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Abstract. Let Π = {z ∈ C : Imz > 0} be the upper half-plane in the com-
plex plane. This paper characterizes the bounded products of differentiation
operator and composition operator acting from the weighted Bergman space
Ap

α(Π) to the weighted-type space A∞(Π) and the Bloch-type space B∞(Π).
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1 Introduction

Let Π = {z ∈ C : Imz > 0} be the upper half-plane in the complex plane and
let H(Π) be the space of all analytic functions in Π. Let dA(z) = dxdy be the
area measure on Π. For 1 ≤ p < ∞ and α ≥ 0, the weighted Bergman space

1This work was supported by the Scientific Research Fund of School of Science SUSE.
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Ap
α(Π) consists of all f ∈ H(Π) such that

‖f‖p
Ap

α(Π)
=

∫
Π

|f(x + iy)|pyαdxdy < ∞.

The weighted Bergman space Ap
α(Π) with the norm ‖·‖Ap

α(Π) is a Banach space.
For some information of this space see [1], [3], [4], [5] and [9].

The nth weighted space consists of all f ∈ H(Π) such that

sup
z∈Π

Imz|f (n)(z)| < ∞.

For n = 0 the space is called the weighted-type space and is denoted by
A∞(Π). The weighted-type space with the norm

‖f‖A∞(Π) = sup
z∈Π

Imz|f (n)(z)|

is a Banach space. For n = 1 it is called the Bloch-type space B∞(Π). Recall
that the space consists of all f ∈ H(Π) such that

b(f) = sup
z∈Π

Imz|f ′(z)| < ∞.

The quantity is a semi-norm on the Bloch-type space. A natural norm on the
Bloch-type space can be defined as follows:

‖f‖B∞(Π) = |f(i)| + b(f).

For weighted-type space and Bloch-type space on the half-plane and some
operators on them, see, e.g., [4, 5, 12] and the references therein.

Let ϕ : Π → Π be an analytic self-map of Π. For f ∈ H(Π), the composition
operator Cϕ is defined by

Cϕf(z) = f(ϕ(z)), z ∈ Π.

During the past few decades, composition operators have been studied
extensively on spaces of analytic functions on the unit disk or the unit ball.
As a consequence of the Littlewood’s subordination theorem it is well known
that every composition operator is bounded on Hardy spaces and weighted
Bergman spaces of the unit disk. However, if we consider Hardy spaces or
Bergman spaces on the half-plane, the situation is entirely different. There do
exist unbounded composition operators on these spaces. Moreover, Matache
[8] proved that there didn’t exist compact composition operators on Hardy
spaces of the upper half plane. Shapiro and Smith [11] also showed that there
were no compact composition operators on Bergman spaces of the upper half
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plane. Authors [12] characterized the bounded composition operators between
Hardy spaces and Bloch-type spaces on the upper half-plane.

Let D be the differentiation operator. Products of differentiation operator
and composition operator are defined by

DCϕf(z) = (Cϕf)′(z) = f ′(ϕ(z))ϕ′(z), z ∈ Π,

and
CϕDf(z) = (Cϕf ′)(z) = f ′(ϕ(z)), z ∈ Π.

Hibschweiler and Portnoy [2] considered the behavior of the differentiation on
the range of the composition operators on Hardy or weighted Bergman spaces
on the unit disk. Recently, Ohno [10] has studied the products of composition
and differentiation on Bloch and little Bloch spaces on the unit disk.

Here we continue this line of research and investigate the products of com-
position and differentiation from weighted Bergman space to weighted-type
space and Bloch-type space on the upper half-plane.

Throughout this paper, constants are denoted by C, they are positive and
may differ from one occurrence to the other. The notation A � B means that
there is a positive constant C such that A/C ≤ B ≤ CA.

2 Auxiliary results

In this section we prove several auxiliary results.

Lemma 2.1 ([5, Theorem 3.1]) Suppose p ≥ 1 and α ≥ 0, then for c > 0 it
follows that

1

(Imz)c
�

∫
Π

(Imw)α

|z − w|α+2+c
dA(w). (1)

Lemma 2.2 Suppose p ≥ 1 and α ≥ 0, then for fixed w ∈ Π and each t ≥ 0
the function

fw(z) =
(Imw)(α+2)/p+t

(z − w)(2α+4)/p+t
(2)

belongs to Ap
α(Π) and ‖fw‖Ap

α(Π) � 1.

Proof. By an easy calculation and Lemma 2.1, we have

‖fw‖p
Ap

α(Π)
=

∫
Π+

|fw(z)|p(Imz)αdA(z) (3)

= (Imw)α+2+pt

∫
Π

(Imz)α

|z − w|2α+4+pt
dA(z) (4)
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� 1. (5)

Lemma 2.3 ([3, Proposition 2.5]) Suppose p ≥ 1 and α ≥ 0, then for f ∈
Ap

α(Π) it follows that

f(z) =
α + 1

4π

∫
Π

f(w)

(w − z)α+2
dAα(w), z ∈ Π. (6)

The following lemma was showed in the proof of Lemma 3.1 in [4].

Lemma 2.4 Suppose p ≥ 1 and α ≥ 0, then there exists a constant C > 0
such that

|f(z)| ≤ C‖f‖Ap
α(Π)

(Imz)(α+2)/p
(7)

for all f ∈ Ap
α(Π) and z ∈ Π.

The following lemma is an important tool in proof of main results.

Lemma 2.5 Suppose p ≥ 1 and α ≥ 0, then there exists a constant C > 0
such that

|f (n)(z)| ≤ C‖f‖Ap
α(Π)

(Imz)(α+2)/p+n
, n ∈ N, (8)

for all f ∈ Ap
α(Π) and z ∈ Π.

Proof. By Lemma 2.3, for each f ∈ Ap
α(Π) it follows that

f(z) =
α + 1

4π

∫
Π

f(w)

(w − z)α+2
dAα(w) (9)

for all z ∈ Π. Differentiating in (9) under the integral sign n times , we get

f (n)(z) = Cα

∫
Π

f(w)

(w − z)α+n+2
dAα(w), z ∈ Π. (10)

Then

|f (n)(z)| ≤ Cα

∫
Π

|f(w)|
|w − z|α+n+2

dAα(w), z ∈ Π. (11)

By Lemma 2.1, we have

(Imz)
1
p � (Imz)

α+1
p

+n

∫
Π

(Imw)α−α
p

|w − z|α+n+2
dA(w). (12)

From (12) and applying Jensen’s inequality in (11) and an elementary in-
equality, it follows that

|f (n)(z)|p ≤ (CCα)p

(Imz)α+2+pn

∫
Π

|f(w)|pdAα(w) =
Cp‖f‖p

Ap
α(Π+)

(Imz)α+2+pn
, (13)

from which the desired result is obtained.
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3 Main results

Here we formulate and prove the main results of this paper.

Theorem 3.1 Suppose p ≥ 1, α ≥ 0 and ϕ is an analytic self-map of Π, then
(i) the operator DCϕ : Ap

α(Π) → A∞(Π) is bounded if and only if

sup
z∈Π

Imz

(Imϕ(z))(α+2)/p+1
|ϕ′(z)| < ∞. (14)

Moreover, if the operator DCϕ : Ap
α(Π) → A∞(Π) is bounded, then

‖DCϕ‖Ap
α(Π)→A∞(Π) � sup

z∈Π

Imz

(Imϕ(z))(α+2)/p+1
|ϕ′(z)|. (15)

(ii) the operator CϕD : Ap
α(Π) → A∞(Π) is bounded if and only if

sup
z∈Π

Imz

(Imϕ(z))(α+2)/p+1
< ∞. (16)

Moreover, if the operator CϕD : Ap
α(Π) → A∞(Π) is bounded, then

‖CϕD‖Ap
α(Π)→A∞(Π) � sup

z∈Π

Imz

(Imϕ(z))(α+2)/p+1
. (17)

Proof. (i) First assume that the operator DCϕ : Ap
α(Π) → A∞(Π) is

bounded. By Lemma 2.2 we know that

fw(z) =
(Imϕ(w))(α+2)/p

(z − ϕ(w))(2α+4)/p
(18)

belongs to Ap
α(Π) and supw∈Π ‖fw‖Ap

α(Π) ≤ C. Thus

C‖DCϕ‖Ap
α(Π)→A∞(Π) ≥‖DCϕfw‖A∞(Π) = sup

z∈Π
Imz

∣∣f ′
w(ϕ(z))ϕ′(z)

∣∣. (19)

An easy calculation shows that

f ′
w(z) = −2α + 4

p

(Imϕ(w))(α+2)/p

(z − ϕ(w))(2α+4)/p+1
, (20)

Replacing (20) in (19), we get

C‖DCϕ‖Ap
α(Π)→A∞(Π) ≥

Imz

(Imϕ(z))(α+2)/p+1
|ϕ′(z)|. (21)

Then by (21), it follows that condition (14) holds.
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By Lemma 2.5, for f ∈ Ap
α(Π) we have

‖DCϕf‖A∞(Π) = sup
z∈Π

Imz|f ′(ϕ(z))ϕ′(z)| ≤ C‖f‖Ap
α(Π) sup

z∈Π

Imz

(Imϕ(z))(α+2)/p+1
|ϕ′(z)|.

(22)

From condition (14) and (22), it follows that DCϕ : Ap
α(Π) → A∞(Π) is

bounded. From (21) and (22), we also obtain the asymptotic relation (15).

(ii) First we assume that the operator CϕD : Ap
α → A∞(Π) is bounded.

Lemma 2.2 shows that

fw(z) =
(Imϕ(w))(α+2)/p

(z − ϕ(w))(2α+4)/p
(23)

belongs to Ap
α(Π) and supw∈Π ‖fw‖Ap

α(Π) ≤ C. Thus

C‖CϕD‖Ap
α→A∞(Π) ≥‖CϕDfw‖A∞(Π) = sup

z∈Π
Imz

∣∣f ′
w(ϕ(z))

∣∣. (24)

An easy calculation shows that

f ′
w(z) = −2α + 4

p

(Imϕ(w))(α+2)/p

(z − ϕ(w))(2α+4)/p+1
, (25)

Then

C‖CϕD‖Ap
α(Π)→A∞(Π) ≥

Imz

(Imϕ(z))(α+2)/p+1
. (26)

Then by (26), it follows that condition (16) holds.
On the other hand, by Lemma 2.5, for f ∈ Ap

α(Π) we obtain

‖CϕDf‖A∞(Π) = sup
z∈Π

Imz|f ′(ϕ(z))| ≤ C‖f‖Ap
α(Π) sup

z∈Π

Imz

(Imϕ(z))(α+2)/p+1
. (27)

From condition (16) and (27), it follows that CϕD : Ap
α(Π) → A∞(Π) is

bounded. Moreover, from (26) and (27), we also obtain the asymptotic relation
(17).

Theorem 3.2 Suppose p ≥ 1, α ≥ 0 and ϕ is an analytic self-map of Π, then
(i) the operator DCϕ : Ap

α(Π) → B∞(Π) is bounded if and only if

sup
z∈Π

Imz

(Imϕ(z))(α+2)/p+1
|ϕ′′(z)| < ∞, (28)

and

sup
z∈Π

Imz

(Imϕ(z))(α+2)/p+2
|ϕ′(z)|2 < ∞. (29)
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Moreover, if the operator DCϕ : Ap
α(Π) → B∞(Π)/C is bounded, then

‖DCϕ‖Ap
α(Π)→B∞(Π)/� � sup

z∈Π

Imz|ϕ′′(z)|
(Imϕ(z))(α+2)/p+1

+ sup
z∈Π

Imz|ϕ′(z)|2
(Imϕ(z))(α+2)/p+2

. (30)

(ii) the operator CϕD : Ap
α(Π) → B∞(Π) is bounded if and only if

sup
z∈Π

Imz

(Imϕ(z))(α+2)/p+2
|ϕ′(z)| < ∞. (31)

Moreover, if the operator CϕD : Ap
α(Π) → B∞(Π)/C is bounded, then

‖CϕD‖Ap
α(Π)→B∞(Π)/� � sup

z∈Π

Imz

(Imϕ(z))(α+2)/p+2
|ϕ′(z)|. (32)

Proof. (i) First we assume that the operator DCϕ : Ap
α(Π) → B∞(Π) is

bounded. By Lemma 2.2, we know that the function

fw(z) =
(Imϕ(w))(α+2)/p

(z − ϕ(w))(2α+4)/p
(33)

belongs to Ap
α(Π) and supw∈Π ‖fw‖Ap

α(Π) ≤ C. Then

C‖DCϕ‖Ap
α(Π)→B∞(Π) ≥‖DCϕfw‖B∞(Π) ≥ sup

z∈Π
Imz

∣∣f ′′
w(ϕ(z))(ϕ′(z))2 + f ′

w(ϕ(z))ϕ′′(z)
∣∣.

(34)

By an easy calculation, we get

f ′
w(z) = l1

(Imϕ(w))(α+2)/p

(z − ϕ(w))(2α+4)/p+1
, (35)

and

f ′′
w(z) = l2

(Imϕ(w))(α+2)/p

(z − ϕ(w))(2α+4)/p+2
. (36)

Replacing (35) and (36) in (34), we have

C‖DCϕ‖Ap
α(Π)→B∞(Π) ≥Imz

∣∣∣ l1
(2i)(α+2)/p+2

(ϕ′(z))2

(Imϕ(z))(α+2)/p+2

+
l2

(2i)(α+2)/p+1

ϕ′′(z)

(Imϕ(z))(α+2)/p+1

∣∣∣. (37)
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Then by (37), it follows that

Imz

(Imϕ(z))(α+2)/p+2
|ϕ′(z)|2 ≤ C1‖DCϕ‖Ap

α(Π)→B∞(Π) + C2
Imz

(Imϕ(z))(α+2)/p+1
|ϕ′′(z)|.
(38)

So if we can show that conditions (28) holds, then from the inequality (38) it
follows that condition (29) holds.

For w ∈ Π, set

gw(z) = (α + 2 + p)
(Imϕ(w))(α+2)/p

(z − ϕ(w))(2α+4)/p
− i(2α + 4)

(Imϕ(w))(α+2)/p+1

(z − ϕ(w))(2α+4)/p+1
. (39)

Lemma 2.2 shows that gw ∈ Ap
α(Π) and supw∈Π ‖gw‖Ap

α(Π) < ∞. It is easy to
see that

g′
w(ϕ(w)) =

C

(Imϕ(w))(α+2)/p+1
and g′′

w(ϕ(w)) = 0. (40)

From (40), and since DCϕ : Ap
α(Π) → B∞(Π) is bounded, we obtain

Imz

(Imϕ(z))(α+2)/p+1
|ϕ′′(z)| ≤ ‖Cϕgw‖B∞(Π) ≤ C‖DCϕ‖Ap

α(Π)→B∞(Π). (41)

from which condition (28) holds.
On the other hand, by Lemma 2.5, for f ∈ Ap

α(Π) we have

‖DCϕf‖B∞(Π) = |f ′(ϕ(i))ϕ′(i)| + sup
z∈Π

Imz
∣∣f ′′(ϕ(z))(ϕ′(z))2 + f ′(ϕ(z))ϕ′′(z)

∣∣

≤ C‖f‖Ap
α(Π)

(
1 + sup

z∈Π

Imz

(Imϕ(z))(α+2)/p+1
|ϕ′′(z)|

+ sup
z∈Π

Imz

(Imϕ(z))(α+2)/p+2
|ϕ′(z)|2

)
. (42)

From conditions (28), (29) and (42), it follows that DCϕ : Ap
α(Π) → B∞(Π)

is bounded. From (38), (41) and (42), we also obtain the asymptotic relation
(30).

(ii) First we assume that the operator CϕD : Ap
α → B∞(Π) is bounded.

Lemma 2.2 shows that

fw(z) =
(Imϕ(w))(α+2)/p

(z − ϕ(w))(2α+4)/p
(43)

belongs to Ap
α(Π) and supw∈Π ‖fw‖Ap

α(Π) ≤ C. Thus

C‖CϕD‖Ap
α→B∞(Π) ≥‖CϕDfw‖B∞(Π) ≥ sup

z∈Π
Imz

∣∣f ′′
w(ϕ(z))ϕ′(z)

∣∣. (44)
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From (44) and the formula of f ′′
w, we have

Imz

(Imϕ(z))(α+2)/p+2
|ϕ′(z)| ≤ C‖CϕD‖Ap

α(Π)→B∞(Π). (45)

Then by (45), we prove that condition (31) holds.
By Lemma 2.5, for f ∈ Ap

α(Π) we have

‖CϕDf‖B∞(Π) = |f ′(ϕ(i))| + sup
z∈Π

Imz|f ′′(ϕ(z))ϕ′(z)| (46)

≤ C‖f‖Ap
α(Π)

(
1 + sup

z∈Π

Imz

(Imϕ(z))(α+2)/p+2
|ϕ′(z)|

)
. (47)

From condition (31) and (47), we show that CϕD : Ap
α(Π) → B∞(Π) is

bounded. Moreover, from (45) and (47), it follows that the asymptotic relation
(32) also holds.
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