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1 Introduction

The notion as a space of coefficients, natural isomorphism, close bases and etc.
are known well from theory of bases. One may be acquainted with these notion
for example in the books [7;12-14]. These notion are related with the notion
of bases (of Schauder). Naturally, there arises a question if we can refer them
to the systems that generally speaking are not bases. In principle, they play
an important role in theory of wavelet analysis (see f.i.[5]) do which recently
there is a great interest in connection with applications in different fields of
natural science.

The theorems on basicity of close in this or another sense systems in Banach
spaces play a special role for establishing basicity. Apparently, this method
originates in the paper of Paley-Wiener [15] on a Riesz basicity of a perturbed
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system of exponents. In the sequel in this direction considerable results were
obtained and different generalizations of the Paley-Wiener theorem were sug-
gested. One can find these or other informations in the review paper [11] and
in the monographs [12-14]. One variant of closeness of systems in Hilbert space
L2 of functions retaining the basicity property was suggested in [10].

The present paper is devoted to the problems mentioned above. A notion of
degenerate system is introduced. The notion of a space of coefficients, natural
isomorphism are taken to these systems. The criteria of basicity of degenerate
systems are given. New variants of closeness of systems in Banach spaces
retaining the basicity property are suggested. In particular, all the results of
the paper [10] are obtained from them. It should be noted that the results of
the papers [2-4;9] are closely border with the considered questions.

1 . Some general facts and a degenerate systems
We’ll need some facts from the theory of bases in Banach spaces. By

L(X; Y ) we denote a Banach space of bounded operators acting from X to
Y . Accept L(X) ≡ L(X; X). Let {xn}n∈N be a bases in X. Im− a range
of values of the operator. If T ∈ L(X; Y ) is invertible, then {Txn}n∈N also
makes a bases in Y with the same space of coefficients of {xn}n∈N .

Now, let F ∈ L(X; Y ) be a Fredholm operator, {xn}n∈N ⊂ X be a complete
and minimal system in X and yn = Fxn, ∀n ∈ N . If F is invertible, then it is
clear that {yn}n∈N is also complete and minimal in Y. Recall that the system
{yn}n∈N is said to be ω-linear independent in Y , if

∑∞
n=1 anyn = 0 is possible

only for an = 0, ∀n ∈ N . It is easy to see that if F is invertible, then {yn}n∈N

is ω-linear independent. Conversely, assume that {yn}n∈N is complete in Y .
Take ϕ∗ ∈ KerF ∗ and consider:

0 = (F ∗ϕ∗)xn = ϕ∗(Fxn) = ϕ∗(yn), ∀n ∈ N.

From the completeness of {yn}n∈N we get that ϕ∗ = 0, i.e. KerF ∗ = {0}.
Consequently, F is invertible and so {yn}n∈N is also minimal and ω-linear
independent in Y . Further, it is clear that ImF is closed in Y,moreover
dim Y/ImF < +∞, where Y/ImF is a factor space.

By L[M ] we denote a linear span of the set M in appropriate space. Let
Sx̄ ≡ {xn}n∈N . Define:

Kx̄ ≡
{
{λn}n∈N : the series

∞∑
n=1

λnxn converges in X

}
.

It is easy to see that with respect to ordinary operations of summation and
multiplication by a complex number, Kx̄ is a linear space. Further, we’ll assume
that xn �= 0, ∀n ∈ N . Introduce the norm in Kx̄ :

∥∥∥λ̄∥∥∥
Kx̄

= sup
m

∥∥∥∥∥
m∑

n=1

λnxn

∥∥∥∥∥ , where λ̄ = {λn}n∈N ∈ Kx̄.
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It is obvious that
∥∥∥λλ̄

∥∥∥
Kx̄

= |λ| ·
∥∥∥λ̄∥∥∥

Kx̄
, ∀λ ∈ C and

∥∥∥λ̄ + μ̄
∥∥∥

Kx̄
≤
∥∥∥λ̄∥∥∥

Kx̄
+ ‖μ̄‖Kx̄

, ∀λ̄, μ̄ ∈ Kx̄.

Let
∥∥∥λ̄∥∥∥

Kx̄
= 0. Denote n0 = min{n : λk = 0, ∀k < n}. If n0 < +∞, it is clear

that

sup
m

∥∥∥∥∥
m∑

n=1

λnxn

∥∥∥∥∥ ≥
∥∥∥∥∥

n0∑
n=1

λnxn

∥∥∥∥∥ = |λn0| · ‖xn0‖ > 0.

We get contradiction, so n0 = +∞, i.e. λ̄ = 0. Consequently,
(
Kx̄; ‖·‖Kx̄

)
is a normed space. Show that this space is complete. Let {λ̄n}n∈N ⊂ Kx̄ be
some fundamental sequence, where λ̄n = {λn

k}k∈N ⊂ C. Take ∀k ∈ N and fix.
Consider

∣∣∣λn
k − λn+p

k

∣∣∣ =
∥∥∥(λn

k − λn+p
k

)
xk

∥∥∥
‖xk‖ =

=

∥∥∥∑k
i=1

(
λn

i − λn+p
i

)
xi −∑k−1

i=1

(
λn

i − λn+p
i

)
xi

∥∥∥
‖xk‖ ≤

≤
2
∥∥∥λ̄n − λ̄n+p

∥∥∥
Kx̄

‖xk‖ → 0 , as n, p → ∞.

We obtain that the sequence {λn
k}n∈N is fundamental for ∀k ∈ N . Let λn

k → λk,
n → ∞. Take ∀ε > 0. It is clear that

∃n0 : ∀n ≥ n0, ∀n ≥ n0, ∀p ∈ N :
∥∥∥λ̄n − λ̄n+p

∥∥∥
Kx̄

< ε.

Thus ∥∥∥∥∥
m∑

k=1

(
λn

k − λn+p
k

)
xk

∥∥∥∥∥ < ε, ∀n ≥ n0, ∀p ∈ N, ∀m ∈ N.

Here, passing to limit as p → ∞, we obtain that

∥∥∥∥∥
m∑

k=1

(λn
k − λk)xk

∥∥∥∥∥ ≤ ε, ∀n ≥ n0, ∀m ∈ N. (1)

Obviously

∥∥∥∥∥
m+p∑
k=m

(λn
k − λk) xk

∥∥∥∥∥ ≤ 2ε, ∀n ≥ n0, ∀m ∈ N, ∀p ∈ N.
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It follows from the convergence of the series
∑∞

k=1 λn
kxk that ∃mn

0 : ∀m ≥ mn
0 ,

∀p ∈ N :

∥∥∥∥∥
m+p∑
k=m

λn
kxk

∥∥∥∥∥ < ε.

We have∥∥∥∥∥
m+p∑
k=m

λkxk

∥∥∥∥∥ ≤
∥∥∥∥∥

m+p∑
k=m

(λn
k − λk)xk

∥∥∥∥∥+

∥∥∥∥∥
m+p∑
k=m

λn
kxk

∥∥∥∥∥ ≤ 3ε, ∀m ≥ nn
0 , ∀p ∈ N.

This means that the series
∑∞

k=1 λkxk converges in X, i.e. λ̄ = {λk}k∈N ∈ Kx.

It directly follows from 1 that
∥∥∥λ̄n − λ̄

∥∥∥ → 0, n → ∞. As a result, we obtain

that Kx̄ is a Banach space. Take ∀λ̄ ∈ Kx̄ and consider the operator T : Kx̄ →
X :

T λ̄ =
∞∑

n=1

λnxn, λ̄ = {λn}n∈N .

It is easy to see that T is a linear operator. Let x = T λ̄. We have

∥∥∥T λ̄
∥∥∥ = ‖x‖ =

∥∥∥∥∥
∞∑

n=1

λnxn

∥∥∥∥∥ ≤ sup
m

∥∥∥∥∥
m∑

n=1

λnxn

∥∥∥∥∥ =
∥∥∥λ̄∥∥∥

Kx̄
.

Thus, T ∈ L(Kk̄; X) and ‖T‖ ≤ 1. It is obvious that if the system {xn}n∈N is
ω- linear independent in X, then KerT = {0}, where KerT= {λ̄ : T λ̄ = 0}.
In this case, ∃T−1 : ImT → Kx̄, where ImT is the image of the operator
T , i.e. the space of values of T . If in this case ImT is closed, then by the
Banach theorem on inverse operator we get that T−1 ∈ L(ImT ; Kx̄). It is clear
that the reasonings reduced above, are valid also in the case when {xn}n∈N is
minimal in X. Accept the following notion.

Definition 1. The system {xn}n∈N is degenerate, if xn �= 0, ∀n ∈ N .
So, we arrive at the following conclusion. Thus, each degenerate system

Sx is corresponded to the Banach space of coefficients Kx̄ and the operator
T ∈ L(Kx̄; X), ‖T‖ ≤ 1. Furthermore, if Sx̄ is ω-linear independent in X,
then T is invertible. But if ImT is closed, then T−1 ∈ L(ImT ; Kx̄). We
denote by {en}n∈N ⊂ Kx̄, where en = {δnk}k∈N (δnk is a Kronecker symbol) a
canonical system in Kx̄. It is obvious that Ten = xn, ∀n ∈ N .

Let us prove that {en}n∈N forms a bases in Kx̄. Take ∀λ̄ = {λn}n∈N ∈ Kx̄.
We show that the series

∑∞
n=1 λnen converges in Kx̄. Indeed, it follows from

the convergence of the series
∑∞

n=1 λnxn in X that

∀ε > 0, ∃m0 ∈ N : ∀m ≥ m0, ∀p ∈ N :

∥∥∥∥∥
m+p∑
n=m

λnxn

∥∥∥∥∥ < ε.
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We have∥∥∥∥∥
m+p∑
n=m

λnen

∥∥∥∥∥
Kx̄

=
∥∥∥{λn}m+p

n=m

∥∥∥
Kx̄

= sup
k≥m

∥∥∥∥∥
k∑

n=m

λnxn

∥∥∥∥∥ ≤ ε, ∀m ≥ m0, ∀p ∈ N.

Hence it follows that the series
∑∞

n=1 λnen converges in Kx̄. Furthermore,∥∥∥∥∥λ̄ −
m∑

n=1

λnen

∥∥∥∥∥
Kx̄

= ‖{λn}n∈N − {λn}m
n=1‖Kx̄

=
∥∥∥{λn}∞n=m+1

∥∥∥
Kx̄

=

= sup
k≥m+1

∥∥∥∥∥∥
k∑

n=m+1

λnxn

∥∥∥∥∥∥→ 0, as m → ∞.

Consequently λ̄ =
∑∞

n=1 λnen.
Let’s consider the functionals e∗n(λ̄) = λn, ∀n ∈ N, ∀λ̄ = {λk}k∈N ∈ Kx̄. It

follows from the relation

∣∣∣e∗n(λ̄)
∣∣∣ = |λn| =

‖λnxn‖
‖xn‖ ≤ ‖∑n

k=1 λkxk‖
‖xn‖ +

∥∥∥∑n−1
k=1 λkxk

∥∥∥
‖xn‖ ≤ 2

‖xn‖
∥∥∥λ̄∥∥∥

Kx̄
,

that {e∗n}n∈N ⊂ K∗
x̄, where K∗

x̄ is a space adjoint to Kx̄. On the other hand, it
is easy to see that e∗n(ek) = δnk, ∀n, k ∈ N , i.e. {e∗n}n∈N is a system adjoint to
{en}n∈N . As a result we get that {en}n∈N is minimal in Kx̄ and at the same
time it forms a bases in it. Thus, the following statement is valid.

Statement 1. Let {xn}n∈N ⊂ X be a degenerate system. Then the
appropriate space Kx̄ is a Banach space with a canonic bases {en}n∈N , in other
worde, each degenerate system Sx̄ generates a Banach space of coefficients Kx̄

with a canonic bases.
In addition to the above said arguments we assume that {xn}n∈N is ω-

linear independent (minimal), and ImT is closed. Then it is easy to see that
{xn}n∈N forms a bases in ImT , and in the case of its completeness in X, it is a
bases in it. Consequently, Kx̄ and X are isomorphic and T is an isomorphism
between them. The converse is also valid, i.e. if the operator T defined above
is an isomorphism between Kx̄ and X, then {xn}n∈N forms a bases in X. T is
said to be a coefficient operator.

Statement 2. Let Sx̄ be a degenerate system, Kx̄ be appropriate space
of coefficients, T : Kx̄ → X be a coefficient operator. Sx̄ forms a bases in X if
and only if T is an isomorphism between Kx̄ and X.

2 Closed systems

Let X be some Banach space and T ∈ L (X) be a completely continuous
operator.
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Consider Φλ = I + λT, where λ ∈ C is a complex parameter. It is known
that Φλ is a Fredholm operator. If λ is a regular value of T , then Φλ is
invertible, and consequently it takes any bases {xn}n∈N ⊂ X to the bases
{Φλxn}n∈N . But if λ is an eigen value of T , then the system {Φλxn}n∈N is
simultaneously complete and non-minimal in X, and it has finite deficiency.
The set of such values {λk}k∈N is discrete and lim

k→∞
|λk| = ∞.

Assume that {xn}n∈N ⊂ X is a bases in a Banach space X and S∗
x̄ ≡

{x∗
n}n∈N ⊂ X∗ is adjoint system, where X∗ is a space adjoint to X. Consider

the operator Φ : X → X :

Φx =
∞∑

n=1

x∗
n(x)yn, (2)

where Sȳ ≡ {yn}n∈N ⊂ X is some system. It is obvious that the domain of
definition DΦ of the operator Φ consists of those x ∈ X, for which the series 2
converges in X.

Clearly, Φ = I + T , where

Tx =
∞∑

n=1

x∗
n(x)(yn − xn), ∀x ∈ DΦ. (3)

Introduce the following
Definition 2. A system Sȳ is said to be S∗

x̄ -close to the system Sx̄, if
the series 3 converges for ∀x ∈ X, i.e. DT = X. Therewith, if the operator T ,
defined by the expression 3, is completely continuous, this closeness is said to
be σS∗

x̄-closeness.
It is easy to see that if for ∀x ∈ X:

{x∗
n(x)}n∈N ∈ lp and {‖yn − xn‖}n∈N ∈ lq,

where 1
p

+ 1
q

= 1, 1 ≤ p ≤ +∞, then the systems Sȳ and Sx̄ are σS∗
x̄-close.

So, if the system Sȳ is σS∗
x̄-close to the minimal system Sx̄, then Φ is a

Fredholm operator. In this case the following statement holds.
Statement 3. Let Sx̄ form a bases in X and Sȳ be σS∗

x̄-close to it. Then
the following statements are equivalent:

1) Sȳ is complete in X;
2) Sȳ is minimal in X;
3) Sȳ is ω-linearly independent in X;
4) Sȳ forms a bases in X, isomorphic to the bases Sx̄;
5) The operator Φ = I + T is invertible in L(X).
The validity of this statement follows directly from the above-mentioned

reasonings and relations

Φxn = yn, ∀n ∈ N.
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Now, let λ ∈ ρ(T ) be a regular value of the operator T . Thus, in this case, the
Fredholm operator Φλ = I + λT is invertible.We have

Φλxn = xn + λ(yn − xn) = (1 − λ)xn + λyn, ∀n ∈ N.

But if 0 �= λ ∈ σ(T ) is an eigen value of the operator T , then the system
Sλ

ȳ ≡ {xn + λ(yn − xn)}n∈N is not simultaneously complete and not minimal
(it is not ω-linearly independent) in X.

It is clear that, on the contrary, if Sλ
ȳ is complete (is minimal or ω-linearly

independent) then Φλ is invertible. Thus, the following statement is valid.
Theorem 1. Let Sx̄ form a bases in X and the system Sȳ be σS∗

x̄-close
to it. Then the following statements are equivalent:

1) Sλ
ȳ is complete in X;

2) Sλ
ȳ is minimal in X;

3) Sλ
ȳ is ω-linearly independent in X;

4) Sλ
ȳ forms a bases in X, isomorphic to the bases Sx̄;

5) λ belongs to the resolvent set T .

3 Lp case. Close bases

Further we’ll consider the most specific case, namely, the case when X =
Lp, 1 ≤ p < +∞. Then X∗ = Lq,

1
p

+ 1
q

= 1, and an arbitrary continuous
functional lg on X is realized by the function g ∈ Lq and has the expression

lg(f) =
∫ b

a
f(t)g(t)dt, ∀f ∈ Lp.

So, let {xn}n∈N ⊂ Lp be a bases in Lp and {x∗
n}n∈N ⊂ Lq be an appropriate

adjoint system. Take ∀f ∈ Lp and consider the operator

Tf =
∞∑

n=1

lx∗
n
(f) zn, (4)

where {zn}n∈N ⊂ Lp is some system. If expression 4 generates a completely
continuous operator in Lp, then from statement 4 we directly get the following
theorem.

Theorem 2. Let {xn}n∈N be a bases in Lp, operator 4 be completely
continuous in Lp and fλ

n = xn + λzn, ∀n ∈ N . Then the following statements

are equivalent
(
Φλ ≡

{
fλ

n

}
n∈N

)
:

1) Φλ is complete in Lp;
2) Φλ is minimal in Lp;
3) Φλ is ω-linearly independent;
4) Φλ forms a bases in Lp;
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5) λ ∈ ρ(T ).
Further, we have:

Tf =
∞∑

n=1

∫ b

a
f(t)x∗

n(t)dtzn(x) =
∫ b

a
K(x, t)f(t)dt, (5)

where

K(x, t) =
∞∑

n=1

x∗
n(t)zn(x). (6)

Thus, if integral operator 5 with the kernel K(x, t) generates a completely
continuous operator in Lp, then theorem 1 is valid with respect to the system
Φλ. In particular, for p = 2, if K(x, t) ∈ L2 ([a, b] × a, b]), then we obtain a
strong version of the result of the [10]. Considering the expression

∫ b

a

∫ b

a
|K(x, t)|2 dxdt =

∑
n,k

∫ b

a
x∗

n(t)x∗
k(t)dt

∫ b

a
zn(x)zk(x)dx,

we get that if the series
∑

n,k ankbnk converges, where ank =
∫ b
a x∗

n(t)x∗
k(t)dt,

bnk =
∫ b
a zn(x)zk(x)dx, then it generates a completely continuous operator in

Lp.
Using different sufficient conditions on complete continuity of an integral

operator in Lp, we get appropriate conditions on the kernel K(x, t).
Considering this from theorem 2 we directly obtain
Corollary 1. Let {xn(t)}n∈N form a bases in Lp with an adjoint system

{x∗
n}n∈N ⊂ Lq,

1
p
+ 1

q
= 1, 1 ≤ p < +∞. If the series

∑∞
n=1 ‖x∗

n‖q ‖zn‖p < +∞
converges, then for the system {xn + λzn}n∈N theorem 2 is valid, where ‖·‖p is
an ordinary norm in Lp:

‖f‖p =

(∫ b

a
|f(t)|p dt

)1/p

.

Indeed, in this case, kernel 6 provides complete continuity of operator 5 in Lp

(see f.i. [1], p.557).
A similar statement holds if

∑∞
n=1 sup

x
|zn(x)| ‖x∗

n‖q < +∞ is fulfilled.

Corollary 2. Let {xn}n∈N be a bases in Lp and
∑

n ‖x∗
n‖r ‖zn‖r < +∞

be fulfilled, where r = min {p; q}. Then theorem 2 is valid with respect to the
system {xn + λzn}n∈N .

Corollary 3. Let {xn}n∈N be a bases in Lp, 1 ≤ p < +∞, and there

hold the conditions:
(

1
p

+ 1
q

= 1
)
∃r, σ > 0 : 1 − σ

p
< r

q
, such that

∑
n

sup
t

|x∗
n(t)| ‖zn‖r < +∞;

∑
n

sup
x

|zn(x)| ‖x∗
n‖σ < +∞.



On the closed bases 931

Then theorem 2 is valid for the system {xn + λzn}n∈N .
Validity of Corollaries 2 and 3 follows from theorem 2 and the results of

the monograph [1, p.292].

4 Matrix analogy

In this section we’ll give matrix analogues of the obtained results. The sense
is that by means of natural isomorphism, these results are formulated in terms
of space of coefficients.

Let X be a space with the norm ‖·‖ and {xn}n∈N be a bases in it. By Kx̄

we denote a space of coefficients corresponding to this system. It is known
that there is a natural isomorphism T0 : X ↔ Kx̄ between X and Kx̄. Take
∀A ∈ L(X). Let x ∈ X : x =

∑∞
n=1 λnxn ⇒ Ax =

∑∞
n=1 λnAxn. Set akn =

x∗
k(Axn), where {x∗

k}k∈N ⊂ X∗ is a system adjoint to {xn}n∈N , i.e.

Axn =
∞∑

k=1

aknxk, ∀n ∈ N.

By Aλ̄ ≡ (ank)n,k=1,∞ we denote an infinite matrix. We get:

Ax =
∞∑

n=1

λn

∞∑
k=1

aknxk =
∞∑

k=1

( ∞∑
n=1

aknλn

)
xk.

Denote T0x = {λn}n∈N ≡ λ̄ ∈ Kx̄. Let

Aλ̄λ̄ ≡
{ ∞∑

n=1

aknλn

}
k∈N

.

It is easy to see that Aλ̄λ̄ = T0(AX) = (T0AT−1
0 )λ̄, i.e. Aλ̄ = T0AT−1

0 is
a composition of bounded operators, and so, Aλ̄ ∈ L(Kx̄), and furthermore,

‖Aλ‖ ≤ ‖A‖ ‖T0‖
∥∥∥T−1

0

∥∥∥. On the contrary, each operator Aλ̄ ∈ L(Kx̄) generates

an operator A ∈ L(X) : A = T−1
0 Aλ̄T0. As a result, we arrive at the following

conclusion.
Statement 4. Let X be a Banach space with a bases {xn}n∈N , Kx̄ be an

appropriate space of coefficients and T0 ∈ L(X; Kx̄) be a natural isomorphism
between X and Kx̄. Then each operator A ∈ L(X) generates an operator Aλ̄ ∈
L(Kx̄) : Aλ̄ = T0AT−1

0 , and conversely, an arbitrary operator Aλ̄ ∈ L(Kx̄)
generates an operator A ∈ L(Kx̄) : A = T−1

0 Aλ̄T0.
It is obvious that the operator T ∈ L(X) is completely continuous iff the

operator Tλ̄ = T0TT−1
0 is completely continuous in Kx̄.

It is clear that T0xn = en ∈ Kx̄, ∀n ∈ N, and {en}n∈N form a canonic
bases in Kx̄. Let μn = T0zn ∈ Kx̄, ∀n ∈ N . Put λn = en + λμn, ∀n ∈ N .
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Similarly introduce Φλ̄ = T0ΦT−1
0 . Thus Φλ̄ = Iλ̄ +λTλ̄, where Iλ̄ ≡ (δij)i,j=1,∞

is a unit matrix in L(Kx̄). By tij denote the elements of the matrix Tλ̄, i.e.
Tλ̄ ≡ (tij)i,j=1,∞. It is obvious that tij = x∗

i (Txj) = x∗
i (zj). If the matrix Tλ̄

generates in L(Kx̄) a completely continuous operator, then statement 3 is valid

with respect to the system
{
λ̄n

}
n∈N

. Thus, the following statement holds.

Theorem 3. Let {xn; x∗
n}n∈N ⊂ X × X∗ be a bases in X and Sȳ ≡

{xn + λzn}n∈N . If the matrix (x∗
i (zj))i,j=1,∞ generates a completely continuous

operator in Kx̄, then the following assumptions are equivalent:
1) Sȳ is complete;
2) Sȳ is minimal;
3) Sȳ is ω-linearly independent;
4) Sȳ is a bases;
5) λ is not an eigen value of the matrix (x∗

i (zj))i,j=1,∞.
It is obvious that if ∃m ∈ N : x∗

i (zj) = 0, ∀i, j ≥ m; then theorem 3 is valid
for the system Sλ

ȳ ≡ {xn + λzn}n∈N . If a space of coefficients Kx̄ of the bases
Sx̄ is concrete, then we can reduce sufficient conditions on complete continuity
of the matrix (x∗

i (zj))i,j=1,∞ in Kx̄. Assume that Kx̄ ≡ lp, p > 1. Then, using
the results of the monograph [6, p.347] we get the following theorem.

Theorem 4. Let the system Sx̄ ≡ {xn}n∈N form a bases in a Banach
space X with space of coefficients lp, p > 1; and {zn}n∈N ⊂ X be some system.
If the following conditions are fulfilled:

1) ∃ lim
i→∞

x∗
i (zj), ∀j ∈ N ;

2) the series
∑∞

j=1 |x∗
i (zj)|q uniformly converge with respect to i ∈ N

(
1
p
+

+1
q

= 1
)
.

Then theorem 3 is valid for the system Sλ
ȳ = {xn + λzn}n∈N .

Really, in this case, by theorem (10.7, I) [8] the matrix {x∗
i (zj)}i,j=1,∞,

generates a completely continuous operator in lp The further one is obvious.
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