)rl(t)dt/ s1(s) [, (s)[Pds

(p—2) b @
" kﬂﬁé —a)-1) /a ((t —a)(b— t))(pil) r1(t)dt

([ somcor) M ([ somor) Vi oy

Similarly, from the second equation of (21), we have

X
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b b b
[ solspa < [ s+ [ @p

(p—2) b b
< e [, (=0 i [ saloteras
(r—2) b
* k2k1(z — &)(Pfl) /a ((t - &)<b - t))(pil) TQ(t)dt

X

Let us denote
b
X = / (O,
ab
vo— [ slgr

(p—2) b
@ = W/ ((t—a)(b—1))"" ry(t)dt,

(p—2) b
@ - W / ((t = a)(b—10)""V ra(t)dt. (25)

From (23), (24) and (25) we have
X < O X+ ]{%Cle/pY(pl)/p,
Yy < 02Y+%102Y1/pX(p1)/p, (26)
respectively. Inequalities (26) implies
X < OX+Y)+ %201 (Xl/py(pfl)/p + yl/px(pfl)/p) :
YV < Cy(X+Y)+ %102 (X ey e=Die  y /e x 0=D/p) | (27)
respectively. Therefore, we have

1 1
X+Y < (Ci+C)(X+Y)+ (k_cl + k_CQ) (Xl/py(pfl)/p + Yl/pX(pfl)/p) )
2 1
(28)
Since (X VY @=D/p 4 yUrxX®-1D/P) < X +V (see [7], page 38), we get

X+Y < (Ci+C)(X+Y)+ (%01 + %02) (X+Y). (29)

([ somicr) M ([ somor) RPN
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Hence, we obtain
b (p=1)
2 —
1< (M + M? b_apl ( (t—a)(b— )PV (t)dt

+ / ((t—a)(b—t)P m(t)dt), (30)

where M = max {1/k;}.

,...

Thus (30) can be rewritten by

/ ((t—a)(b— )"V r (t)dt + / ((t = a)(b— )PV ry(t)dt > (]\f;ﬂ%)};pz-
¢ ’ (31)
]

Corollary 4.2 Assume s; € C([a,b], (0,00)), s;(t) > k; >0, and r; =r € C,
ki=k fori=1,2,...,n. If (uy,us, ... ,u,) is a positive solution of (21), then
we have

1 (b—a)t b -
Ty P R g/a (t—a)b— )P 'r(t)dt.  (32)
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