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Abstract

The main objective of the present paper is to study the approximate solu-
tions of a certain Volterra type dynamic integrodifferential equation on time
scales which unifies the study of the corresponding continuous and discrete
versions of the same. The tool employed in the analysis is based on the ap-
plication of a time scale analogue of a certain integral inequality with explicit
estimates.
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1. Introduction

In [3] Stefan Hilger initiated the study of dynamic equations on time scales
which effectively manage both continuous and discrete time combination. Dur-
ing the past few years many authors have studied some basic qualitative aspects
of various dynamic equations on time scales by using different techniques, see
[4, 7, 9, 10] and the references cited therein. In the present paper we shall
study the approximate solutions of the following dynamic integrodifferential
equation on time scales

(1.1) x∆ (t) = f

t, x (t) ,

t∫
t0

g (t, τ, x (τ)) ∆τ

 ,

with the given initial condition

(1.2) x (t0) = x0,

where x is the unknown function to be found, τ ≤ t, g : I2
T × Rn → Rn,

f : IT × Rn × Rn → Rn, x∆ is the generalized delta derivative of x, t is from
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a time scale T, which is a known nonempty closed subset of R, the set of
real numbers and IT = I ∩ T, I = [t0,∞) be the given subset of R, Rn the
real n-dimensional Euclidean space with appropriate norm defined by |.|. The
problem of existence of a unique solution to (1.1)-(1.2) is dealt with by using
a fixed point technique (see also [6, 8, 9, 10]). In dealing with equations like
(1.1)-(1.2), the basic questions to be answered are: (i) if a solution do exist,
then what are their nature ?, (ii) how can we find them or closely approximate
them?. The study of such questions is interesting and needs a fresh outlook for
handling the equations of the form (1.1)-(1.2).Here we offer the conditions for
error evaluation of approximate solutions of (1.1)− (1.2) by establishing some
new bounds and convergence properties of approximate problems. Our proofs
rely on the application of a time scale analogue of a certain integral inequality
established by the present author in [7].

2. Preliminaries

In what follows, R denotes the set of real numbers, Z the set of integers and
T denotes the arbitrary time scale and t0 ∈ T . Define the jump operators
σ, ρ : T→ T by

σ(t) = inf{s ∈ T : s > t}, ρ(t) = sup{s ∈ T : s < t},

If σ(t) = t and σ(t) < t, then the point t ∈ T is left-dense and left-scattered. If
ρ(t) = t and ρ(t) < t, then the point t ∈ T is right-dense and right-scattered.
If T has a right-scattered minimum m, define Tk := T−m, otherwise Tk := T.
If T has a left-scattered maximum M , define Tk := T−M , otherwise Tk := T.
The graininess function µ : T → R+ = [0,∞) is defined by µ (t) = σ (t) − t.
We say that p : T → R is regressive provided 1 + µ (t) p (t) 6= 0 for all t ∈ T.
For f : T → R and t ∈ Tk, the delta derivative of f at t denoted by f∆ (t) is
the number (provided it exists) with the property that given any ε > 0, there
is a neighborhood U of t such that∣∣f (σ (t) , τ)− f (s, τ)− f∆ (t, τ) (σ (t)− s)

∣∣ ≤∈ |σ (t)− s| ,

for all s ∈ U . For T = R, f∆ (t) = f ′(t) the usual derivative; for T = Z the
delta derivative is the forward difference operator, f∆ (t) = f (t+ 1) − f (t).
A function f : T → R is right dense continuous or rd-continuous provided it
is continuous at right-dense points in T and its left-sided limits exist(finite) at
left-dense points in T and its left-sided limit exist(finite) at left-dense points in
T. If T = R then f is rd-continuous if and only if f is continuous. It is known
[1, Theorem 1.74] that if f is right-dense continuous, then there is a function
F such that f∆(t) = f(t) and

b∫
a

f (t)∆t = F (b)− F (a) ,



On approximate solutions of a integrodifferential equation 1653

where a, b ∈ T. Note that when T = R, σ(t) = t, µ(t) = 0, f∆ = f ′,
b∫
a

f (t)∆t =
b∫
a

f (t)dt, while T = Z, σ(t) = t + 1, µ(t) = 1, f∆ = ∆f ,

b∫
a

f (t)∆t =
p−1∑
t=a

f (t). We denote by < the set of all regressive and rd-continuous

functions and <+ = {p ∈ R : 1 + µ (t) p (t) > 0 for all t ∈ T} . For p ∈ <, we
define (see [1], Theorem 2.35) the exponential function ep(., t0) on time scale
T as the unique solution to the scalar initial value problem

x∆ = p(t)x, x(t0) = 1.

If p ∈ <+ then ep(t, t0) > 0 for all t ∈ T ( see [1], Theorem 2.41). As usual, the
set of rd-continuous functions is denoted by Crd. For more detailed information
concerning the time scales and dynamic equations on time scales, see the recent
monographs [1, 2].

Let x : IT → R be a continuous function on IT, x∆ exists, rd-continuous on
IT and satisfies the inequality∣∣∣∣∣∣x∆(t)− f

t, x (t) ,

t∫
t0

g (t, τ, x (τ))∆τ

∣∣∣∣∣∣ ≤ ε,

for a given constant ε ≥ 0, where x(t0) = x0. Then we call x(t) the ε-
approximate solution with respect to the equation (1.1).

We need the following variant of the inequality recently established by the
present author in [7] (see also [5]).

Lemma 2.1. Assume that u, p, c ∈ Crd, u ≥ 0, p ≥ 0, c ≥ 0. Let k(t, s)
is rd-continuous on [t0, σ (t)]. Suppose that for each ε > 0, there exists a
neighborhood N of t, independent of τ ∈ [t0, σ (t)] such that∣∣k (σ (t) , τ)− k (s, τ)− k∆ (t, τ) (σ (t)− s)

∣∣ ≤ ε |σ (t)− s| ,

for all s ∈ N , where k∆ denotes the derivative of k with respect to the first
variable, k (σ (t) , t) ≥ 0, k∆ (t, s) ≥ 0 for s, t ∈ T with s ≤ t. If c(t) is
nondecreasing for t ∈ T and

(2.1) u (t) ≤ c(t) +

t∫
t0

p (s)

u (s) +

s∫
t0

k (s, τ)u (τ) ∆τ

∆s,

for t ∈ T, then

(2.2) u (t) ≤ c(t)

1 +

t∫
t0

p (s) ep+A (s, t0) ∆s

 ,
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for t ∈ T, where

(2.3) A (t) = k (σ (t) , t) +

t∫
t0

k∆ (t, τ) ∆τ.

3. Main Results

Our main result deals with the estimate on the difference between the two
approximate solutions of equation (1.1).

Theorem 3.1. Suppose that the functions f, g in equation (1.1) are rd-
continuous and satisfy the conditions

(3.1) |f (t, u, v)− f (t, ū, v̄)| ≤ p(t) [|u− ū|+ |v − v̄|] ,

(3.2) |g (t, τ, u)− g (t, τ, v)| ≤ k (t, τ) |u− v| ,

where p, k be as in Lemma 2.1. For i=1,2, let xi(t) be respectively εi approxi-
mate solutions of equation (1.1) on IT with xi(0) = x̄i such that

|x̄1 − x̄2| ≤ δ,

where δ ≥ 0 is a constant, then

(3.3) |x1 (t)− x2 (t)| ≤ n (t)

1 +

t∫
t0

p (s) ep+A (s, t0) ∆s

 ,
for t ∈ IT, where

(3.4) n(t) = (ε1 + ε2) (t− t0) + δ,

and A(t) is given by (2.3).

Proof. Since xi(t), t ∈ IT are respectively εi are approximate solutions of equa-
tion (1.1) with xi(0) = x̄i. We have

(3.5)

∣∣∣∣∣∣x∆
i (t)− f

t, xi (t) ,

t∫
t0

g (t, τ, xi (τ)) ∆τ

∣∣∣∣∣∣ ≤ εi,



On approximate solutions of a integrodifferential equation 1655

for i=1,2. By taking t = s in (3.5) and delta integrating both sides of (3.5)
from t0 to t we have

εi (t− t0) ≥
t∫

t0

∣∣∣∣∣∣x∆
i (s)− f

s, xi (s) ,

s∫
t0

g (s, τ, xi (τ)) ∆τ

∣∣∣∣∣∣∆s
≥

∣∣∣∣∣∣
t∫

t0

x∆
i (s)− f

s, xi (s) ,

s∫
t0

g (s, τ, xi (τ)) ∆τ

∆s

∣∣∣∣∣∣
=

∣∣∣∣∣∣
xi (t)− xi (t0)−

t∫
t0

f

s, xi (s) ,

s∫
t0

g (s, τ, xi (τ)) ∆τ

∆s


∣∣∣∣∣∣ .(3.6)

From (3.6) and using the basic inequalities

(3.7) |v − z| ≤ |v|+ |z| , |v| − |z| ≤ |v − z| ,

we have

(ε1 + ε2) (t− t0) ≥

∣∣∣∣∣∣
x1(t)− x1 (t0)−

t∫
t0

f

s, x1(s),

s∫
t0

g (s, τ, x1(τ)) ∆τ

∆s


∣∣∣∣∣∣

+

∣∣∣∣∣∣
x2(t)− x2 (t0)−

t∫
t0

f

s, x2(s),

s∫
t0

g (s, τ, x2(τ)) ∆τ

∆s


∣∣∣∣∣∣

≥

∣∣∣∣∣∣
x1(t)− x1 (t0)−

t∫
t0

f

s, x1(s),

s∫
t0

g (s, τ, x1(τ)) ∆τ

∆s


−

x2(t)− x2 (t0)−
t∫

t0

f

s, x2(s),

s∫
t0

g (s, τ, x2(τ)) ∆τ

∆s


∣∣∣∣∣∣

≥ |x1 (t)− x2 (t)| − |x1 (t0)− x2 (t0)|

−

∣∣∣∣∣∣
t∫

t0

f

s, x1 (s) ,

s∫
t0

g (s, τ, x1 (τ)) ∆τ

∆s

−
t∫

t0

f

s, x2 (s) ,

s∫
t0

g (s, τ, x2 (τ)) ∆τ

∆s

∣∣∣∣∣∣ .(3.8)
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Let u (t) = |x1 (t)− x2 (t)|, t ∈ IT. From (3.8) and using the hypotheses, we
observe that

u (t) ≤ (ε1 + ε2) (t− t0) + u (t0) +

t∫
t0

∣∣∣∣∣∣f
s, x1 (s) ,

s∫
t0

g (s, τ, x1 (τ)) ∆τ


−

t∫
t0

f

s, x2 (s) ,

s∫
t0

g (s, τ, x2 (τ)) ∆τ

∣∣∣∣∣∣∆s
≤ (ε1 + ε2)(t− t0) + δ +

t∫
t0

p (s)

|x1 (s)− x2 (s)|+
s∫

t0

k (s, τ) |x1 (τ)− x2 (τ)|∆τ

∆s

= n (t) +

t∫
t0

p (s)

u (s) +

s∫
t0

k (s, τ)u (τ) ∆τ

∆s,

(3.9)

where n(t) is given by (3.4). Clearly n(t) is nonnegative and nondecreasing for
t ∈ T. Applying lemma 2.1 to (3.9) we get (3.3). �

Remark 3.2. We note that in case x1(t) is a solution of (1.1)− (1.2), then
we have ε1 = 0 and from (3.3) we see that x2(t)→ x1(t) as ε2 → 0 and δ → 0.
If we put (i) ε1 = ε2 = 0, x̄1 = x̄2 in (3.3), then the uniqueness of solutions
of equation (1.1) is established and (ii) ε1 = ε2 = 0 in (3.3), then we get
the bound which shows the dependency of solutions of equation (1.1) on given
initial values.

Consider equations (1.1)− (1.2) together with the following integrodifferen-
tial equation

(3.10) y∆ (t) = f̄

t, y (τ) ,

t∫
t0

g (t, τ, y (t)) ∆τ

 ,

with the given initial condition

(3.11) y(t0) = y0,

where f̄ : IT × Rn × Rn → Rn is rd-continuous and g is as in equation (1.1)
and rd-continuous. The following theorem concerning the closeness of solutions
equations (1.1)− (1.2) and (3.10)− (3.11) holds.

Theorem 3.3. Suppose that the functions f, g in equation (1.1) are rd-
continuous and satisfy the conditions (3.1), (3.2) and their exist constants ε̄ ≥
0, δ̄ ≥ 0 such that

(3.12)
∣∣f (t, u, v)− f̄ (t, u, v)

∣∣ ≤ ε̄,

(3.13) |x0 − y0| ≤ δ̄,
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where f, x0 and f̄ , y0 are as in equations (1.1)− (1.2) and (3.10)− (3.11). Let
x(t), y(t) be respectively, solutions of equations (1.1)−(1.2) and (3.10)−(3.11)
on IT. Then

(3.14) |x (t)− y (t)| ≤ m (t)

1 +

t∫
t0

p (s) ep+A (s, t0) ∆s

 ,
for t ∈ IT, where

(3.15) m (t) = ε̄ (t− t0) + δ̄,

and A(t) is given by (2.3).

Proof. Let u (t) = |x (t)− y (t)|, t ∈ IT. Using the facts that x(t), y(t) are
the solutions of equations (1.1)− (1.2) and (3.10)− (3.11) and hypotheses, we
observe that

u (t) ≤ |x0 − y0|+
t∫

t0

∣∣∣∣∣∣f
s, x (s) ,

s∫
t0

g (s, τ, x (τ)) ∆τ


−f

s, y (s) ,

s∫
t0

g (s, τ, y (τ)) ∆τ

∣∣∣∣∣∣∆s
+

t∫
t0

∣∣∣∣∣∣f
s, y (s) ,

s∫
t0

g (s, τ, y (τ)) ∆τ


−f̄

s, y (s) ,

s∫
t0

g (s, τ, y (τ)) ∆τ

∣∣∣∣∣∣∆s
≤ m (t) +

t∫
t0

p (s)

u (s) +

t∫
t0

k (t, τ)u (τ) ∆τ

∆s,(3.16)

where m(t) is given by (3.15). Clearly m(t) is nonnegative and nondecreasing
for t ∈ IT. Now applying Lemma 2.1 to (3.16) yields (3.14). �

Remark 3.4. The result given in Theorem 3.3 relates the solutions of equa-
tions (1.1)− (1.2) and (3.10)− (3.11) in the sense that if f is close to f̄ and x0

is close to y0, then the solutions of equations (1.1)− (1.2) and (3.10)− (3.11)
are also close together.

A slight variant of Theorem 3.3 is given in the following theorem.

Theorem 3.5. Suppose that the functions f, g, f̄ are rd-continuous and

(3.17)
∣∣f(t, u, v)− f̄(t, ū, v̄)

∣∣ ≤ r (t) [|u− ū|+ |v − v̄|] ,
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where r ∈ Crd and the conditions (3.2) and (3.13) hold. Then

(3.18) |x (t)− y (t)| ≤ δ̄

1 +

t∫
t0

r (s) er+A (s, t0)∆s

 ,
for t ∈ IT, where A(t) is given by (2.3).

Proof. Let w (t) = |x (t)− y (t)| for t ∈ IT. Using the facts that x(t) and y(t)
are respectively, solutions of (1.1)− (1.2) and (3.10)− (3.11), and hypotheses,
we observe that

w (t) ≤ |x0 − y0|+
t∫

t0

∣∣∣∣∣∣f
s, x (s) ,

s∫
t0

g (s, τ, x (τ)) ∆τ


− f

s, y (s) ,

s∫
t0

g (s, τ, y (τ)) ∆τ

∣∣∣∣∣∣∆s
≤ δ̄ +

t∫
t0

r (s)

w (s) +

s∫
t0

k (s, τ)w (τ) ∆τ

∆s.(3.19)

Now an application of Lemma 2.1 to (3.19) yields (3.18). �

Remark 3.6. We note that the idea used in this paper can be very eas-
ily extended to study the approximate solutions of the Volterra type dynamic
equation

(3.20) y (t) = f (t) +

t∫
t0

h (t, τ, y (τ))∆τ,

under some suitable conditions on the functions involved in (3.20). The de-
tails of the formulation of the results similar to those of given in Theorems
3.1, 3.3, 3.5 for the solutions of equation (3.20) is very close to those of given
above with suitable modifications and here we omit the details.
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