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Abstract. Let Π+ = {z ∈ C : Imz > 0} denote the upper half-plane in

the complex plane C. In this paper we obtain the necessary condition for the

weak compactness of composition operator on H1(Π+), and we also take an

example to show that it is not sufficient.
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1. Introduction

Let Π+ = {z ∈ C : Imz > 0} be the upper half-plane in complex plane C

and H(Π+) the space of all analytic functions on Π+. For 0 < p < ∞, the

Hardy space Hp(Π+) consists of all f ∈ H(Π+) such that

‖f‖p
Hp(Π+) = sup

y>0

∫ +∞

−∞
|f(x + iy)|pdx < ∞.

When p ≥ 1 the Hardy space with the norm ‖ · ‖Hp(Π+) becomes a Banach

space(even a Hilbert space if p = 2), and for 0 < p < 1

d(f, g) = ‖f − g‖p
Hp(Π+)

defines a Fréchet space distance on Hp(Π+).

Let ϕ be an analytic self-map of Π+. The composition operator induced by

ϕ on H(Π+) is defined by

Cϕf(z) = f(ϕ(z)), z ∈ Π+.

During the past few decades, composition operators have been studied exten-

sively on spaces of analytic functions on the unit disk or the unit ball. As a

consequence of the Littlewood’s subordination theorem it is well-known that

every composition operator is bounded on Hardy spaces of the open unit disk.

However, when we consider the Hardy space, or the Bergman space of the

upper half-plane, we find the situation entirely different. There do exist un-

bounded composition operators on these spaces. Moreover, Matache[5] proved

that there didn’t exist compact composition operators on Hardy spaces of the

upper half-plane. Shapiro and Smith[6] also proved that there were no compact

composition operators on Bergman spaces of the upper half-plane.

Once boundedness and compactness have been established, a typical natural

problem one can ask about any composition operator on Hardy space of the

upper half-plane is: Is it weakly compact? or Is there a weakly compact

composition operator?

Let X and Y be Banach spaces, L : X → Y be a bounded linear operator.

We recall that L : X → Y is weakly compact if it maps bounded sets into

relatively weakly compact sets. For some results in this topic see [2] and [3].

Since the Hardy space Hp(Π+) (1 < p < ∞) is reflexive, the compactness of

composition operator on Hp(Π+) is equivalent to the weak compactness. Thus,

by the results in [5], for the case 1 < p < ∞ we know that there is no weakly

compact composition operator on Hp(Π+). Because the space H1(Π+) is not

reflexive, this leads us to wonder the question is: Is there a weakly compact

composition operator on H1(Π+)? In this paper we are going to investigate

this question.
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2. Main results

In order to deal with the weak compactness of composition operator, we

need introduce the Carleson set. For t ∈ R, h > 0, the Carleson set is defined

by

St,h = (t, t + h) × (0, h).

Let ϕ be an analytic self-map of Π+. For each fixed y > 0 the measurable

mapping ϕy(x) = ϕ(x + iy), x ∈ R naturally induces a Borel measure on Π+,

mϕ−1
y called the pull-back measure induced by ϕy

mϕ−1
y (E) = |{x ∈ R : ϕ(x + iy) ∈ E}|(1)

for each Borel subset E ⊆ Π+. In (1) | · | denotes the Lebesgue measure on R.

For each f ∈ Hp(Π+), it follows that∫ +∞

−∞
|f(ϕ(x + iy))|pdx =

∫ +∞

−∞
|f ◦ ϕy(x)|pdx =

∫
Π+

|f |pdmϕ−1
y .(2)

Before obtaining the main result, we need quote the following lemma, which

was proved in [2].

Lemma 2.1 Let X, Y , Z be Banach spaces and T : X → Y , S : X → Z be

bounded operators such that ‖Sx‖ ≤ ‖Tx‖. Suppose that there are two linear

topologies τ1 on X and τ2 on Y such that T is τ1 − τ2 continuous, (BX , τ1) is

metrizable and compact and the weak topology of Y is finer than τ2. If T is

weakly compact, then so is S.

We now formulate and prove the main result of this paper.

Theorem 2.2 Suppose the operator Cϕ is bounded on H1(Π+), then Cϕ is

weakly compact on H1(Π+) only if for any y > 0

lim
h→0

mϕ−1
y (St,h)

h
= 0.(3)

Proof. Let τ1 the topology of uniform convergence on compact subsets of

Π+, τ2 the topology of the pointwise convergence, X = Y = H1(Π+), Z =

L1(Π+, mϕ−1
y ) and S : H1(Π+) → L1(Π+, mϕ−1

y ) given by f 
→ f . Then

applying Lemma 2.1, it follows that S : H1(Π+) → L1(Π+, mϕ−1
y ) is weakly

compact.

Suppose the condition in (2) is false, which means that

lim
h→0

mϕ−1
y (St,h)

h
�= 0,
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for some y > 0. This implies that we can find tn in R, hn → 0 as n → ∞ and

ε0 > 0 such that

mϕ−1
y (Stn,hn) ≥ ε0hn.

For each fixed n ∈ N, set

zn = tn + ihn,

and

fn(z) =
h4

n

4π2(z − zn)2
.

We have fn ∈ H1(Π+) and ‖fn‖H1(Π+) = h3
n/4π. Taking gn = fn/‖fn‖H1(Π+),

n ∈ N, it will be enough to prove that for each subsequence (gnk
)k∈� of (gn)n∈� ,

the sequence (Sgnk
)k∈� is not weakly convergent in L1(Π+, mϕ−1

y ). Then by

[1, p.137], we only prove that (Sgnk
)k∈� is not uniformly integrable, i.e., there

exists ε > 0 such that for every η > 0 there is a measurable subset E of Π+

such that mϕ−1
y (E) ≤ η and

∫
E
|gnk

|dmϕ−1
y ≥ ε.

Take ε = ε0 and fix an arbitrary η. Since mϕ−1
y is a Carleson measure, there

is a constant C > 0 such that

mϕ−1
y (Stn,hn) ≤ Chn.(4)

Since hn → 0 as n → ∞, we choose k ∈ N such that mϕ−1
y (Stnk

,hnk
) ≤ η.

On the other hand, if z = x+ iy ∈ Stn,hn, then tn < x < tn +hn, 0 < y < hn

and

|fn(z)| =
h4

n

4π2|z − zn|2 =
h4

n

4π2[(x − tn)2 + (y + tn)2]
≥ h2

n

4π2
.

From this, and applying (2) and (4), we obtain∫
Stnk

,hnk

|gnk
(z)|dmϕ−1

y (z) ≥ h2
nk

4π2‖fnk
‖H1(Π+)

mϕ−1
y (Stnk

,hnk
)

≥ 4

π
ε0,

from which it follows that our hypothesis is false, and we deduce that the

condition in (3) is a necessary condition for the weak compactness of Cϕ on

H1(Π+).

The following example shows that the condition in (3) is not sufficient for

the weak compactness of Cϕ on H1(Π+).

Example 2.3 Suppose ϕ : Π+ → Π+ is defined as ϕ(z) = z + z0, z0 =

x0 + iy0 ∈ Π+. Then by Example 2.3 in [5], Cϕ is a bounded operator on

H1(Π+). Since ϕ is invertible, from the Theorem 3.1 of [7], Cϕ is invertible.
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Then by [4], it can not be weakly compact. However, we will prove that ϕ

satisfies the condition in (3). For t ∈ R, h > 0 and each y > 0,

ϕ−1
y ({(x, y + y0) : t < x < t + h}) = (−x0 + t,−x0 + t + h).

So we have

ϕ−1
y (St,h) = (−x0 + t,−x0 + t + h), if h > y + y0;

and

ϕ−1
y (St,h) = ∅, if h ≤ y + y0.

This implies that for each y > 0,

mϕ−1
y (St,h) = h, if h > y + y0;

and

mϕ−1
y (St,h) = 0, if h ≤ y + y0.

Thus we have

lim
h→0

mϕ−1
y (St,h)

h
= 0.

We conclude that ϕ satisfies the condition in (3).

Remark. Since Hp(Π+) (1 < p < ∞) is a reflexive Banach space, the com-

pactness of composition operator on Hp(Π+) is equivalent to the weak com-

pactness. Then by [6], we know that there are no weakly compact composition

operators on Hp(Π+) for all p (1 < p < ∞). For the case H1(Π+), which is

not reflexive, we only obtain the necessary conditions for weak compactness of

composition operators. Therefore we conjecture that there don’t exit weakly

compact composition operators on H1(Π+).
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