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Abstract

In this paper we study the global behaviour of solution of the fourth-
order difference equation

xn+1 = f(xn,...,xn−k)g(xn,...,xn−k)xnxn−k+f(xn,...,xn−k)xn+g(xn,...,xn−k)xn−k+f(xn,...,xn−k)g(xn,...,xn−k)
f(xn,...,xn−k)g(xn,...,xn−k)(xn+xn−k)+f(xn,...,xn−k)xn+g(xn,...,xn−k)xn−k

,

n = 0, 1, 2, ..., where k ≥ 1, the initial values x−k, x−k+1, ..., x0 ∈ (0,∞),
f, g : (0,∞)k+1 → (0,∞) are any functions which are continuously
differentiable and positive from (0,∞)k+1 → (0,∞).
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1 Introduction

It is extremely difficult to understand throughly the global behaviours of so-
lutions of rational difference equations although they have simple forms. We
can refer to [1-3, 13-15], especially [1, 3] for examples to illustrate this.

The study of rational difference equations of order greater than one is quite
challenging and rewarding because some prototypes for the development of the
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basic theory of the global behaviour of nonlinear difference equations of order
greater than one come from the results for rational difference equations.

G. Ladas [14] proposed to study the rational difference equation

xn+1 =
xn + xn−1xn−2 + a

xnxn−1 + xn−2 + a
, n = 0, 1, 2, ... (1)

From then on, rational difference equations with the unique positive equilib-
rium x̄ = 1 have received considerable attention, one can refer to [13-16] and
the references cited therein.

Recently, Li [16] investigated the global behaviour of the following fourth-
order rational difference equation

xn+1 =
xnxn−1xn−3 + xn + xn−1 + xn−3 + a

xnxn−1 + xnxn−3 + xn−1xn−3 + 1 + a
, n = 0, 1, 2, ... (2)

where a ∈ [0,∞) and initial values x−3, x−2, x−1, x0 ∈ (0,∞).
In [20], Kenneth S. Berenhaut, S. Stević investigated global asymptotic

stability for positive solutions of the equation

yn =
yn−kyn−lyn−m + yn−k + yn−l + yn−m

1 + yn−kyn−l + yn−kyn−m + yn−lyn−m

, n = 0, 1, 2, ... (3)

with y−m, y−m+1, ..., y−1 ∈ (0,∞) and 1 ≤ k < l < m.
In [1], R. Abu-Saris, C. Cinar, I. Yalankaya investigated the equation

xn+1 =
a + xnxn−k

xn + xn−k
, n = 0, 1, 2, ... (4)

where k is a nonnegative integer, a ≥ 0, and x−k, ..., x0 > 0. They proved that
the equilibrium solution of Eq. (4) is globally asymptotically stable.

In this note, we consider the following rational difference equation of (k+1)-
order.

(5) xn+1 = f(xn,...,xn−k)g(xn,...,xn−k)xnxn−k+f(xn,...,xn−k)xn+g(xn,...,xn−k)xn−k+f(xn,...,xn−k)g(xn,...,xn−k)
f(xn,...,xn−k)g(xn,...,xn−k)(xn+xn−k)+f(xn,...,xn−k)xn+g(xn,...,xn−k)xn−k

,

n = 0, 1, 2, ...,
where k ≥ 1, the initial values x−k, x−k+1, ..., x0 ∈ (0,∞), f, g : (0,∞)k+1 →
(0,∞) are any functions which are continuously differentiable and positive
from (0,∞)k+1 → (0,∞).

It is easy to see that the positive equilibrium x̄ of Eq. (5) satisfies

x̄ =
f(x̄, ..., x̄)g(x̄, ..., x̄)x̄2 + f(x̄, ..., x̄)x̄ + g(x̄, ..., x̄)x̄ + f(x̄, ..., x̄)g(x̄, ..., x̄)

2x̄f(x̄, ..., x̄)g(x̄, ..., x̄) + f(x̄, ..., x̄)x̄ + g(x̄, ..., x̄)x̄
(6)

from which one can see that Eq. (6) has a unique positive equilibrium x̄ = 1.
In the following, we state some main definitions used in this paper.
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Definition 1.1. A positive semicycle of a solution {xn}∞n=−3 consists of a
”string” of terms {xl, xl+1, ..., xm}, all greater than or equal to the equilibrium
x, with l ≥ −3 and m ≤ ∞ and such that

either l = −3, or l > −3 and xl−1 < x.

and
either m = ∞, or m < ∞ and xm+1 < x.

A negative semicycle of a solution (xn) consists of a ”string” of terms {xl, xl+1, ..., xm},
all less than to x, with l ≥ −3 and m ≤ ∞ and such that

either l = −3 or l > −3 and xl−1 ≥ x.

and
either m = ∞ or m < ∞ and xm+1 ≥ x.

The length of a semicycle is the number of the total terms contained in it.

Definition 1.2. A solution {xn}∞n=−k of Eq. (5) is said to be enventually
trivial if xn eventually equal to x̄ = 1; otherwise, the solution is said to be
nontrivial.

2 Global behaviour of solutions

Before to draw a qualitatively clear picture for the positive solutions of Eq.
(5), we first establish two basic lemmas which will play a key role in the proof
of our main results.

Lemma 2.1. Let {xn}∞n=−k be a nontrivial positive solution of Eq. (5). Then
the following conclusions are true for n ≥ 0.

(a) (xn+1 − 1)(xn − 1)(xn−k − 1) ≥ 0
(b) (xn+1 − xn)(xn − 1) ≤ 0.
(c) (xn+1 − xn−k)(xn−k − 1) ≤ 0.

Proof. It follows in light of Eq. (5) that

xn+1 − 1 =
fg(xn − 1)(xn−k − 1)

fg(xn + xn−k) + fxn + gxn−k
, n = 0, 1, 2, ...

and

xn+1 − xn =
(1 − xn)[fg(1 + xn) + fxn + gxn−k]

fg(xn + xn−k) + fxn + gxn−k

, n = 0, 1, 2, ...

and

xn+1 − xn−k =
(1 − xn−k)[[fg(1 + xn−k) + fxn + gxn−k]

fg(xn + xn−k) + fxn + gxn−k

, n = 0, 1, 2, ...
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where, we pose, in breaf,

f(xn, xn−1, ..., xn−k) = f ; g(xn, xn−1, ..., xn−k) = g.

Remark 2.1. If the initial conditions of Eq. (5) satisfy xm �= 1, for m =
−k,−k + 1, ..., 0. Then, for any solution {xn}∞n=−k of Eq. (5) we have xn �= 1
for n ≥ 1.

Theorem 2.1. Assume that f, g : (0,∞)k+1 → (0,∞) are two any func-
tions which are continuously differentiable and positive with the initial values
x−k, x−k+1, ..., x0 ∈ (0,∞). Then the positive equilibrium of Eq. (5) is globally
asymptotically stable.

Proof. We must prove that the positive equilibrium point x̄ = 1 of Eq. (5)
is both locally asymptotically stable and globally attractive. The linearized
equation of Eq. (5) about the positive equilibrium x̄ = 1 is

yn+1 = f(1,1,...,1)g(1,1,...,1)yn

2f(1,1,...,1)g(1,1,...,1)+f(1,1,...,1)+g(1,1,...,1)
+ 0.yn−1 + ... + 0.yn−k+1 + 0.yn−2+

+ f(1,1,...,1)g(1,1,...,1)yn−k

2f(1,1,...,1)g(1,1,...,1)+f(1,1,...,1)+g(1,1,...,1)
.

By virtue of ([12], Remark 1.3.7), x̄ = 1 is locally asymptotically stable. It
remains to verify that every positive solution {xn}∞n=−k of Eq. (5) converges
to x̄ = 1 as n → ∞. Namely, we want to prove

lim
n→∞

xn = x̄ = 1 (6)

If the initial values of the solution satisfy x−k = x−k+1 = ... = x0 = 1, then
from Remark 2.1 we have that the solution eventually equals to 1 and, of
course, (6) holds. Therefore, we assume in the sequel that

(x−k, x−k+1, ..., x0) �= (1, 1, ..., 1).

We will prove Theorem 2.1 in two cases A and B.
A. We assume that xn−k ≤ 1. From Lemma 2.1 we have

either

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

xn−k ≤ 1

xn+1 ≥ xn−k

xn+1 ≥ 1

xn ≤ 1

(A.1) or

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

xn−k ≤ 1

xn+1 ≥ xn−k

xn+1 ≤ 1

xn ≥ 1

(A.2)

We consider the system (A.1). We have

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

xn ≤ 1

xn−k ≤ 1

xn+1 ≥ 1

xn+1 ≥ xn−k

. From this and
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b) of Lemma 2.1, we have xn+1 ≤ xn+2 ≤ xn+1. Therefore {xn}∞n=−k is the
stationary sequence. It means that xn = c for n ≥ 1. We obtain (6).

Next, we consider the system (A.2),

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

xn−k ≤ 1

xn+1 ≥ xn−k

xn+1 ≤ 1

xn ≥ 1

.

Because xn+1 ≤ 1, we have

{
xn+2 ≥ xn+1

xn+1 ≤ xn

From this system we have xn = c

for n ≥ 1. Thus, we obtain (6).
We consider the second case:

B. We assume that xn−k ≥ 1. In this case, we have the following two systems

either

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

xn−k ≥ 1

xn ≥ 1

xn+1 ≥ 1

xn+1 ≤ xn−k

xn+1 ≤ xn

(B.1) or

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

xn−k ≥ 1

xn ≤ 1

xn+1 ≤ 1

xn+1 ≤ xn−k

xn+1 ≥ xn

(B.2)

We consider the system (B.1). From this we obtain 1 ≤ xn+1 ≤ xn. The
sequence {xn} is decreasing with lower bound 1. The limit lim

n→∞
xn exists and

is finite, too. Therefore

lim
n→∞

xn = c.

From Eq. (5), taking the limit on both sides we have

c =
f(c, c, ..., c)g(c, c, ..., c)c2 + f(c, c, ..., c)c + g(c, c, ..., c)c + f(c, c, ..., c)g(c, c, ..., c)

2cf(c, c, ..., c)g(c, c, ..., c) + f(c, c, ..., c)c + g(c, c, ..., c)c
,

We infer that c = 1. We have (6).

We consider the last system (B.2),

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

xn−k ≥ 1

xn ≤ 1

xn+1 ≤ 1

xn+1 ≤ xn−k

xn+1 ≥ xn

.

From the conditions

⎧⎪⎨
⎪⎩

xn ≤ 1

xn+1 ≤ 1

xn+1 ≥ xn

, we have 1 ≥ xn+1 ≥ xn. The same as the

case (B.1), we obtain

lim
n→∞

xn = c = 1.

The proof is complete.
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