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Abstract

The aim of this paper is to prove the global existence in time of
classical solutions for reaction-diffusion systems with strong coupling in
the diffusion and without any growth conditions on the nonlinear reac-
tive terms. This extends some similar results in the case of a diagonal
diffusion-operator associated with nonlinearities preserving the positiv-
ity and the total mass of the solutions or for which the total mass is a
priori bounded.
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1 Introduction

In this study, we are interested in global existence of classical solutions to the
following reaction-diffusion system

∂u

∂t
− aΔu = λ− f(u, v) − μu in (0,+∞) × Ω, (1.1)

∂v

∂t
− cΔu− dΔv = g(u, v)− μv in (0,+∞) × Ω, (1.2)

where Ω is an open bounded domain of class C1 in R
n with boundary ∂Ω, the

constants a, c, d, λ, μ are such that

(A1) a > 0, d > 0, d > a, 2
√
ad > c > 0, λ ≥ 0 and μ > 0,
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and the functions f , g are nonnegative continuously differentiable functions on
[0,+∞) × [0,+∞) such that

(A2) f(0, η) = 0 and g(ξ, c
d−a

(λ
μ
− ξ)) ≥ c

d−a
f(ξ, c

d−a
(λ

μ
− ξ)),

(A3) g(ξ, η) ≤ ψ(η)f(ξ, η),
where ψ is a nonnegative continuously differentiable function on [0,+∞)
such that there exists a positive constant β satisfying lim

η→+∞
ηβψ(η) = �

where � is a nonnegative constant.

We assume that there is no flux through the boundary, i.e., we impose Neu-
mann boundary conditions

∂u

∂ν
=
∂v

∂ν
= 0 on (0,+∞) × ∂Ω, (1.3)

where ∂
∂ν

is the outward normal derivative to ∂Ω.
We also prescribe initial values

u(0, x) = u0(x), v(0, x) = v0(x) in Ω, (1.4)

where u0, v0 are nonnegative and bounded functions satisfying the following
restrictions

‖u0‖∞ ≤ λ

μ
, (1.5)

v0 ≥ c

d− a
(
λ

μ
− u0). (1.6)

The problem (1.1)–(1.4) may be viewed as a diffusive epidemic model where
u and v represent the nondimensional population densities of susceptibles and
infectives, respectively. This problem can be represent a model describing the
spread of an infection disease (such as AIDS for instance) within a population
assumed to be divided into the susceptible and infective classes as precised (for
further motivation see for instance [5, 6, 9] and the references therein).

In the case, where λ = μ = 0, Kouachi and Youkana [17] generalized
the method of Haraux and Youkana [11] with the reaction terms f(u, v) =
μ1F (u, v) and g(u, v) = μ2F (u, v) with F (u, v) ≥ 0, requiring the condition

lim
η→+∞

ln (1 + F (ξ, η))

η
< α∗ for any ξ ≥ 0,

with

α∗ =
2ad

n(a− d)2 ‖u0‖∞
min

{
μ1

μ2
,
a− d

c

}
,
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where a, d satisfy a > d and c, μ1, μ2 are positive constants. This condition
reflects the weak exponential growth of the function F .

In [14] J. I. Kanel and M. Kirane proved the global existence of classical
solutions for a coupled reaction-diffusion system without any conditions on the
growth of the reaction terms under these conditions

• a > d and c ≥ d− a > 0,

• g(ξ, η) = f(ξ, η) = F (ξ)G(η).

Later they improved their results in [15] where they extended the result of
Herrero et al [13] to the case of a bounded domain under the following as-
sumptions

• a < d and 0 ≤ c < d− a,

• g(ξ, η) = f(ξ, η) ≤ Cϕ(ξ)eαη, for some C > 0, α > 0 and any non-
negative continuous and locally Lipschitzian function ϕ on R such that
ϕ(0) = 0.

In the case, where λ ≥ 0 and μ > 0, we proved in [23] the global exis-
tence of classical solutions for a coupled reaction-diffusion system under these
conditions

• g(ξ, η) = f(ξ, η) when c ≥ d− a > 0 ,

• g(ξ, η) = f(ξ, η) ≤ Cϕ(ξ)eαη, for some C > 0, α > 0 when 0 ≤ c <
d−a, where ϕ is any nonnegative continuously differentiable function on
[0,+∞) such that ϕ(0) = 0.

We note that the resolution of the problem (1.1)–(1.4) is quite more diffi-
cult. As a consequence of the blow-up examples found in [22], we can prove
that there is blow-up of the solutions in finite time for such triangular systems
even though the initial data are regular, the solutions are positive and the
nonlinear terms are negative, a structure that ensured the global existence in
the diagonal case.

The present investigation is a continuation work of that obtained in [23].
In this study, we will prove the existence of global classical solutions of the
problem (1.1)–(1.4) without any restrictions on the growth of the function
g but with a condition on the structure of the functions f and g. For this
purpose, we demonstrate that for any initial conditions satisfying (1.5) and
(1.6), the problem (1.1)–(1.4) is equivalent to a problem for which the global
existence follows from a simple application of comparison theorem (Theorem
10.1 in [26]) under the assumptions (A1)-(A3).
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2 Existence of local and positive solutions

The study of local existence and uniqueness of solutions (u, v) of the problem
(1.1)–(1.4) follows from the basic existence theory for parabolic semilinear
equations (see, e.g., [2, 8, 12, 21]). As a consequence, for any initial data in
C(Ω) or L∞(Ω) there exists a T ∗ ∈ (0,+∞] such that (1.1)–(1.4) has a unique
classical solution on [0, T ∗) × Ω. Furthermore, if T ∗ < +∞, then

lim
t↑T∗

(‖u(t)‖∞ + ‖v(t)‖∞) = +∞.

Therefore, if there exists a positive constant C such that

‖u(t)‖∞ + ‖v(t)‖∞ ≤ C ∀t ∈ [0, T ∗),

then, T ∗ = +∞.

Since the initial conditions satisfying (1.5) and (1.6), then under the as-
sumptions (A1) and (A2), the next lemma says that the classical solution of
the problem (1.1)–(1.4) on [0, T ∗) × Ω remains nonnegative on [0, T ∗) × Ω.

Lemma 2.1. Suppose that the assumptions (A1) and (A2) are satisfied. Then
for any initial conditions u0 and v0 satisfying (1.5) and (1.6), the classical so-
lution (u, v) of the problem (1.1)–(1.4) on [0, T ∗) × Ω such that

0 ≤ u ≤ λ

μ
, v ≥ c

d− a
(
λ

μ
− u).

Proof. In the system (1.1)–(1.2) the change of functions

w = v − c
d−a

(λ
μ
− u),

F (u, w) = f(u, v),
G(u, w) = g(u, v)− c

d−a
f(u, v).

leads to the system of the form

∂u

∂t
− aΔu = λ− F (u, w)− μu in (0,+∞) × Ω, (2.1)

∂w

∂t
− dΔw = G(u, w)− μw in (0,+∞) × Ω, (2.2)

with the boundary conditions

∂u

∂ν
=
∂w

∂ν
= 0, on (0,+∞) × ∂Ω, (2.3)

and the initial conditions

u(0, x) = u0(x), w(0, x) = w0(x) in Ω, (2.4)
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If we assume that (A1) and (A2) are satisfied, then a simple application of
comparison theorem (Theorem 10.1 in [26]) to system (2.1)–(2.2) implies that
for any initial conditions u0 and v0 satisfying (1.5) and (1.6), we have

0 ≤ u(t, x) ≤ λ

μ
, v(t, x) ≥ c

d− a
(
λ

μ
− u(t, x)) ∀(t, x) ∈ [0, T ∗) × Ω.

This completes the proof.

3 Existence of global solutions

It is clear that to prove the global existence of solutions for the problem (1.1)–
(1.4) we need to prove it for the problem (2.1)–(2.4).

The main result is stated in the following theorem.

Theorem 3.1. Under the assumptions (A1)-(A3) and the restrictions (1.5)
and (1.6), the solutions of the problem (1.1)–(1.4) are global and uniformly
bounded on [0,+∞) × Ω.

Before proving this theorem we first need the following lemma.

Lemma 3.2. Let (u, w) be a solution of (2.1)–(2.4) on [0, T ∗)×Ω, then under
the assumptions (A1)-(A3), there exists a positive constant C such that

G(u(t, x), w(t, x)) ≤ C ∀(t, x) ∈ [0, T ∗) × Ω. (3.1)

Proof. According to the assumption (A3), we have

G(u, w) ≤
(
ψ(v) − c

d− a

)
f(u, v).

Since ηβψ(η) goes to � as η → +∞, there exists a positive constant η0 such
that (

ψ(η) − c

d− a

)
f(ξ, η) ≤ 0 ∀(ξ, η) ∈ [0,

λ

μ
] × (η0,+∞).

On the other hand, if (ξ, η) ∈ [0, λ
μ
] × [0, η0], then the continuous function

(ξ, η) 
−→
(
ψ(η) − c

d− a

)
f(ξ, η)

is bounded. So that (3.1) immediately follows.

We proceed now to the proof of Theorem 3.1.
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Proof of Theorem 3.1. Since

0 ≤ u(t, x) ≤ λ

μ
∀(t, x) ∈ [0, T ∗) × Ω,

then the problem of global existence reduces to establish the uniform bound-
edness of w on [0, T ∗).
Using the Lemma 3.2 and the comparison theorem (Theorem 10.1 in [26]), we
get

0 ≤ w(t, x) ≤ max(‖w0‖∞, C
μ

) ∀(t, x) ∈ [0, T ∗) × Ω.

This completes the proof of Theorem 3.1.
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