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Abstract

In the paper we study the comparative growth properties of entire
functions on the basis of relativeL−(p, q) th order where p, q are positive
integers and p > q. A few results in the form of remarks on the basis
of minimum modulus of entire functions have also been stated in this
paper.
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1 Introduction, Definitions and Notations.

Let f and g be two entire functions and

F (r) = max{|f(z)| : |z| = r}, G(r) = max{|g(z)| : |z| = r}.
If f is non-constant then F (r) is strictly increasing and continuous and its

inverse

F−1 : (|f(0)| ,∞) → (0,∞)

exists and is such that

lim
s→∞

F−1(s) = ∞.

Bernal [2] introduced the definition of relative order of f with respect to g,
denoted by ρg(f) as follows:

ρg(f) = inf {μ > 0 : F (r) < G(rµ) for all r > r0(μ) > 0}

= lim sup
r→∞

log G−1F (r)

log r
.

The definition coincides with the classical one [5] if

g(z) = exp z

Similarly one can define the relative lower order of f with respect to g
denoted by λg(f) as follows :

λg(f) = lim inf
r→∞

log G−1F (r)

log r
.

Juneja, Kapoor and Bajpai [4] defined the (p, q)th order and (p, q)th lower
order of an entire function f respectively as follows :

ρf(p, q) = lim sup
r→∞

log[p+1] M(r, f)

log[q+1] r
and λf (p, q) = lim inf

r→∞
log[p+1] M(r, f)

log[q+1] r
.
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where p, q are positive integers and p > q.
So with the help of the above notion one can easily define the relative

(p, q)th order and relative (p, q)th lower order of entire functions.
Definition 1. The relative (p, q)th order ρf

g (p, q) and the relative (p, q)th

lower order λf
g (p, q) of an entire function f with respect to another entire

function g are defined as

ρf
g (p, q) = lim sup

r→∞

log[p] G−1F (r)

log[q] r
and λf

g (p, q) = lim inf
r→∞

log[p] G−1F (r)

log[q] r
,

where p, q are positive integers and p > q.
In the paper we establish some results on the comparative growth properties

of entire functions on the basis of relative (p, q)th order and relative (p, q)th
lower order where p, q are positive integers with p > q. We do not explain the
standard definitions and notations in the theory of entire functions as those
are available in [6].

In the sequel we use the following notations :

log[k] x = log(log[k−1] x) for k = 1, 2, 3, ......and log[0] x = x.

In order to develop our results we shall need various kinds of measures and
densities for sets of points on the positive axis. Let E be such a set and let
E[a, b] denote the part of E for which a < r < b. The linear and logarithmic
measures of E are defined to be

m(E) =
∫

E

dr and lm(E) =
∫

E(1,∞)

dr

r
respectively.

These may be finite or infinite. We also define the lower and upper densities
of E by

dens E(upper) = lim sup
r→∞

m(E(0, r))

r

and dens E(lower) = lim inf
r→∞

m(E(0, r))

r

and also the upper and lower logarithmic densities of E by

log densE(upper) = lim sup
r→∞

lim (E(1, r))

log r
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and log densE(lower) = lim inf
r→∞

lim (E(1, r))

log r
.

Also let f(r) = m(r, f) = inf
|z|=r

|f(z)|

which is known as the minimum modulus of an entire function f. In the
paper we also estimate some comparative growth properties of composite entire
functions in terms of their minimum modulus. In fact all the definitions in the
paper can also be stated in terms of minimum modulus on a set of logarithmic
density 1.

2 Lemma

In this section we present a lemma which will be needed in the sequel.
Lemma 1{[1], [3]}. Let f(z) be an entire function such that

lim sup
r→∞

log M(r, f)

(log r)2
≤ c <

1

4e
.

If 0 < 4ec < δ < 1 then outside a set of upper logarithmic density at most δ,

m(r, f)

M(r, f)
> k(δ, c) =

1 − 2.2τ

1 + 2.2τ
where τ = exp { − δ/(4ec)}.

If in particular c = 0 then

m(r, f)

M(r, f)
→ 1 as r → ∞

on a set of logarithmic density 1.

3 Theorems.

In this section we present the main results of the paper.
In the following theorems we see the application of relative (p, q)th order

and relative (p, q)th lower order in the growth properties of entire functions
where p, q are positive integers with p > q.

Theorem 1. Let f, g and h be three entire functions such that

0 < λf
g (p, q) ≤ ρf

g (p, q) < ∞
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and 0 < λh
g(m, q) ≤ ρh

g (m, q) < ∞

where p, q, m are positive integers with p > q and m > q. Then

λf
g (p, q)

ρh
g (m, q)

≤ lim inf
r→∞

log[p] G−1F (r)

log[m] G−1H(r)
≤ λf

g (p, q)

λh
g (m, q)

≤ lim sup
r→∞

log[p] G−1F (r)

log[m] G−1H(r)
≤ ρf

g (p, q)

λh
g (m, q)

.

Proof. From the definition of relative (p, q)th order and relative (p, q)th
lower order we have for arbitrary positive ε and for all large values of r,

log[p] G−1F (r) ≥ (λf
g (p, q) − ε) log[q] r (1)

and

log[m] G−1H(r) ≤ (ρh
g (m, q) + ε) log[q] r. (2)

Now from (1) and (2) it follows for all large values of r,

log[p] G−1F (r)

log[m] G−1H(r)
≥ λf

g (p, q) − ε

ρh
g (m, q) + ε

.

As ε(> 0) is arbitrary, we obtain that

lim inf
r→∞

log[p] G−1F (r)

log[m] G−1H(r)
≥ λf

g (p, q)

ρh
g (m, q)

. (3)

Again for a sequence of values of r tending to infinity,

log[p] G−1F (r) ≤ (λf
g (p, q) + ε) log[q] r (4)

and for all large values of r,

log[m] G−1H(r) ≥ (λh
g(m, q) − ε) log[q] r. (5)

So combining (4) and (5) we get for a sequence of values of r tending to
infinity,
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log[p] G−1F (r)

log[m] G−1H(r)
≤ λf

g (p, q) + ε

λh
g (m, q) − ε

.

Since ε(> 0) is arbitrary it follows that

lim inf
r→∞

log[p] G−1F (r)

log[m] G−1H(r)
≤ λf

g (p, q)

λh
g (m, q)

. (6)

Also for a sequence of values of r tending to infinity,

log[m] G−1H(r) ≤ (λh
g (m, q) + ε) log[q] r. (7)

Now from (1) and (7) we obtain for a sequence of values of r tending to
infinity,

log[p] G−1F (r)

log[m] G−1H(r)
≥ λf

g (p, q) − ε

λh
g (m, q) + ε

.

Choosing ε → 0 we get that

lim sup
r→∞

log[p] G−1F (r)

log[m] G−1H(r)
≥ λf

g (p, q)

λh
g(m, q)

. (8)

Also for all large values of r,

log[p] G−1F (r) ≤ (ρf
g (p, q) + ε) log[q] r. (9)

So from (5) and (9) it follows for all large values of r,

log[p] G−1F (r)

log[m] G−1H(r)
≤ ρf

g (p, q) + ε

λh
g (m, q) − ε

.

As ε(> 0) is arbitrary we obtain that

lim sup
r→∞

log[p] G−1F (r)

log[m] G−1H(r)
≤ ρf

g (p, q)

λh
g(m, q)

. (10)

Thus the theorem follows from (3), (6), (8) and (10).
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Remark 1. Under the same conditions stated in Theorem 1, the conclusion
of the theorem can also be drawn with the help of Lemma 1 in terms of
f(r), g(r) and h(r) instead of F (r), G(r) and H(r) respectively on a set of
logarithmic density 1.

Theorem 2. Let f, g, h be three entire functions with

0 < λf
g (p, q) ≤ ρf

g (p, q) < ∞ and 0 < ρh
g(m, q) < ∞

where p, q, m are positive integers with p > q and m > q. Then

lim inf
r→∞

log[p] G−1F (r)

log[m] G−1H(r)
≤ ρf

g (p, q)

ρh
g (m, q)

≤ lim sup
r→∞

log[p] G−1F (r)

log[m] G−1H(r)
.

Proof. From the definition of relative (p, q)th order we get for a sequence
of values of r tending to infinity,

log[m] G−1H(r) ≥ (ρh
g (m, q) − ε) log[q] r. (11)

Now from (9) and (11) it follows for a sequence of values of r tending to
infinity,

log[p] G−1F (r)

log[m] G−1H(r)
≤ ρf

g (p, q) + ε

ρh
g (m, q) − ε

.

As ε(> 0) is arbitrary we obtain that

lim inf
r→∞

log[p] G−1F (r)

log[m] G−1H(r)
≤ ρf

g (p, q)

ρh
g (m, q)

. (12)

Again for a sequence of values of r tending to infinity,

log[p] G−1F (r) ≥ (ρf
g (p, q) − ε) log[q] r. (13)

So combining (2) and (13) we get for a sequence of values of r tending to
infinity,

log[p] G−1F (r)

log[m] G−1H(r)
≥ ρf

g (p, q) − ε

ρh
g (m, q) + ε

.
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Since ε(> 0) is arbitrary it follows that

lim sup
r→∞

log[p] G−1F (r)

log[m] G−1H(r)
≥ ρf

g (p, q)

ρh
g (m, q)

. (14)

Thus the theorem follows from (12) and (14).
Remark 2. Under the same hypothesis stated in Theorem 2, the con-

clusion of the theorem can also be deduced in view of Lemma 1 in terms of
f(r), g(r) and h(r) instead of F (r), G(r) and H(r) respectively on a set of
logarithmic density 1.

The following theorem is a natural consequence of Theorem 1 and Theorem
2.

Theorem 3. Let f, g, h be three entire functions with

0 < λf
g (p, q) ≤ ρf

g (p, q) < ∞ and 0 < λh
g (m, q) ≤ ρh

g (m, q) < ∞

where p, q, m are positive integers with p > q and m > q. Then

lim inf
r→∞

log[p] G−1F (r)

log[q] G−1H(r)
≤ min { λf

g (p, q)

λh
g (m, q)

,
ρf

g (p, q)

ρh
g (m, q)

}

≤ max { λf
g (p, q)

λh
g(m, q)

,
ρf

g (p, q)

ρh
g (m, q)

} ≤ lim sup
r→∞

log[p] G−1F (r)

log[q] G−1H(r)
.

The proof is omitted.
Remark 3. Under the same conditions stated in Theorem 3, the conclusion

of the theorem can also be drawn with the help of Lemma 1 in terms of
f(r), g(r) and h(r) instead of F (r), G(r) and H(r) respectively on a set of
logarithmic density 1.

REFERENCES

[1] P.D. Barry, The minimum modulus of small integral and subharmonic
functions, Proc. London Math. Soc., Vol. 3, No. 12(1962), pp. 445-495.

[2] L. Bernal, Orden relative de crecimiento de funciones enteras , Collect.
Math., 39 (1988), pp. 209-229.

[3] W. K. Hayman, The local growth of power series: a survey of the
Wiman-Valiron method, Canad. Math. Bull., Vol. 17, No. 3(1974), pp.
317-358.



Relative (p, q)th order and related growth estimates 1125

[4] O. P. Juneja, G.P. Kapoor and S. K. Bajpai, On the (p, q)-order and
lower (p, q)-order of an entire function, J. Reine Angew. Math., 282 (1976),
pp. 53-67.

[5] E.C. Titchmarsh, The Theory of Functions, 2nd ed. Oxford University
Press, Oxford, 1968.

[6] G. Valiron, Lectures on the General Theory of Integral Functions,
Chelsea Publishing Company, 1949.

Received: October, 2010


