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Abstract. Weighted composition operators have been related to products of
composition operators and their ad-joints and to isometries of Hardy spaces.
In this paper, we obtain a complete description of Schatten class weighted
composition operators on Fock space.
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1. Introduction

Let z = (z1, ..., zN ) and w = (w1, ..., wN) be points in CN , 〈z, w〉 =
∑N

k=1 zkwk
and |z| =

√〈z, z〉. Let dV (z) denote the Lebesgue volume measure on C
N and

H(CN) the space of all holomorphic functions on C
N (entire functions). For

α > 0, the Fock space F2
α = F2

α(C
N) is the space of all entire functions f on

C
N for which

‖f‖2 =
(α
π

)N ∫
�N

|f(z)|2e−α|z|2dV (z) <∞.

It is clear that F2
α is a Hilbert space with the inner product

〈f, g〉 =
(α
π

)N ∫
�N

f(z)g(z)e−α|z|
2

dV (z).

Recently, some operators on Fock space such as Toeplitz operators and Han-
kel operators have been considered, which can be found in [1, 6, 11].

Let ϕ : CN → CN be an entire mapping and ψ ∈ H(CN). The weighted
composition operator Wϕ,ψ is defined by Wϕ,ψf = ψ · (f ◦ ϕ). If ψ ≡ 1
on CN , then Wϕ,ψ = Cϕ is called the composition operator. Many papers
have discussed weighted composition operators over the past few decades, but
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have usually arisen answering other questions related to operators on spaces
of holomorphic functions. For example, weighted composition operators arise
in the characterization of commutants of analytic Toeplitz operators (see [3])
and in the adjoints of composition operators (see, for example [4]). Moreover,
Forelli [5] has proved that the only isometries of Hardy space Hp for p 
= 2 are
weighted composition operators.

Recently, Carswell et al [2] have determined which of these composition
operators are bounded or compact on Fock space, and they have obtained the
following result.

Theorem A. Let ϕ : CN → CN be an entire mapping.
(a) If the operator Cϕ is bounded, then ϕ(z) = Az+ b, where A is an N ×N

matrix and b is an N × 1 vector.
(b) If the operator Cϕ is compact, then ϕ(z) = Az + b, where ‖A‖ < 1.

Ueki [12] has given a sufficient and necessary condition of the boundedness
or compactness of weighted composition operators on Fock-type space in the
complex plane C. Quite recently, Ueki [13] has obtained a characterization of
Hilbert-Schatten class weighted composition operators on F2

α in the complex
plane C.

In this short paper we shall give a description of Schatten class weighted
composition operators on F2

α in C
N . To do so, let us recall that a positive

operator T on F2
α is in the trace class if

tr(T ) =

∞∑
n=1

〈Ten, en〉 <∞

for some (or all) orthonormal basis {en}n∈� of F2
α. In general, if 0 < p <

∞ and T is a bounded linear operator on F2
α, then T is said to be in the

Schatten class Sp if T ∗T is in the trace class. The space S2 is usually called
the Hilbert-Schatten class. Schatten class composition operators on Hardy
spaces or (weighted) Bergman spaces have been characterized in [8, 10, 14].

2. Main results

To describe Schatten class weighted composition operators on F2
α, we need

introduce the definition of Toeplitz operator on F2
α. Let μ be a finite positive

Borel measure on CN that satisfying∫
�N

|Kz(w)|2e−α|w|2dμ(w) <∞,



Schatten class weighted composition operators 627

for all z ∈ CN . Then we define the Toeplitz operator by

Tμ(f)(z) =

∫
�N

Kz(w)f(w)e−α|w|2dμ(w),

for z ∈ CN . To estimate the “size” of Tμ, by using the normalized reproducing
kernel function kz = Kz/‖Kz‖ for F2

α we define the Berezin symbol μ̃ of μ as
follows:

μ̃(z) = 〈Tμkz, kz〉, z ∈ C
N .

Lemma 2.1. Suppose μ ≥ 0 and p > 0. Then the Toeplitz operator Tμ belongs
to Sp if and only if μ̃ belongs to Lp(CN , dV ).

Proof. See the proof of Theorem C in [7]. Although Theorem C in [7] is
about the Fock space in the complex plane, it is also true for CN , so we omit
the details here.

The following lemma presents a desired connection between weighted com-
position operators and Toeplitz operators.

Lemma 2.2. Suppose Wϕ,ψ is bounded on F2
α. Then W ∗

ϕ,ψWϕ,ψ = Tμ, where

μ = |ψ|2dV ◦ ϕ−1.

Proof. It is easy to check that

W ∗
ϕ,ψWϕ,ψf(z) =

∫
�N

K(z, ϕ(w))f(ϕ(w))|ψ(w)|2dV (w),

from which and a change of variables the desired result follows.

Now we state the main result of this section.

Theorem 2.3. Let Wϕ,ψ be bounded on F2
α and p > 0. Then Wϕ,ψ belongs to

Sp if and only if ∫
�N

|ψ(z)|peαp
2

(|ϕ(z)|2−|z|2)dV (z) <∞.(1)

Proof. By Lemma 2.1 and Lemma 2.2 we have that Wϕ,ψ belongs to Sp if
and only if ‖W ∗

ϕ,ψkz‖2 belongs to Lp(CN , dV ). It is easily seen that

W ∗
ϕ,ψkz = ψ(z)e−

α
2
|z|2Kϕ(z),

and hence

‖W ∗
ϕ,ψkz‖2 = |ψ(z)|2eα(|ϕ(z)|2−|z|2).

So Wϕ,ψ ∈ Sp if and only if∫
�N

|ψ(z)|peαp
2

(|ϕ(z)|2−|z|2)dV (z) <∞.

By this theorem, in particular, we have the next corollary.
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Corollary 2.4. Let Wϕ,ψ be bounded on F2
α. Then the following statements

hold:
(a) Wϕ,ψ is in the trace class if and only if∫

�N

|ψ(z)|eα
2
(|ϕ(z)|2−|z|2)dV (z) <∞.

(b) Wϕ,ψ is in the Hilbert-Schmidt class if and only if∫
�N

|ψ(z)|2eα(|ϕ(z)|2−|z|2)dV (z) <∞.

The following lemma can be proved as Theorem A in [2], so is omitted.

Lemma 2.5. Let ϕ : CN → CN be an entire mapping.
(a) If the operator Cϕ is bounded on F2

α, then ϕ(z) = Az+b, where A is
an N ×N matrix and b is an N × 1 vector.

(b) If the operator Cϕ is compact on F2
α, then ϕ(z) = Az+b, where ‖A‖ <

1.

Theorem 2.3 and Lemma 2.5 immediately yield the following proposition,
which shows that each compact composition operator on F2

α belongs to Schat-
ten class Sp for all p > 0.

Proposition 2.6. Let ϕ(z) = Az + b. Then the following conditions are
equivalent:

(a) Cϕ is a compact operator.
(b) Cϕ is in the Schatten class Sp for all p > 0.
(c) ‖A‖ < 1.

Proof. It is easy to see that (b) implies (a). By Theorem A it follows that (a)
implies (c). Hence it is enough to prove (c) implies (b). Suppose (c) holds. Let

r with ‖A‖ < r < 1, be fixed and R = |b|
r−‖A‖ . Then when |z| > R, r|z| > |ϕ(z)|

holds and ∫
|z|>R

e
αp
2

(|ϕ(z)|2−|z|2)dV (z) ≤
∫
|z|>R

e
αp
2

(r2−1)|z|2dV (z).(2)

The integral in the left of (1) is easily seen to be convergent.
On the other hand, it is clear that∫

|z|≤R
e

αp
2

(|ϕ(z)|2−|z|2)dV (z) <∞.(3)

Inequalities (2) and (3) prove (1). Thus by Theorem 4.3 Cϕ is in the Schatten
class Sp for all p > 0.

Remark. In the case of weighted Bergman space and Hardy space on the unit
disk D = {z ∈ C : |z| < 1}, Schatten class composition operators were char-
acterized in [10] in terms of the Lp integrability of Nevanlinna type counting
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functions with respect to the Möbius invariant measure. When 2 ≤ p < ∞
and ϕ was an analytic self-mapping of the open unit disk with bounded va-
lence (ϕ is of bounded valence if there exists a positive integer N such that for
each z ∈ D the set ϕ−1(z) contains at most N points), composition operators
belonging to Sp were characterized in [14] in terms of the Berezin transform.

In the case of weighted Bergman space A2
α(Ω) of bounded symmetric domain

in CN , membership of Cϕ in S2p was identified in [9] in terms of the averaging
function when 0 < p < ∞, and using the Berezin transform identified the
membership of Cϕ in Sp, when 2(1−αΩ)/(1−α) < p <∞, where αΩ depending
on Ω is a constant. Indeed, the number αΩ can be calculated in some special
cases. For example, for the case Ω = B

N , the open unit ball in C
N , α�N =

1/(N + 1), and when Ω = DN , the open unit polydisk, α�N = 1/2. The lower
bound 2(1−αΩ)/(1−α) is sharp and is usually called a cut-off point. Our main
result in this section implies that there is no cut-off point for Schatten class
weighted composition operators and composition operators on Fock-type space.
Moreover, each compact composition operator on Fock-type space belongs to
Schatten class Sp for all p > 0. This is a major difference between the theory
of composition operators on (weighted) Bergman space that on Fock space.
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