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Abstract 
 

In this paper, the new concepts of 
subcompatibility and subsequential 
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point theorem. Our results extend and fuzzify 
the results of [1]. 
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1. Introduction 
 The concept of Fuzzy sets was initially investigated by Zadeh [17] as a 
new way to represent vagueness in everyday  life.  Subsequently, it was developed  
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by many authors and used in various fields.  To use this concept in Topology and  
Analysis, several researchers have defined Fuzzy metric space in various ways. In 
this paper we deal with the Fuzzy metric space defined by Kramosil and Michalek 
[8] and modified by George and  Veeramani [3]. Recently, Grebiec [4] has proved 
fixed point results for Fuzzy metric space. In the sequel, Singh and Chauhan [12] 
introduced the concept of compatible mappings of Fuzzy metric space and proved 
the common fixed point theorem. Using the concept of R-weak commutativity  of 
mappings, Vasuki [16] proved the fixed point theorems for Fuzzy metric space. 

 Recently in 2009, using the concept of subcompatible maps, Bouhadjera 
et. al. [1] proved common fixed point theorems. Using the concept of compatible 
maps of type (A), Jain et. al. [5] proved a fixed point theorem for six self maps in 
a fuzzy metric space. Using the concept of compatible maps of type (β), Jain et. 
al. [6] proved a fixed point theorem in Fuzzy metric space. In 2010 and 2011, 
Singh et. al. [13,14,15] proved fixed point theorems in Fuzzy metric space and 
Menger space using the concept of semi-compatibility, weak compatibility and 
compatibility of type (β) respectively.   

 In this paper, we introduce the new concepts of subcompatibility and 
subsequential continuity which are respectively weaker than occasionally weak 
compatibility and reciprocal continuity in Fuzzy metric space and estabilish a 
common fixed point theorem. Our results extend and fuzzify the results of [1]. 

 For the sake of completeness, we recall some definitions and known 
results in Fuzzy metric space. 

 

2. Preliminaries 
Definition 2.1. [9]  A binary operation * : [0, 1] × [0, 1] → [0, 1] is called a            
t-norm  if   ([0, 1], *) is an abelian topological monoid with unit 1 such that  
a * b ≤  c *d   whenever   a ≤  c   and   b ≤  d   for   a, b, c, d ∈ [0, 1]. 

 Examples of  t-norms are   a * b = ab     and   a * b = min{a, b}. 

Definition 2.2. [9]  The 3-tuple (X, M, *) is said to be a Fuzzy metric space if X is 
an arbitrary set, * is a continuous t-norm and M is a Fuzzy set in X2 × [0,∞) 
satisfying the following conditions : 

for all  x, y, z ∈ X   and  s, t > 0. 

(FM-1)  M(x, y, 0) = 0, 

(FM-2)  M(x, y, t) =1  for all t > 0  if and only if   x = y, 

(FM-3)  M (x, y, t) =  M (y, x, t), 
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(FM-4)  M(x, y, t) * M(y, z, s) ≤ M(x, z, t + s), 

(FM-5)  M(x, y, .) : [0, ∞) → [0, 1] is left continuous,   
(FM-6)  

t
lim
→∞

M(x, y, t) =1. 

 Note that M(x, y, t) can be considered as the degree of nearness between x 
and y with respect to t.  We identify x = y with M(x, y, t) = 1  for all t > 0. The 
following example shows that every metric space induces a Fuzzy metric space. 

Example 2.1. [9] Let (X, d) be a metric space.  Define a * b = min {a, b} and 
tM(x, y, t)

t d(x, y)
=

+
 for all x, y ∈ X  and all t > 0.  Then (X, M, *) is a Fuzzy 

metric space.  It is called  the Fuzzy metric space induced by d. 

Definition 2.3. [9]  A sequence {xn}  in a Fuzzy metric space  (X, M, *) is said to 
be  a Cauchy sequence   if and only if for each ε > 0,  t > 0, there exists   n0 ∈ N 
such that   M(xn, xm, t) > 1 - ε   for all  n, m ≥ n0.   

 The sequence {xn} is  said to converge  to a point x in X  if and only if  for 
each  ε > 0,  t > 0 there exists  n0 ∈ N  such that M(xn, x, t) > 1 - ε  for all n ≥ n0.  

 A Fuzzy metric space (X, M, *) is said to be complete if every Cauchy  
sequence in it converges to a point in it.  

Definition 2.4. [11] Self mappings A and S of a Fuzzy metric space                      
(X, M, *)  are said to be weakly commuting if  M(ASz, SAz, t) ≥  M(Az, Sz, t) for 
all z ∈X and t > 0. 

Definition 2.5. [12]  Self mappings A and S of a Fuzzy metric space                      
(X, M, *)  are said to be compatible  if and only  if  M(ASxn, SAxn, t) → 1 for all          
t > 0, whenever {xn} is a sequence in X such that Sxn, Axn → p  for some          
p in X as n → ∞. 

Definition 2.6. [16 ] Two mappings A and S of a Fuzzy metric space (X, M, *) 
are called reciprocally continuous if ASxn → Az and SAxn → Sz, whenever {xn} 
is a sequence in X such that Axn, Sxn → z for some z in X.  

 If A and S are both continuous, then they are obviously reciprocally 
continuous but converse is not true.  Moreover, in the setting of common fixed 
point theorems for compatible pair of mappings satisfying contractive conditions, 
continuity of one of the mappings A and S implies their reciprocal continuity but 
not conversely.  
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Definition 2.7. Suppose A and S be self mappings of a Fuzzy metric space  
(X, M, *).  A point x in X is called a coincidence point of A and S if and only if 
Ax = Sx. In this case, w = Ax = Sx is called a point of coincidence of A and S. 

Definition 2.8. [6] Self maps A and S of a Fuzzy metric space (X, M, *)  are said 
to be weakly compatible (or coincidentally commuting)  if they commute at their 
coincidence points, i.e.  if Ap = Sp for some  p∈ X then ASp = SAp.  

 It is easy to see that two compatible maps are weakly compatible but 
converse is not true.  

Definition 2.9. Self maps A and S of a Fuzzy metric space (X, M, *)  are said to 
be occasionally weakly compatible (owc)  if and only if there is a point x in X 
which is coincidence point of A and S at which A and S commute.  

 In this paper, we weaken the above notion by introducing a new concept 
called subcompatibility just as defined by Bouhadjera et. al. [1] in metric space as 
follows : 

Definition 2.10. Self mappings A and S of a Fuzzy metric space (X, M, *)  are 
said to be subcompatible  if  there exists a sequence {xn} in X such that   

n
lim

→∞
Axn =  

n
lim

→∞
 Sxn = z, z ∈ X and satisfy  

n
lim

→∞
 M(ASxn, SAxn, t) = 1. 

 Obviously, two owc maps are subcompatible, however the converse is not 
true in general.  

 Now, our second objective is to introduce subsequential continuity in 
Fuzzy metric space which weaken the concept of reciprocal continuity which was 
introduced by Pant et. al.  [10] just as introduced by Bouhadjera et. al. [1] in 
metric space, as follows : 

Definition 2.11. Self mappings A and S of a Fuzzy metric space (X, M, *)  are  
said to be subsequentially continuous  if and only if there exists a sequence {xn} 
in X such that  

n
lim

→∞
 Axn =  

n
lim

→∞
 Sxn = z, z ∈ X and satisfy 

n
lim

→∞
 ASxn = At and  

n
lim

→∞
 SAxn = St. 

 Clearly, if A and S are continuous or reciprocally continuous then they are 
obviously subsequentially continuous. However, the converse is not true in 
general. 

Lemma 2.1. [5] Let {xn} be a sequence in a Fuzzy metric space (X, M, *).  If 
there exists a number k ∈ (0, 1) such that 

 M(xn, xn+1, kt)  ≥  M(xn-1, xn, t)  ∀  t > 0   and  n ∈ N.  
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Then {xn} is  a Cauchy sequence in X. 

Lemma 2.2. [2] Let  (X, M, *) be a Fuzzy metric space.  If there exists                       
k ∈ (0, 1) such that for all x, y ∈ X      

 M(x, y, kt)   ≥  M(x, y, t) ∀  t > 0 

then  x = y. 

 

3.  Main Result 

Theorem 3.1. Let A, B, S  and T be four self maps of Fuzzy metric space  
(X, M, *)  with  continuous t-norm * defined by t * t ≥ t for all t ∈ [0, 1]. If  the 
pairs (A, S) and (B, T) are subcompatible and subsequentially continuous, then 

(a) A and S have a coincidence point. 

(b) B and T have a coincidence point. 

Further, let for all x, y in X, k ∈ (0, 1), t > 0 

(c) M(Ax, By, kt) ≥ M(Sx, Ty, t) * M(Ax, Sx, t) * M(By, Ty, t)  

     * M(By, Sx, 2t) * M(Ax, Ty, t). 

Then A, B, S and T have a unique common fixed point.    

Proof : Since the pairs (A, S) and (B, T) are subcompatible and subsequentially 
continuous, then there exists two  sequences {xn} and {yn} in X such that 

  
n
lim

→∞
Axn =  

n
lim

→∞
 Sxn = z, z ∈ X and  satisfy 

  M(ASxn, SAxn, t) = M(Az, Sz, t) = 1 ; 

  
n
lim

→∞
Byn=  

n
lim

→∞
Tyn  = z',  z' ∈ X and which satisfy 

  M(BTyn, TByn, t) = M(Bz', Tz', t) = 1. 

Therefore, Az  = Sz   and  Bz' = Tz'; that is, z is a coincidence point of A and S 
and z' is a coincidence point of B and T. 

Now, we prove z = z'. 

Put x = xn and y = yn in inequality (c), we get 

M(Axn, Byn, kt) ≥ M(Sxn, Tyn, t) * M(Axn, Sxn, t) * M(Byn, Tyn, t)  
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     * M(Byn, Sxn, 2t) * M(Axn, Tyn, t). 

Taking the limit as n → ∞, we get 

     M(z, z', kt) ≥ M(z, z', t) * M(z, z, t) * M(z', z', t) * M(z', z, 2t) * M(z, z', t) 

⇒ M(z, z', kt) ≥ M(z, z', t). 

By lemma 2.2, we have 

 z = z'. 

Again, we claim that Az = z. 

Substitute x = z and y = yn in inequality (c), we get 

      M(Az, Byn, kt) ≥ M(Sz, Tyn, t) * M(Az, Sz, t) * M(Byn, Tyn, t)  

     * M(Byn, Sz, 2t) * M(Az, Tyn, t). 

Taking the limit as n → ∞, we get 

     M(Az, z', kt) ≥ M(Az, z', t) * M(Az, Az, t) * M(z', z', t) 

      * M(z', Az, 2t) * M(Az, z', t) 

⇒ M(Az, z', kt) ≥ M(Az, z', t). 

By lemma 2.2, we have 

 Az = z' = z. 

Again, we claim that Bz = z. 

Substitute x = z and y = z in inequality (c), we get 

  M(Az, Bz, kt) ≥ M(Sz, Tz, t) * M(Az, Sz, t) * M(Bz, Tz, t)  

     * M(Bz, Sz, 2t) * M(Az, Tz, t) 

    M(z, Bz, kt) ≥ M(z, Bz, t) * M(Az, Az, t) * M(Bz, Bz, t)  

     * M(Bz, z, 2t) * M(z, Bz, t) 

⇒ M(z, Bz, kt) ≥ M(z, Bz, t). 

By lemma 2.2, we have 

 z = Bz = Tz. 
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Therefore, z =  Az = Bz = Sz = Tz; that is z is common fixed point of A, B, S and 
T. 

Uniqueness :  Let w be another common fixed point  of A, B, S and T.  
Then  Aw =  Bw = Sw = Tw = w. 

 Put  x = z  and  y = w in inequality (c), we get 

M(Az, Bw, kt) ≥ M(Sz, Tw, t) * M(Az, Sz, t) * M(Bw, Tw, t)  

    * M(Bw, Sz, 2t) * M(Az, Tw, t). 

⇒  M(z, w, kt) ≥ M(z, w, t). 

Hence, by lemma 2.2, we have 

 z = w. 

Therefore, uniqueness follows. 

If we take S = T in theorem 3.1, we get the following result: 

Corollary 3.1.  Let A, B and S be three self maps of Fuzzy metric space  
(X, M, *)  with  continuous t-norm * defined by t * t ≥ t for all t ∈ [0, 1]. If  the 
pairs (A, S) and (B, S) are subcompatible and subsequentially continuous, then 

(d) A and S have a coincidence point. 

(e) B and S have a coincidence point. 

Further, let for all x, y in X, k ∈ (0, 1), t > 0 

(c) M(Ax, By, kt) ≥ M(Sx, Sy, t) * M(Ax, Sx, t)  

    * M(By, Sy, t) * M(By, Sx, 2t) * M(Ax, Sy, t). 

Then A, B and S have a unique common fixed point.   

ACKNOWLEDGEMENT : Authors are thankful to the referee for his valuable 
comments.  

 
REFERENCES 
1. H. Bouhadjera and C. Godet-Thobie, Common fixed point theorems for 

pairs of subcompatible maps, arXiv:0906.3159v1 [math.FA] 17 June 2009. 
2. Y.J. Cho, Fixed point in Fuzzy metric space, J. Fuzzy Math. 5(1997),  949-

962. 



1308                                                                     B. Singh, A. Jain and A. A. Wani 

 
 
3. A. George and P. Veeramani, On some results in Fuzzy metric spaces, 

Fuzzy Sets and Systems 64 (1994),  395-399. 
4. M. Grebiec, Fixed points in Fuzzy metric space, Fuzzy sets and systems, 

27(1998), 385-389. 
5.  A. Jain  and B. Singh, A fixed point theorem for compatible mappings of 

type (A) in fuzzy metric space, Acta Ciencia Indica, Vol. XXXIII M, No. 
2(2007), 339-346. 

6. A. Jain, M. Sharma and B. Singh, Fixed point theorem using compatibility 
of type (β) in Fuzzy metric space, Chh. J. Sci. & Tech., Vol. 3 & 4, (2006-
2007), 53-62. 

7. G. Jungck  and B.E. Rhoades, Fixed points for set valued functions without 
continuity, Indian J. Pure Appl. Math. 29(1998), 227-238. 

8. I. Kramosil and J. Michalek, Fuzzy metric and statistical metric spaces, 
Kybernetica 11 (1975), 336-344. 

9. S.N. Mishra, N. Mishra and S.L. Singh, Common fixed point of maps  in 
fuzzy metric space, Int. J. Math. Math. Sci. 17(1994), 253-258. 

10. R. P. Pant and K. Jha, A remark on common fixed points of four mappings 
in a fuzzy metric space, J. Fuzzy Math. 12 (2), (2004), 433-437. 

11. S. Sessa, On a weak commutativity condition of mappings in fixed point 
considerations, Publ. Inst. Math. (Beogard) (N.S.), 32(46) (1982), 149-153. 

12. B. Singh and M.S. Chouhan, Common fixed points of compatible maps in 
Fuzzy metric spaces, Fuzzy sets and systems, 115 (2000), 471-475. 

13. B. Singh, A. Jain  and A.K. Govery, Compatibility of type (β) and fixed 
point theorem in fuzzy metric space, Applied Mathematical Sciences 5(11), 
(2011), 517-528. 

14. B. Singh, A. Jain and B. Lodha, On common fixed point theorems for semi-
compatible mappings in Menger space, Commentationes Mathematicae, 50 
(2), (2010), 127-139. 

15. B. Singh, A. Jain and A.A. Masoodi, Semi-compatibility, weak 
compatibility and fixed point theorem  in fuzzy metric space, International 
Mathematical Forum, 5(61), (2010), 3041-3051. 

16. R. Vasuki, Common fixed points for R-weakly commuting maps in Fuzzy 
metric spaces, Indian J. Pure Appl. Math. 30(4), (1999), 419-423. 

17. L. A. Zadeh, Fuzzy sets, Inform. and control 89 (1965), 338-353. 
 
 
Received: November, 2010 


