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Abstract

In this paper, we give and prove some common fixed point theo-
rems of pairs of weakly compatible maps by using a generalized altering
distance function of five variables.
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1 Introduction

M. S. Khan et. al. [7] introduced the altering distance function and used
it for solving fixed points problems in metric spaces. Recently, for example
authors of [1,2, 5, 11,12,13] used the altering distance function and obtained
some fixed point theorems. In 2005, Choudhury [4] introduced a generalized
distance function in three variables and obtained a common fixed point theo-
rem for a pair of self maps in a complete metric space. In 2008, K. P. R. Rao
et. al. [9] extended and generalized the main theorem of [4] for pairs of semi
compatible maps and for pairs of compatible maps of type (P) ( or type (β)).

The non symmetrical concept of semi compatibility of maps in d-complete
topological spaces was introduced by Cho et. al. ([3]). They defined a pair of
self-maps (S, T ) to be semi compatible if

(i) Sy = Ty implies STy = TSy, and
(ii) lim

n→∞
Sxn = lim

n→∞
Txn = x for some x ∈ X implies lim

n→∞
STxn = Tx

holds.
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Bijendra Singh and Jain [13] observed that (ii) implies (i). Hence they
defined the semi compatibility by the condition (ii) only.

In [8], Pathak et. al. defined a pair of self-maps (S, T ) to be compatible of
type (P ) or (β) if

lim
n→∞

d (SSxn, TTxn) = 0

whenever {xn}is a sequence in X such that

lim
n→∞

Sxn = lim
n→∞

Txn = x

for some x ∈ X.

It is easy to verify that compatible maps of type (P ) is independent to semi
compatible maps (see examples in K.P.Rao et. al.[9]).

In 1998, Jungck and Rhoades [6] defined S and T to be weakly compatible
if STx = TSx whenever Sx = Tx.

It is easy to verify that the concept of weakly compatible map is more
general than the concepts of semi compatibility and compatibility of type (P ).

Let Φ denote the set of all functions ϕ : [0,+∞)n → [0,+∞) such that

(i) ϕ is continuous,

(ii) ϕ is monotone increasing in all the variables,

(iii) ϕ (t1, t2, ..., tn) = 0 if and only if t1 = t2 = ... = tn = 0.

A function ϕ ∈ Φ is said to be a generalized altering distance function.

The main result of K. P. R. Rao et. al. [9] state as follows

Theorem 1.1. ([9]) Let (X, d) be a complete metric space and f, g, S and
T be self-maps on X such that
(i)

φ1 (d(fx, gy) ≤ ϕ1

(
d(Sx, Ty), d(Sx, fx), d(Ty, gy)

1
2
[d(Sx, gy) + d(Ty, fx)]

)

−ϕ2

(
d(Sx, Ty), d(Sx, fx), d(Ty, gy)

1
2
[d(Sx, gy) + d(Ty, fx)]

)

for all x, y ∈ X, where ϕ1, ϕ2 ∈ Φ and φ1(x) = ϕ1(x, x, x, x), ∀x ∈ [0,∞)
(ii) one of four maps f, g, S and T is continuous,
(iii) (f, S) and (g, T ) are semi compatible pairs (or compatible of type(P)
pairs),
(iv) f(X) ⊂ T (X), g(X) ⊂ S(X).

Then f, g, S and T have a unique common fixed point in X.
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In this paper, we give and prove some common fixed point theorems for
pairs of weakly compatible maps by using a generalized altering distance func-
tion of five variables. In our main result we have dropped the completeness
of whole space X by choosing the range space of one of maps complete and
dropped requirement of the continuity of one of maps.

2 Main Results

Theorem 2.1. Let A,B, S and T are self-maps of a metric space (X, d)
such that
(i) ψ (d(Ax,By), max{d(Ty, By), d(Sx,Ax), d(Sx, Ty)})

≤ ϕ1 (d(Sx, Ty), d(Sx,Ax), d(Ty, By), d(Ty,Ax), d(Sx,By))

− ϕ2 (d(Sx, Ty), d(Sx,Ax), d(Ty, By), d(Ty, Ax), d(Sx,By)) ,

for all x, y ∈ X, where ϕ1, ϕ2 ∈ Φ, ψ : [0,+∞)2 → R is continuous function,
and ψ(u, u) = ϕ1(u, u, u, u, 2u), ∀u ∈ [0,+∞).
(ii) AX ⊂ TX and BX ⊂ SX.
(iii) The pairs (A, S) and (B, T ) are weakly compatible.
(iv) One of AX,BX, SX or TX is complete subspace of X

Then A,B, T and S have a unique common fixed point (say u). Moreover,
u is also unique common fixed point of A and S, of B and T .

Proof. Let x0 is an arbitrary point inX. From (ii), construct the sequences
{xn} and {yn} in X such that:

y2n = Ax2n = Tx2n+1, y2n+1 = Bx2n+1 = Sx2n+2, n = 0, 1, 2, ...

Set an = d(yn, yn+1), n = 0, 1, 2, ...
Putting x := x2n, y := x2n+1 in (i), we have

ψ (d(y2n, y2n+1), max{d(y2n, y2n+1), d(y2n−1, y2n), d(y2n−1, y2n)})
≤ ϕ1 (d(y2n−1, y2n), d(y2n−1, y2n), d(y2n, y2n+1), d(y2n, y2n), d(y2n−1, y2n+1))

−ϕ2 (d(y2n−1, y2n), d(y2n−1, y2n), d(y2n, y2n+1), d(y2n, y2n), d(y2n−1, y2n+1))

or

ψ (a2n, max{a2n, a2n−1)}) ≤ ϕ1 (a2n−1, a2n−1, a2n, 0, d(y2n−1, y2n+1))

− ϕ2 (a2n−1, a2n−1, a2n, 0, d(y2n−1, y2n+1))

≤ ϕ1 (a2n−1, a2n−1, a2n, 0, a2n−1 + a2n)

− ϕ2 (a2n−1, a2n−1, a2n, 0, d(y2n−1, y2n+1))



1098 Nguyen Van Luong and Nguyen Xuan Thuan

If a2n−1 < a2n then

ψ (a2n, a2n) = ψ (a2n, max{a2n, a2n−1)})
≤ ϕ1 (a2n, a2n, a2n, a2n, 2a2n)

− ϕ2 (a2n−1, a2n−1, a2n, 0, d(y2n−1, y2n+1))

< ψ (a2n, a2n)

which is a contradiction. Hence a2n ≤ a2n−1, n = 1, 2, ....
Similarly by putting x := x2n+2 and y := x2n+1 in (i) we can show that

a2n+1 ≤ a2n, n = 0, 1, 2,... Thus an ≤ an−1, n = 1, 2,.... So that {an} is
a decreasing sequence of nonnegative real numbers and hence convergent to
some a in [0,+∞).
Set b = lim

n→∞
d(yn, yn+2)

Taking n→ ∞ in two side of the following inequality

ψ (a2n, a2n−1) ≤ ϕ1 (a2n−1, a2n−1, a2n, 0, a2n−1 + a2n)

− ϕ2 (a2n−1, a2n−1, a2n, 0, d(y2n−1, y2n+1))

We have

ψ (a, a) ≤ ϕ1 (a, a, a, 0, 2a) − ϕ2 (a, a, a, 0, b)

≤ ϕ1 (a, a, a, a, 2a) − ϕ2 (a, a, a, 0, b)

= ψ (a, a) − ϕ2 (a, a, a, 0, b)

Thus ϕ2 (a, a, a, 0, b) = 0 so that a = b = 0. Hence

lim
n→∞

d(yn, yn+1) = 0 (2.1)

Now we prove that {yn} is a Cauchy sequence. Since (2.1), it is sufficent to
show that {y2n} is a Cauchy sequence. Suppose {y2n} is not Cauchy sequence.
Then there exist ε > 0 and subsequences {y2n(k)}, {y2m(k)} such that n(k) >
m(k) ≥ k, and d(y2m(k), y2n(k)) ≥ ε. We may also assume

d(y2m(k), y2n(k)−2) < ε (2.2)

by choosing n(k) to be the smallest number exceeding m(k) for which (2.2)
holds.We have

ε ≤ d(y2m(k), y2n(k))

≤ d(y2m(k), y2n(k)−2) + d(y2n(k)−2, y2n(k)−1) + d(y2n(k)−1, y2n(k))

< ε+ d(y2n(k)−2, y2n(k)−1) + d(y2n(k)−1, y2n(k))

Letting k → ∞ and using (2.1), we get

lim
k→∞

d(y2m(k), y2n(k)) = 0 (2.3)
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We have

d(y2n(k), y2m(k)−1) ≤ d(y2n(k), y2m(k)) + d(y2m(k), y2m(k)−1)

And
d(y2n(k), y2m(k)) ≤ d(y2n(k), y2m(k)−1) + d(y2m(k)−1, y2m(k))

Letting k → ∞ in two above inequalities and using (2.1) and (2.3), we get

lim
k→∞

d(y2n(k), y2m(k)−1) = 0 (2.4)

Similarly, we have

lim
k→∞

d(y2n(k)+1, y2m(k)−1) = 0 (2.5)

And

lim
k→∞

d(y2n(k)+1, y2m(k)) = 0 (2.6)

Taking x := x2m(k), y := x2n(k)+1 in (i), we have

ψ

(
d(y2m(k), y2n(k)+1), max{d(y2n(k), y2n(k)+1),

d(y2m(k)−1, y2m(k)), d(ym(k)−1, y2n(k))}
)

≤ ϕ1

⎛
⎝ d(ym(k)−1, y2n(k)), d(y2m(k)−1, y2m(k)),

d(y2n(k), y2n(k)+1),
d(y2n(k), y2m(k)), d(y2m(k)−1, y2n(k)+1)

⎞
⎠

−ϕ2

⎛
⎝ d(ym(k)−1, y2n(k)), d(y2m(k)−1, y2m(k)),

d(y2n(k), y2n(k)+1),
d(y2n(k), y2m(k)), d(y2m(k)−1, y2n(k)+1)

⎞
⎠

Letting k → ∞ and using (2.1), (2.3), (2.4), (2.5) and (2.6), we obtain

ψ (ε,max{0, 0, ε}) ≤ ϕ1 (ε, 0, 0, ε, ε)− ϕ2 (ε, 0, 0, ε, ε)

Or
ψ (ε, ε) ≤ ϕ1 (ε, ε, ε, ε, 2ε)− ϕ2 (ε, 0, 0, ε, ε) < ψ (ε, ε)

which is a contradiction. Therefore {y2n} is a Cauchy sequence and hence {yn}
is a Cauchy sequence from (2.1).

Suppose that TX is a complete subspace of X, then the subsequence y2n =
Tx2n+1 is a Cauchy sequence in TX and hence has a limit u ∈ TX . Therefore,
there exists v ∈ X such that Tv = u. Since {y2n} converges to u, so {yn}
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converges to u and hence {y2n+1} also converges to u. By the definition of
{yn}, we have

lim
n→∞

Ax2n = lim
n→∞

Tx2n+1 = lim
n→∞

Bx2n+1 = lim
n→∞

Sx2n+2 = u (2.7)

Now, putting x := x2n and y := v in (i), we have

ψ (d(Ax2n, Bv), max{d(u,Bv), d(Sx2n, Ax2n), d(Sx2n, u)})
≤ ϕ1 (d(Sx2n, u), d(Sx2n, Ax2n), d(u, Bv), d(u, Ax2n), d(Sx2n, Bv))

− ϕ2 (d(Sx2n, u), d(Sx2n, Ax2n), d(u, Bv), d(u, Ax2n), d(Sx2n, Bv))

Letting k → ∞ and using (2.7) we get

ψ (d(u, Bv), max{d(u,Bv), 0, 0}) ≤ ϕ1 (0, 0, d(u, Bv), 0, d(u, Bv))

− ϕ2 (0, 0, d(u, Bv), 0, d(u, Bv))

or

ψ (d(u, Bv), d(u, Bv)) ≤ ϕ1 (d(u, Bv), d(u, Bv), d(u, Bv), d(u, Bv), 2d(u, Bv))

− ϕ2 (0, 0, d(u, Bv), 0, d(u, Bv))

= ψ (d(u, Bv), d(u, Bv))

−ϕ2 (0, 0, d(u, Bv), 0, d(u, Bv))

which implies ϕ2 (0, 0, d(u, Bv), 0, d(u, Bv)) ≤ 0, so that d(u, Bv) = 0 or u =
Bv

Since BX ⊂ SX, so u = Bv implies that u ∈ SX. Therefore, there exists
w ∈ X such that Sw = u.
Similarly, setting x := w and y := x2n+1 in (i), we obtain u = Aw.
This means that u = Tv = Bv = Aw = Sw.
Since u = Sw = Aw, so by the weak compatibility of (A, S), it follows that
ASw = SAw and so we have Au = ASw = SAw = Su.
Also, since u = Tv = Bv, so by the weak compatibility of (B, T ), it follows
that BTv = TBv and so we get Bu = BTv = TBv = Tu.
Putting x := u, y := v in (i) we have

ψ (d(Au,Bv), max{d(Tv,Bv), d(Su, Au), d(Su, Tv)})
≤ ϕ1 (d(Su, Tv), d(Su, Au), d(Tv,Bv), d(Tv,Au), d(Su,Bv))

− ϕ2 (d(Su, Tv), d(Su, Au), d(Tv,Bv), d(Tv,Au), d(Su,Bv))

or

ψ (d(Au, u), max{0, 0, d(Au, u)}) ≤ ϕ1 (d(Au, u), 0, 0, d(Au, u), d(Au, u))

− ϕ2 (d(Au, u), 0, 0, d(Au, u), d(Au, u))
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which implies

ψ (d(Au, u), d(Au, u)) ≤ ψ (d(Au, u), d(Au, u))

− ϕ2 (d(Au, u), 0, 0, d(Au, u), d(Au, u))

thus ϕ2 (d(Au, u), 0, 0, d(Au, u), d(Au, u)) ≤ 0, so that d(u, Au) = 0 i.e Au = u.
Similarly, using (i), one can show that Bu = u.
Therefore, we have Au = Bu = Tu = Su = u. Hence, the point u is a common
fixed point of A,B, T and S.

If we assume SX is complete, then the argument analogue to the previous
completeness argument proves the theorem. If AX is complete, then u ∈
AX ⊂ TX. Similarly, if BX is complete, then u ∈ BX ⊂ SX. So, the
theorem is established.

Now, we show that u is the unique common fixed point of A,B, T and S.
Suppose z is another common fixed point of A,B, S and T.

Putting x := u, y := z in (i), we have

ψ (d(u, z), max{0, 0, d(u, z)}) ≤ ϕ1 (d(u, z), 0, 0, d(u, z), d(u, z))

− ϕ2 (d(u, z), 0, 0, d(u, z), d(u, z))

or

ψ (d(u, z), d(u, z)) ≤ ψ (d(u, z), d(u, z)) − ϕ2 (d(u, z), 0, 0, d(u, z), d(u, z))

which implies u = z.
Similarly, we show that u is also the unique common fixed point of A and

S, of B and T . The proof is completed.

Example 2.2. Let X = Q is metric space with metric

d(x, y) = |x− y|, ∀x, y ∈ X

Defined A,B, T, S : X → X as follows

Ax = 0, Bx = x, Tx = −2x, Sx = 2x, ∀x ∈ X

Let ψ : [0,+∞)2 → R be given by

ψ (t1, t2) = 2t1 − t2, for all (t1, t2) ∈ [0,+∞)2

and ϕ1, ϕ2 : [0,+∞)5 → [0,+∞) be given by

ϕ1 (t1, t2, t3, t4, t5) =
1

4
(max{t1, t2, t3} + t4 + t5) , and ϕ2 =

1

2
ϕ1

for all (t1, t2, t3, t4, t5) ∈ [0,+∞)5
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Then ψ is continuous function, ϕ1, ϕ2 ∈ Φ and ψ (u, u) = ϕ1 (u, u, u, u, 2u) ,
for all u ∈ [0,+∞)

It is clearly that A,B, T, S satisfy the condition (ii) of theorem 2.1, and
AX is complete subspace of X and the pairs (A, S) and (B, T ) are weakly
compatible mappings.
For all x, y ∈ X, we have
ψ (d(Ax,By), max{d(Ty, By), d(Sx,Ax), d(Sx, Ty)})

= 2|y| −max{|3y|, |2x|, |2x+ 2y|} ≤ 2|y| − 3|y| = |y| ≤ 0

and

ϕ1 (d(Sx, Ty), d(Sx,Ax), d(Ty, By), d(Ty, Ax), d(Sx,By))

−ϕ2 (d(Sx, Ty), d(Sx,Ax), d(Ty, By), d(Ty, Ax), d(Sx,By))

=
1

8
{max{|3y|, |2x|, |2x+ 2y|} + |2y|+ |2x− y|} ≥ 0

Therefore the condition (i) holds. That is, the all conditions of theorem
2.1 hold and 0 is the unique common fixed point of A,B, S and T .

Next, we give and prove a common fixed point theorem for six self-maps.

Theorem 2.3. Let A,B, S, T, P and Q are self-maps of a metric space
(X, d) such that
(i) ψ (d(Ax,By), max{d(TPy, By), d(SQx,Ax), d(SQx, TPy)})

≤ ϕ1 (d(SQx, TPy), d(SQx,Ax), d(TPy, By), d(TPy, Ax), d(SQx,By))

−ϕ2 (d(SQx, TPy), d(SQx,Ax), d(TPy, By), d(TPy,Ax), d(SQx,By))

for all x, y ∈ X, where ϕ1, ϕ2 ∈ Φ, ψ : [0,+∞)2 → R is continuous function,
and ψ(u, u) = ϕ1(u, u, u, u, 2u), ∀u ∈ [0,+∞).
(ii) A(X) ⊂ TP (X) and B(X) ⊂ SQ(X).
(iii) The pairs (A, SQ) and (B, TP ) are weakly compatible.
(iv) SQ = QS, TP = PT,AQ = QA,BP = PB
(v) One of A(X), B(X), SQ(X) or TP (X) is complete subspace of X

Then A,B, T, S, P and Q have a unique common fixed point.

Proof. By using theorem 2.1, A,B, TP and SQ have the unique common
fixed point u, and u is also the unique common fixed point of A and SQ, of B
and TP .

Since Au = SQu = u then QAu = QSQu = Qu. Thus AQu = SQQu =
Qu or Qu is a common fixed point of A and SQ. By the uniqueness of common
fixed point of A and SQ, we get Qu = u. Hence Su = SQu = u. Similarly, we
show that Pu = Tu = u.
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Therefore Au = Bu = Tu = Su = Qu = Pu i.e A,B, T, S, P and Q have a
unique fixed point.
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