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Abstract

In this paper,Two common fixed point theorems for mapping of R-
weakly commuting mappings of type (Af ) and type (Ag) in complete
metric space under a general contractive inequality of integral type and
satisfying minimal commutativity conditions are proved.
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1 Introduction

The aim of the present paper is to obtain some common fixed point theo-
rems by using the notion of R-weakly commuting of type (Af ) under a general
contractive inequality of integral type. The concept R-weakly commuting map-
pings of type (Af ) and type (Ag) was introducted by Pathak et al. In fact the
main application of R-weakly commuting mappings of type (Af) or type (Ag)is
in the study of common fixed Points of noncompatible maps. It may be re-
called that Khan [4] introduced the notion of compatibility and the study of
common Fixed points of compatible mappings emerged as an area of intense
Research activity during the last more than one decade. However, The study
of noncompatible mappings is also very interesting.
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Definition 1.1 Let (X, d) be a metric space and let f, g be self-mapping
of X.the mapping fand gare is said to be R-weakly commuting of type (Af)
if there exists a positive real number R such that :

d(fgx, ggx) ≤ Rd(fx, gx) (1)

for each x ∈ X.f and g are said to be R-weakly commuting if (1)hold for
some real number R > 0

Definition 1.2 Let (X, d) be a metric space and let f, g be self-mapping
of X.the mapping f and g are is said to be R-weakly commuting of type(Ag) if
there exists a positive real number R such that :

d(gfx, ffx) ≤ Rd(fx, gx) (2)

for each x ∈ X.f and g are said to be R-weakly commuting if (1)hold for some
real number R > 0

2 Main Results

Theorem 2.1 Let(X, d) be a complete metric space and f ,g be R-weakly
commuting self mapping of type (Ag) or type (Af) of X satisfy the :

∫ d(f(x),f(y))

0
ϕ(t)dt ≤ γ(

∫ d(g(x),g(y))

0
ϕ(t)dt) (3)

Proof 2.2 Let x0 ∈ C, be an arbitrary point .and choose a point x1is a
subset of X.this can be done since f(C) ⊆ g(C)in general ,having chosen xn

we can and choose xn+1 such that fxn = gxn+1 for n = 1, 2, 3, ...then we have

∫ d(f(xn),f(xn+1))

0
ϕ(t)dt ≤ γ(

∫ d(g(xn),g(xn+1))

0
ϕ(t)dt) ≤

γ(
∫ d(f(xn),f(xn+1))

0
ϕ(t)dt) <

∫ d(f(xn−1),f(xn))

0
ϕ(t)dt (4)

for n = 0, 1, 2, 3, ...thus {d(fxn, fxn+1)} is a decreasing sequence of positive
real number and so it tends to the limit L ≥ 0 we claim that L = 0 for ,if L > 0
then that the inequality

∫ d(f(xn),f(xn+1))

0
ϕ(t)dt <

∫ d(f(xn−1),f(xn))

0
ϕ(t)dt (5)

on putting the limit as a → ∞ and in view of continuity of the function γ
yields

∫ L

0
ϕ(t)dt ≤ γ(

∫ L

0
ϕ(t)dt) ≤

∫ L

0
ϕ(t)dt (6)
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Which is contradiction .We therefore ,have L = 0 and so d(xn, xn+1) → 0
as n → ∞ thus to prove that {fxn} is a Cauchy sequence in f(C), let for
convenience yn = fxn for n = 1, 2, 3, . . .suppose that {y2n} is not Cauchy
sequence in f(C),then there is and ε > 0 such that for each even integer 2k,
there exist even integer 2m(k) and 2n(k) with 2m(k) > 2n(k) > 2k such that:

d(y2m(k), y2n(k)) > ε

for each even integer 2k Let be the least even integer exceeding 2n(k) satisfying

d(y2m(k)−2, y2n(k)) ≤ ε ; d(y2m(k), y2n(k)) > ε (7)

Then ,for each even integer 2k,we have

ε < d(y2m(k)−2, y2n(k)) ≤ d(y2m(k), y2n(k))+d(y2m(k)−2, y2m(k)−1)+d(y2m(k)−1, y2m(k))
(8)

since d(yn, yn+1) as n → ∞ ,from (7),(8),it follows that

d(y2m(k), y2n(k)) → ε as k → ∞.

by the triangle inequality,

|d(y2m(k)−1, y2n(k)) − d(y2m(k), y2n(k))| ≤ d(y2m(k)−1, y2n(k)) (9)

and so from(9) , as k → ∞,

d(y2m(k)−1, y2n(k)) → ε.

Therefore by [4]we have

d(y2m(k), y2n(k)) ≤ d(y2n(k), y2n(k)+1) + d(y2m(k), y2n(k)+1) (10)

≤ d(y2n(k), y2n(k)+1) + d(f2m(k), f2n(k)+1)

∫ d(y2m(k) ,y2n(k))

0
ϕ(t)dt ≤ lim

n→∞

∫ d(y2m(k) ,y2n(k)+1)

0
ϕ(t)dt (11)

≤ lim
n→∞

∫ d(f2m(k) ,f2n(k)+1)

0
ϕ(t)dt

≤ lim
n→∞ γ(

∫ d(g2n(k)+1 ,g2m(k))

0
ϕ(t)dt)

≤ lim
n→∞ γ(

∫ d(f2n(k) ,f2m(k)−1)

0
ϕ(t)dt)

≤ lim
n→∞ γ(

∫ d(y2n(k) ,y2m(k)−1)

0
ϕ(t)dt)

(12)
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and so ,as k → ∞ in (9)

∫ ε

0
ϕ(t)dt ≤ γ(

∫ ε

0
ϕ(t)dt) <

∫ ε

0
ϕ(t)dt

Which is a contradiction .Thus {y2n}is a Cauchy sequence and so {fxn}is a
cuachy sequence and so in f(C) .Sincef(C) is complete ,{fxn} has limit
point z in f(C),by the definition of g ,gxn → z as n → ∞
Suppose that the pair{f, g} is R-weakly commuting of type Ag .assume that
mapping f is continuous Then f 2xn → fz as n → ∞ again ,since f and g
are weakly commuting of typeAg ,we have

∫ d(gfxn,f2xn)

0
ϕ(t)dt ≤

∫ Rd(fxn,gxn)

0
ϕ(t)dt (13)

letting n → ∞we obtain gfxn → fz.we now prove that z = fz.if not that we
have

∫ d(z,fz)

0
ϕ(t)dt = limn→∞

∫ d(fxn,ffxn)

0
ϕ(t)dt (14)

≤ lim
n→∞ γ(

∫ d(gxn,gfxn)

0
ϕ(t)dt)

= γ(
∫ d(z.fz)

0
ϕ(t)dt <

∫ fz

0
ϕ(t)dt

Which gives contradiction and so z = fz.since g(C) ⊇ f(C) there exists z1in
C such that z = fz = gz1.now we have

∫ d(ffxn,fz1)

0
ϕ(t)dt ≤ γ(

∫ d(gfxn,gz1)

0
ϕ(t)dt) <

∫ d(gfxn,gz1)

0
ϕ(t)dt (15)

Which ,on letting n → ∞ yields fz = fz1,i.e., z = fz = fz1 = gz1it follows
that ∫ d(fz,gz)

0
ϕ(t)dt ≤

∫ d(fz1,gfz1)

0
ϕ(t)dt) ≤

∫ Rd(fz1,gz1)

0
ϕ(t)dt = 0 (16)

Thus ,we obtain z = fz = gz,i.ezis a common fixed point of fand g.Since
the continuity of gimplies continuity of f ,we obtain the same conclusion of
this theorem if gis continuous instead of fand similarly we draw the same
conclusion for {f,g} pair to be R-weakly commuting of type Af
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