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1. Introduction

We are, firstly, concerned with planar autonomous polynomial differential

systems of the form

ẋ = P (x, y)(1.1)

ẏ = Q(x, y)

where P (x, y) and Q(x, y) are functions of class C1, secondly, we restrict

P (x, y) and Q(x, y) to be elements in the ring of real polynomials in two

variables, R[x, y]. The dot denotes derivation with respect to the independent

variable t usually called time, that is ẋ = dx
dt

. The vector field associated to

system 1.1 will be denoted X(x, y) = P (x, y)∂x + Q(x, y)∂y; its divergence is

divX = ∂P
∂x

+ ∂Q
∂y

. Notice that the ordinary differential equation

P (x, y)dx − Q(x, y)dy = 0(1.2)

is just the differential equation of the orbits of system 1.1.
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Definition 1. A function V : U → R is said to be an inverse integrating

factor of system 1.1 if it is of class C1(U), it is not locally null and it satisfies

the following linear partial differential equation:

P (x, y)
∂V (x, y)

∂x
+ Q(x, y)

∂V (x, y)

∂y
=

(
∂P (x, y)

∂x
+

∂Q(x, y)

∂y

)
V (x, y)(1.3)

In short notation, an inverses integrating factor V (x, y) of system 1.1 satisfies

XV = V divX. For more details see, for instance, [11] and references therein.

The purpose of this paper is to introduce, as far as I know, new constructive

methods of inverse integrating factors of certain classes of system 1.1 in two

cases, as follows. The first case is for system 1.1 when P and Q are C1-

functions. The second case deals with system 1.1 when each of P and Q

belongs to the ring of real polynomials in two variables, R[x, y]. We will state,

in this Section, some well-known facts from the literature on the constructive

methods of inverse integrating factors and some important roles of inverse

integrating factors.

The name inverse integrating factor arises from the fact that if V (x, y) solves

1.3, then its reciprocal 1/V (x, y) is an integrating factor for system 1.1 on

U − {V = 0}. That is, the system ẋ = P (x, y)/V (x, y), ẏ = Q(x, y)/V (x, y)

obtained from system 1.1 by rescaling of the independent variable has zero

divergence, where defined. Inverse integrating factor arises from the fact that

the differential 1-form ω/V = (Pdy − Qdx)/V is closed (d(ω/V ) = 0) in

U −{V = 0}. Then in the case in which U −{V = 0} is simply connected, the

1-form ω/V is exact (ω/V = dH), and therefore a C2 first integral H(x, y) of

the differential equation 1.2 is immediately constructed.

We notice that given an inverse integrating factor defined in U , a first

integral H(x, y) in U −{V = 0} can be constructed by means of the following

line integral:

H(x, y) =
(x,y)∫

(x0,y0)

Q(x, y)dx − P (x, y)dy

V (x, y)
(1.4)

where (x0, y0) is any chosen base point in U with V (x, y) �= 0. For more details

see for instance [8, 11] and references therein. Note that from the definition

of the inverse integrating factor, the curve V (x, y) = 0 is formed by orbits of

system 1.1. Moreover, if V (x, y) is rational function, then the curve V (x, y) = 0

is formed by invariant algebraic curve of system 1.1. An inverse integrating

factor is a very important function and perhaps it is the best way to understand

the integrability of 2−dimensional differential systems, because, {V (x, y) = 0}
contains all limit cycles in the domain of definition of V , see [3]. On the top
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of that, in general, the expression of V is simpler than the expression of the

associated first integral and its domain of definition is usually larger. The

inverse integrating factors play an important role in two of the most difficult

open problems of qualitative theory of planar polynomial vector fields, which

are the center problem and the 16th Hilbert problem. For more details see [1,

3, 9]. The books [10], [13] contain and show that the inverse integrating factor

is very useful in many bifurcation problems.

It is known in the literature, see for instance [2] and references therein, that

for the system ẋ = ax + by, ẏ = cx + dy, there always exists a simple inverse

integrating factor of the quadratic form V (x, y) = cx2 + (d − a)xy − by2. If P

and Q in system 1.1 are real or complex homogeneous polynomials of same de-

gree, then the polynomial function V (x, y) = yP (x, y)−xQ(x, y) is an inverse

integrating factor. This follows easily from the Euler theorem for homogeneous

functions which says: If P (x, y) is a homogeneous polynomial in x, y of degree

n then nP (x, y) = x∂P
∂x

(x, y)+y ∂Q
∂y

(x, y). If P and Q in system 1.1 are real qua-

dratic polynomials and the origin is a center, then there always exists a polyno-

mial inverse integrating factor V : R2 → R of degree 3 or 5, see [1]. If in system

1.1, P (x, y) = −y+P3(x, y) and Q(x, y) = x+Q3(x, y) with P3 and Q3 real ho-

mogeneous polynomials of degree 3, and the origin is a center, then there always

exists a polynomial inverse integrating factor V : R2 → R of degree at most 10,

see [1]. The system ẋ = −y[2x2 +y2 +(x2 +y2)2], ẏ = x[2x2 +y2 +2(x2 +y2)2]

has no analytic first integral in a neighborhood of the origin, but it has the

simple inverse integrating factor V (x, y) = (x2 + y2)2(2x2 + y2). For more de-

tails see [2], [12, p.122]. In [4], the authors look for possible inverse integrating

factors for vector fields of the form X(x, y) = −y∂x + x∂y + Xs(x, y) , where

Xs(x, y) is a polynomial homogeneous vector field of degree s ≥ 2. C. Christo-

pher in [5, Th.9] gave precise form of the inverse integrating factor. S. Walcher

in [14] studied the structure of polynomial inverse integrating factors. In [7]

A. Ferregut studied the construction of polynomial inverse integrating factors

of quadratic dynamical systems, and introduced five methods for computing

polynomial inverse integrating factors of quadratic systems P.36-40. I.A. Gar-

cia and M. Grau gave a formula for an inverse integrating factor of a complex

polynomial vector fields having a Darboux first integral, see [11, Th. 16],

[3]. In addition to that, they gave specific inverse integrating factors for some

quadratic systems with an isochronous center at the origin [11, Th.22]. In

[6], all the quadratic systems with a polynomial inverse integrating factor are

determined. H. Giacomini, J. Gine and M. Grau in [8] studied when system

1.1 has an inverse integrating factor which can be constructed by means of

the solutions of second order linear differential equation defining a family of

orthogonal polynomials .
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The paper is organized as follows: In Section 1 we give some preliminaries

and background on the significance and importance of the role of inverse inte-

grating factors in addition to some well known facts on it. Section 2 is devoted

to the main results with their proofs. Finally, in Section 3, we introduce some

applications and examples to illustrate the applicability of the Theorems.

2. Main Results

In this section, we are, firstly, concerned with construction of forms of inverse

integrating factors for two dimensional autonomous of real differential system

1.1 when P (x, y) and Q(x, y) are of C1-class functions. In order to state the

results concerning system 1.1, consider the following two hypotheses:

H1 : The expression

1

P (x, y)Q(x, y)

[
∂P

∂x
(x, y)Q(x, y) − P (x, y)

∂Q

∂x
(x, y)

]

depends only on x.

H2 : The expression

1

P (x, y)Q(x, y)

[
P (x, y)

∂Q

∂y
(x, y) − ∂P

∂y
(x, y)Q(x, y)

]

depends only on y.

Theorem 1. For the differential system 1.1,

(i) if H1 holds, then the function

V (x, y) = Q(x, y)e
�
( 1

P (x,y)Q(x,y)[
∂P
∂x

(x,y)Q(x,y)−P (x,y)∂Q
∂x

(x,y)])dx

is an inverse integrating factor of the system,

(ii) if H2 holds, then the function

V (x, y) = P (x, y)e
�
( 1

P (x,y)Q(x,y)[P (x,y)∂Q
∂y

(x,y)−∂P
∂y

(x,y)Q(x,y)])dy

is an inverse integrating factor of the system.

Proof. (i)
∂V
∂x

(x, y)P (x, y) + ∂V
∂y

(x, y)Q(x, y)

=
[

∂Q
∂x

(x, y)e
�
( 1

P (x,y)Q(x,y)[
∂P
∂x

(x,y)Q(x,y)−P (x,y)∂Q
∂x

(x,y)])dx

+Q(x, y)
(

1
P (x,y)Q(x,y)

[
∂P
∂x

(x, y)Q(x, y) − P (x, y)∂Q
∂x

(x, y)
])

× e
�
( 1

P (x,y)Q(x,y)[
∂P
∂x

(x,y)Q(x,y)−P (x,y)∂Q
∂x

(x,y)])dx
]
P (x, y)

+
[

∂Q
∂y

e
�
( 1

P (x,y)Q(x,y)[
∂P
∂x

(x,y)Q(x,y)−P (x,y)∂Q
∂x

(x,y)])dx
]
Q(x, y)

=
[

∂Q
∂x

(x, y) + Q(x, y) × (
∂P
∂x

(x, y)Q(x, y) − P (x, y)∂Q
∂x

(x, y)
)
P (x, y)

+∂Q
∂y

(x, y)Q(x, y)
]
e
�
( 1

P (x,y)Q(x,y)[
∂P
∂x

(x,y)Q(x,y)−P (x,y)∂Q
∂x

(x,y)])dx
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=
[

∂P
∂x

(x, y) + ∂Q
∂y

(x, y)
]
Q(x, y)e

�
( 1

P (x,y)Q(x,y)[
∂P
∂x

(x,y)Q(x,y)−P (x,y)∂Q
∂x

(x,y)])dx

=
[

∂P
∂x

(x, y) + ∂Q
∂y

(x, y)
]
V (x, y).

(ii) Similarly.

Corollary 1. For the system

ẋ = H(x, y)F1(x)G1(y)

ẏ = H(x, y)F2(x)G2(y)

the function V (x, y) = H(x, y)F1(x)G2(y) is an inverse integrating factor.

Proof. Direct calculation shows that both hypotheses H1 and H2 hold.

We may have special cases for Corollary 1, namely, if H, F1, G1, F2 or G2

is identically one, we obtain some other special conclusions, for example, if we

choose H(x, y) ≡ 1, we get the following fact : For the system

ẋ = F1(x)G1(y)

ẏ = F2(x)G2(y)

the function V (x, y) = F1(x)G2(y) is an inverse integrating factor.

Corollary 2. For the system

ẋ = F (x)G(y)

ẏ = H(x, y)

(i) if ∂H
∂x

(x, y)/H(x, y) depends only on x, then the function V (x, y) = H(x, y)e
� dF

dx
H− ∂H

∂x
F

F H
dx

is an inverse integrating factor.

(ii) if ∂H
∂y

(x, y)/H(x, y) depends only on y, then the function V (x, y) =

F (x)G(y)e
� ∂H

∂y
G−H dG

dy
GH

dy is an inverse integrating factor.

Proof. (i) The hypothesis H1 is:

1

F (x)G(y)H(x, y)

[
dF

dx
G(y)H(x, y)− F (x)G(y)

∂H

∂x
(x, y)

]

=
dF
dx

F
− Hx

H

Therefore, if ∂H
∂x

(x, y)/H(x, y) depends only on x, then
dF
dx

F
− Hx

H
does. This

implies that the hypothesis H1 holds, then we apply the Theorem.

(ii) Here H2 holds with analogous argument of proof (i).
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We may have other choice if Q(x, y) is separable variable function then we

obtain analogous case dealing with the system

ẋ = H(x, y)

ẏ = F (x)G(y)

Theorem 2. For system 1.1, if there are C1 functions F (x, y), G(x, y) and

h(y) such that

P (x, y) =
F (x, y)

G(x, y)

and

Q(x, y) =

(
F (x, y) +

h(y)F (x, y)

G(x, y)

) ∫
Gx(x, y)

(G(x, y) + h(y))2
dy

then the function

V (x, y) = F (x, y) +
h(y)F (x, y)

G(x, y)

is an inverse integrating factor of the system.

Proof. To satisfy the condition VxP + VyQ = (Px + Qy) V , see the following,

The left-hand side =VxP + VyQ

=
(
Fx + hFx

G
− hFGx

G2

)
F
G

+
[

∂
∂y

(
F + hF

G

)] (
F + hF

G

) ∫
Gx

(G+h)2
dy

The right-hand side = (Px + Qy)V

=
[

Fx

G
− FGx

G2 +
[

∂
∂y

(
F + hF

G

)] ∫
Gx

(G+h)2
dy +

(
F + hF

G

)
Gx

(G+h)2

] (
F + hF

G

)
=

[
Fx

G
− FGx

G2

] (
F + hF

G

)
+GxF 2

G2 +
[

∂
∂y

(
F + hF

G

)] (
F + hF

G

) ∫
Gx

(G+h)2
dy

=FxF
G

+ hFxF
G2 − hF 2Gx

G3 +
[

∂
∂y

(
F + hF

G

)] (
F + hF

G

) ∫
Gx

(G+h)2
dy

This completes the proof.

Application of this Theorem may involve some guessing and inspection for

choosing suitable functions F , G, and h which maybe, sometime, not easy.

This may be left as an open problem to improve and simplify the case. See

Example 3. The function h(y) may play an important role in calculation since

it can be chosen in a way that simplifies the integrand in integration operation.

One of suitable choices could be h(y) = −G(0, y).

Corollary 3. For system 1.1, if there is C1 function G(x, y) such that

Q(x, y)

P (x, y)
= G(x, y)

∫
Gx(x, y)

G(x, y)2
dy

then the function V (x, y) = P (x, y)G(x, y) is an inverse integrating factor for

the system.
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Proof. If we choose h(y) ≡ 0 and F (x, y) is replaced by P (x, y)G(x, y) in the

formula given in the Theorem, we obtain

Q(x, y) = P (x, y)G(x, y)

∫
Gx(x, y)

G(x, y)2
dy

This completes the proof after dividing both sides by P (x, y).

Now, we will be concerned with the second case, which is to construct forms

of inverse integrating factors for planar differential systems

ẋ = P (x, y) = P1(x, y) + P2(x, y) + ... + Pn(x, y)(2.1)

ẏ = Q(x, y) = Q1(x, y) + Q2(x, y) + ... + Qn(x, y)

where Pi(x, y) and Qi(x, y) are homogeneous polynomials in x, y of degree

i. We will always assume that P (x, y) and Q(x, y) are coprime polynomials.

Because otherwise, we let R be the greatest common divisor of P and Q, then

the change in the independent variable t given by ds = Rdt transforms the

polynomial vector field X(x, y) into the polynomial vector field (P
R
, Q

R
) with P

R

and Q
R

coprime. Associate to the system 2.1 there is the vector field

X(x, y) = X1(x, y) + X2(x, y) + ... + Xn(x, y)

where Xi(x, y) = Pi(x, y)∂/∂x + Qi(x, y)∂/∂y is homogeneous vector field of

degree i . We assume that system 2.1 has an inverse integrating factor of the

form

V (x, y) = (−y, x).(c1X1(x, y) + c2X2(x, y) + ... + cnXn(x, y)(2.2)

the dot product of the vector field (−y, x) with the resultant of the linear

combination of the components Xis of the vector field X(x, y), where cis are

parameters to be determined. We impose such a function V (x, y) to satisfy the

condition 1.3 of the inverse integrating factor for system 2.1 and equating the

coefficients of the same powers of x, y. These conditions give rise to an algebraic

system of equations in the parameters cis and undetermined coefficients of the

monomials of the vector field X(x, y). In general, this system of algebraic

equations is overdetermined, which gives all the possible choices of system 2.1

to have an inverse integrating factor of the prescribed form 2.2. This method

gives particular conditions on the system 2.1 which are, usually, easy to satisfy.

The method is revealed from the well known fact that says: if P and Q in

system 1.1 are real or complex homogeneous polynomials of same degree, then

the polynomial function V (x, y) = (−y, x).X(x, y) is an inverse integrating

factor. The following result shows the applicability of the method, where we,

sometimes, avoid to write the dependence on the variables x, y, to simplify the

notation.
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Theorem 3. For the system

ẋ = P (x, y) = Pn(x, y) + Pm(x, y)(2.3)

ẏ = Q(x, y) = Qn(x, y) + Qm(x, y)

if Pi, Qi are homogeneous polynomials of degree i, and satisfying the condition

(1 + n)cn − (m + 1)cm

cm − cn

(PmQn − PnQm) + (Pmx + Qmy)(xQn − yPn)(2.4)

−(Pnx + Qny)(xQm − yPm) = 0

where cn �= cm real number, then the function V (x, y) = (−y, x).(cnXn+cmXm)

is an inverse integrating factor of system 2.3, where Xi(x, y) = (Pi(x, y), Qi(x, y)),

i = n, m.

Proof. The required form of the inverse integrating factor is

V (x, y) = (−y, x).(cnXn + cmXm)

= cn(−y, x).(Pn, Qn) + cm(−y, x).(Pm, Qm)

= cn(xQn − yPn) + cm(xQm − yPm)

If we assume the notations

Vn(x, y) = (xQn − yPn), and Vm(x, y) = (xQm − yPm)(2.5)

then

V (x, y) = cnVn(x, y) + cmVm(x, y)(2.6)

Since Pn, Qn, Pm, and Qm are homogeneous polynomials then the functions

Vn(x, y) and Vm(x, y) satisfy, respectively, the following equations

PnVnx + QnVny = (Pnx + Qny)Vn(2.7)

PmVmx + QmVmy = (Pmx + Qmy)Vm

where Pn = Pn(x, y), Pnx = ∂Pn

∂x
(x, y), Vnx = ∂Vn

∂x
(x, y), and so on. Recall that

V (x, y) is an inverse integrating factor of system 2.3 if it satisfies the partial

differential equation 1.3. So if we impose such a function into 1.3, to obtain

(Pn + Pm)(cnVnx + cmVmx) + (Qn + Qm)(cnVny + cmVmy)(2.8)

= (Pnx + Pmx + Qny + Qmy)(cnVn + cmVm)

Use 2.7 and simplify and rearrange the terms in 2.8 we obtain,

cnVnxPm + cmVmxPn + cnVnyQm + cmVmyQn(2.9)

= cn(Pmx + Qmy)Vn + cm(Pnx + Qny)Vm
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Clearly, from 2.5, we have

Vnx = Qn + xQnx − yPnx(2.10)

Vny = xQny − Pn − yPny

Vmx = Qm + xQmx − yPmx

Vmy = xQmy − Pm − yPmy

Substituting the relations 2.10 and 2.5 in equation 2.9 and applying the Euler

Theorem for homogeneous functions and rearranging the terms with straight

forward calculation leads to

(cm − cn)QmPn + (cn − cm)QnPm + cnPm(nQn − yQny)

+cmPn(mQm − yQmy) − cnQm(nPn − xPnx) − cmQn(mPm − xPmx)

−cnyPmPnx − cmyPnPmx + cnxQmQny + cmxQnQmy

= −cny(Pmx + Qmy)Pn − cmy(Pnx + Qny)Pm + cnx(Pmx + Qmy)Qn

+cmx(Pnx + Qny)Qm

Rearranging the terms of this equation and applying the hypothesis 2.4 of the

Theorem, the proof will be complete.

Corollary 4. For system 2.3, if

(Pmx + Qmy)(xQn − yPn) = (Pnx + Qny)(xQm − yPm)

then the function

V (x, y) = (−y, x).(Xn +
1 + n

1 + m
Xm)

is an inverse integrating factor of system 2.3.

Proof. Choose cn, cm in equation 2.4 such that (n + 1)cn − (m + 1)cm = 0.

Corollary 5. For the quadratic system

ẋ = P1(x, y) + P2(x, y)(2.11)

ẏ = Q1(x, y) + Q2(x, y)

if

2c1 − 3c2

c2 − c1
(P2Q1 − P1Q2) + (P2x + Q2y)(xQ1 − yP1) − (P1x + Q1y)(xQ2 − yP2) = 0

where cn �= cm real numbers, then the function

V (x, y) = (−y, x).(c1X1 + c2X2)

is an inverse integrating factor of system 2.11.
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Corollary 6. For the quadratic system 2.11 if

(P2x + Q2y)(xQ1 − yP1) = (P1x + Q1y)(xQ2 − yP2)(2.12)

then the function

V (x, y) = (−y, x).(X1 +
2

3
X2)

is an inverse integrating factor of system 2.11.

Proof. Choose n = 1, m = 2 in the formula of V (x, y) of Corollary 1.

The same kind of argument should allow to treat the more general form of

vector field, namely

V (x, y) = (−y, x).(c1X1 + ... + cnXn)

which involves a lot of calculations. Of course, the higher number of homoge-

neous parts of the vector field, the longer and the more complicated calculation

is involved.

3. Applications and Examples

In this section we present some applications and examples to illustrate the

applicability of the Theorems. Examples 1 and 2 illustrate the applicability of

Theorem 1 and its Corollary.

Example 1. Consider the system

ẋ =
x2 − x2y + 3y2 − 3y3

x + 1

ẏ =
x3 + 3xy2

y2

Direct calculation gives

1

P (x, y)Q(x, y)

[
∂P

∂x
(x, y)Q(x, y)− P (x, y)

∂Q

∂x
(x, y)

]
= − 1 + 2x

x(x + 1)

which depends only on x. Then by Theorem 1, the function

V (x, y) = Q(x, y)e
�
( 1

P (x,y)Q(x,y)[
∂P
∂x

(x,y)Q(x,y)−P (x,y)∂Q
∂x

(x,y)])dx

=
x2 + 3y2

(x + 1)y2

is an inverse integrating factor of the system. On the other hand, direct cal-

culation shows that the condition 1.3 holds.
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Example 2. Consider the system

ẋ = (x2 + 3x − 5)(y + 1)

ẏ =
x2y2 + xy3 − 2xy2 − 2y3

x2y3 + xy4 − 5x2 − 5xy

Following Corollary 2(i), we have F (x) = x2 + 3x − 5, G(y) = 1 + y, and

H(x, y) = x2y2+xy3−2xy2−2y3

x2y3+xy4−5x2−5xy
. Direct calculation gives

Hx(x, y)

H(x, y)
=

2

x2 − 2x

which depends only on x. Then by Corollary 2(i), the function

V (x, y) = H(x, y)e
� F ′H−HxF

F H
dx

=
y2(x2 + 3x − 5)

y3 − 5

is an inverse integrating factor of the system. On the other hand, direct but

long calculation shows that the condition 1.3 holds.

Example 3. Consider the system

ẋ =
x2

5xy + 3x2 − y2

ẏ =
5x3y + 3x4

5xy + 3x2 − y2

[
1

5x2
ln(5y + 3x) − 3

5x(5y + 3x)

]

Following Theorem 2, we choose F (x, y) = x2, and G(x, y) = 5xy + 3x2 − y2.

Then choose h(y) = −G(0, y) = y2. These choices make the hypothesis

Q(x, y) =

(
F (x, y) +

h(y)F (x, y)

G(x, y)

) ∫
Gx(x, y)

(G(x, y) + h(y))2dy.

of Theorem 2 satisfy. Therefore, we conclude that the function

V (x, y) = F (x, y) +
h(y)F (x, y)

G(x, y)

=
5x3y + 3x4

5xy + 3x2 − y2

is an inverse integrating factor of the system. On the other hand, direct cal-

culation shows that the condition 1.3 holds.

Example 4. Consider the system

ẋ =
x

5y + 3x

ẏ =
1

5
ln(5y + 3x) − 3x

5(5y + 3x)
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Following Corollary 3 of Theorem 2, we must find C1 function G(x, y) satis-

fying the relation

Q(x, y)

P (x, y)
= G(x, y)

∫
Gx(x, y)

G(x, y)2
dy.

This means

(5xy + 3x2)

[
ln(5y + 3x)

5x2
− 3

5(5xy + 3x2)

]
= G(x, y)

∫
Gx(x, y)

G(x, y)2
dy

If we choose, G(x, y) = 5xy + 3x2, we obtain∫
Gx(x, y)

G(x, y)2
dy =

ln(5y + 3x)

5x2
− 3

5(5xy + 3x2)
+ f(x)

Choosing f(x) ≡ 0 makes the equality satisfy. Therefore, by the Corollary 3 of

Theorem 2, we conclude that the function

V (x, y) = P (x, y)G(x, y)

= x2

is an inverse integrating factor of the system. On the other hand, direct cal-

culation shows that the condition 1.3 holds.

In the following Proposition we introduce a family of quadratic systems with

some conditions in order to get inverse integrating factor of the form prescribed

in Theorem 3.

Proposition 1. For the system

ẋ = a1x + a2y + a3x
2 + a4xy + a5y

2(3.1)

ẏ = b1x + b2y + b3x
2 + b4xy + b5y

2

where the parameters ais, bis are assumed to be real, if the following conditions

hold

(2a3 + b4)b1 = (a1 + b2)b3(3.2)

(2a3 + b4)(b2 − a1) + (a4 + 2b5)b1 = (a1 + b2)(b4 − a3)(3.3)

−(2a3 + b4)a2 + (a4 + 2b5)(b2 − a1) = (a1 + b2)(b5 − a4)(3.4)

(a4 + 2b5)a2 = (a1 + b2)a5(3.5)

then the function

V (x, y) = (−y, x).[X1 +
2

3
X2]

is an inverse integrating factor of system 3.1.
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Proof. Substitute the polynomials of system 3.1 in the equation 2.12 of corol-

lary 6 and equate the corresponding coefficients of the same power we obtain

the above conditions 3.2 - 3.5 hold.

Notice that in the Proposition 1, we have ten undetermined coefficients and

four conditions which means, there are six degrees of freedom in fixing the

parameters. See the following example.

Example 5. Choose values for a set of six parameters, namely, a1 = 1, a2 =

1, a5 = 3, b1 = 1, b2 = 2 and b5 = −1. Substitute these values in the conditions

3.2 through 3.5 to obtain, a3 = −5
3

, a4 = 1
3
, b4 = 1

3
and b5 = 15

3
. Therefore the

corresponding differential system is

ẋ = x + y − 5

3
x2 +

1

3
xy + 3y2

ẏ = x + 2y − x2 +
1

3
xy +

13

3
y2

In this case the function

V (x, y) = (−y, x).[(x + y, x + 2y) +
2

3
(
−5

3
x2 +

1

3
xy + 3y2,−x2 +

1

3
xy +

13

3
y2)]

= x2 + xy − y2 − 2

3
x3 +

4

3
x2y +

8

3
xy2 − 2y3

is an inverse integrating factor of the system. On the other hand, direct cal-

culation shows that the condition 1.3 holds.

Acknowledgement 1. The author would like to thank Professor A. Isaac

and Professor M. Grau for sending their valuable paper [11]. Also, he would

like to extend his gratitude to the University of Sharjah for support.

4. References

[1] J. Chavarriga, Integrable systems in the plane with a center type linear

part, Appl. Math. (Warsaw) 22 (1994), 285-309.

[2] J. Chavarriga, H. Giacomini, J. Gine, J. Llibre, On the integrability of

two dimensional flows, J. Differential Equations 157(1) (1999) 163-182.

[3] J. Chavarriga, H. Giacomini, J. Gine, J. Llibre, Darboux integrability

and the inverse integrating factor. J. Differential Equations 194 (2003), 116-

139.

[4] J. Chavarriga, and J. Gine, Integrable systems via inverse integrating

factor, Extracta Math. 13 (1998), 41-60.

[5] C. Christopher, Liouvillian first integrals of second order polynomials

differential systems, Electronic J. Differential Equations, Vol. 1999(1999), 1-7.

[6] B. Coll, A. Ferragut and J. Llibre, Polynomial inverse integrating factors

of quadratic differential systems, Preprint, 2008.



1446 Khalil I. T. Al-Dosary

[7] A. Ferragut, Polynomial inverse integrating factors of quadratic dif-

ferential systems and other results, Ph.D. thesis, Universitat Autonoma de

Barcelona, 2006.

[8] H. Giacomini, J. Gine and M. Grau, Linearizable planar differential sys-

tems via the inverse integrating factor, J. Phys. A: Math. Theor. 41(2008),

135-205.

[9] J. Gine, On the centers of planar analytic differential systems, Internt.

J. Bifur. Chaos Appl. Sci. Engrg. 17 (2007), 3061-3070.

[10] J. Hale and H. Kocak, Dynamics and bifurcations, Text in Applied

Mathematics, 3, Springer-Verlag, New York, 1991.

[11] A. Isaac and M. Grau, A survey on the inverse integrating factor. To

appear. Universitat de Lieida, E-mail: garcia@mathematica.udl.cat.

[12] V.V. Nemytskii and V.V. Stepanov, Qualitative theory of differential

equations, Dover Publishers, New York, 1989.

[13] R. Roussarie, Bifurcation of planar vector fields and Hilbert’s sixteenth

problem. Progress in Mathematics, 164. Birkhauser Verlag, Basel, 1998.

[14] S. Walcher, Local integrating factors, J. Lie Theory, 13(2003), 279-289.

Received: January, 2010


