
Int. Journal of Math. Analysis, Vol. 4, 2010, no. 23, 1117 - 1133

Dual Variational Formulation Applied to

an Acoustic Model Problem

Khaireddine FERNANE

Department of Mathematics, University of Guelma
P.O.Box 401, Guelma 24000, Algeria

kfernane@yahoo.fr

Abdelhamid AYADI

Institute of Exact Sciences, University of Oum-El Bouaghi
Oum-El Bouaghi 04000, Algeria

hamidmaths@hotmail.com

Abstract

In this paper we review the basic concept to obtain a posteriori esti-
mates for finite element solution of acoustic wave propagation problems.
The calculation of estimators and terminals for the error in a quantity
of interest can be carried out by making use of known total estima-
tors. Some numerical experiments prove the good performance of this
approach.
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1 Introduction

Many problems of physics and mechanics are modeled by partial differential
equations for which the resolution requires a discretization of the problem by
using techniques as the finite elements or the finite differences. Any approx-
imation in finite elements of a partial differential equations problem contains
inevitably errors of discretization. Thus it is desirable to have some tools at
our disposal which make it possible to estimate them and possibly to control
them by adaptation of girds. But the idea to evaluate directly the error led
generally to an expansive problem as that to calculate the solution of the par-
tial differential equations problem. Thus the objective in the estimate of the
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error consists in estimating sizes of the error rather than the error it even.
Many works were devoted to the study of estimators in norms of the energy
type (see for examples [10]). However, having realized that these measure-
ments do not satisfy the user’s needs, because very abstract, recently, new
methods were developed with for objective estimating the errors in sizes or
quantities of interest having a physical sense. Such sizes can be defined for
example like the average of displacement in a subarea of the solid medium, like
one of the components of the stress field at a critical point, or even, in the case
of the vibrations, like one of the eigen frequencies. Precursory results on this
subject appeared since 1984 in [10] , but it is in the works of Johnson and al
[11], Becker and Rannacher [4] that such methods found a real interest (see for
more details [4, 10]). Now, the approach is well understood, in the sense where
it is necessary to obtain estimators in the quantities of interest to solve a dual
problem. On the other hand, where the various methods diverge, that is in the
way which the solution of this dual problem is approximated, and more still,
in the way which this approximation is treated a posteriori. Indeed, the per-
formance of these estimators depends essentially on the precision with which
the dual solution is obtained. We want to show here that in certain situations,
it is interesting to approximate this one in the same space of finite elements
which will be used to approximate the solution of the primal dual, and to have
recourse to estimators of error in the norm energy for the two solutions finite
elements, the principal advantage of this approach is to be able to re-use known
and proven methods for a long time. In this work, we are interested in the
problem of propagation of the acoustical waves in a perfect fluid and governed
by an equation of waves for which the harmonic solution satisfied an equation
of Helmholtz which, when the boundary conditions are associated to it, de-
fines the strong form of the continuous problem in which we are interested.
There exist little of cases for which an analytical solution is available, reason
for which we wish to analyze the quality of approximate solutions of finite ele-
ments type. The equivalence between the strong and weak forms is assured but
the stability of the weak form of an operator of Helmholtz decreases when the
number of waves increases (the constant of babuska is inversely proportional
to the number of waves). This work is devoted to the analysis of the solu-
tions finite elements of Galerkin type which are approximations of weak forms.
The developments and numerical tests will relate mainly to interior problems
(acoustics of cavities). However, the study of unidimensional problems with
suitable boundary conditions will enable us also to simulate the behavior of
the solution finite elements in an infinite medium. This paper is organized as
follows: In section 2, we present a general model problem of acoustical waves.
In section 3, we give the dual variational formulation, as their discretization
by the finite elements method, afterwards we present a result concerning the
estimation of error in the semi-norm. The theoretical results are illustrated by
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some numerical experiments, they made it possible to highlight the effective-
ness of the estimator introduced here. Finally, we conclude the section 4 by
some remarks and suggestions.

2 Interior Problem [13]

We are interested to the propagation and the reflexion of waves of pressure in
a nonheavy perfect fluid. The movement is supposed to be harmonic around
an average state (environment) at rest, nonessential hypothesis but which en-
ables to simplify the equations (velocities of the ambient fluid are zeros). The
framework in equations is done easily starting from the local forms of the fun-
damental laws of the mechanics of the continuous mediums, which implies,
afterwards definition of boundary conditions, to the strong form of the acous-
tical problem (equation of Helmholtz).

Δp + k2p = 0 in Ω (1)

2.1 General Model Problem

Let Ω be an open bounded regular set in Rd(d = 1, 2, 3). We denote by
Γ the boundary of Ω. The sets ΓD, ΓN and ΓR form a partition of Γ, i.e :
ΓD

⋃
ΓN

⋃
ΓR = Γ and ΓD

⋂
ΓN = ΓN

⋂
ΓR = ΓD

⋂
ΓR = ∅.

Vibro-acoustic boundary value problems consist in finding the spatial compo-
nent of the acoustic pressure : Find: p : Ω −→ C such that :
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(General Model Problem)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Δp + k2p = 0 in Ω
p = p0 on ΓD

∂p

∂n
= −iρckvn on ΓN

∂p

∂n
= −iρckVnp on ΓR

(2)

with k =
ω

c
where ρ is the density, c is propagation velocity of the sound, An

is the admittance, k is the number of the waves, ω is the pulsation and vn is
the value imposed by the normal component of the velocity.

In the case where the volume of Ω contains one or more acoustic sources, the
problem takes the form:

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Δp + k2p = f in Ω
p = p0 on ΓD

∂p

∂n
= −iρckvn on ΓN

∂p

∂n
= −iρckVnp on ΓR

(3)

where f ∈ C1(Ω) depends of the type of considered sources (spherical, cylin-
drical, ....). J.L. Migeot [12] shows for punctual sources, that this problem
can be reduced in a general model problem by decomposing of the decompo-
sition of the pressure into an incidental wave induced by the radiation of the
sources in free field (for which the analytical solution is known) and a diffracted
wave solution of a homogeneous equation of Helmholtz for which the boundary
conditions were adapted.

In the monodimensionnel case the general model problem is represented by:

(Model Problem 1)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

−d2p

dx2
− k2p = f in Ω = [0, 1]

p(0) = 1,
∂p

∂n
(1) = −ikp(1)

(4)

Let us notice well that the Robin’s boundary conditions (on ΓR) implies that
we can choose ρcAn = −1 what leads to a plane wave which is propagated in
infinite medium without damping. For simplicity, the material constants are
selected such that their product is unit (c = 250m/s, ρ = 0, 004kg/m3).

It is possible to find f such that the problem (4) is equivalent to the problem:
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(Model Problem 2)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

−d2p

dx2
− k2p = 0 in Ω = [0, 1]

p(0) = 1,
∂p

∂n
(1) = −ikp(1)

(5)

for which the solution can be calculated easily

p(x) = eikx = cos(kx) + isin(kx) (6)

The majority of the mathematical developments are related to the problem
(4) while the numerical tests are related to the problem (5).

2.2 Relation between pressure and acoustical velocities

In the following, we use the relations⎧⎪⎨
⎪⎩

−iωρc
∂v

∂n
+ kp = 0

iωρv +
∂v

∂n
= 0

(7)

since it is at the base of the estimator of error a posteriori in admissible fields.
We will refer there by speaking about the relation pressure velocity and let us
write it by revealing the number of waves, principal parameter of our theoret-
ical and numerical studies.

3 Variational Formulation of the General Model

Problem

3.1 Primal case

This paragraph is inspired mainly by the references [13].

First of all one introduces the vector space of the acceptable fields of pressures
p:

V1 = H1
D(Ω) = {p ∈ H1(Ω)/p = p0 on ΓD} (8)

as well as the space of the test functions

V2 = H1
0 (Ω) = {ω ∈ H1(Ω)/ω = 0 on ΓD} (9)

We denote by a(., .) the bilinear form defined on V1 × V1:

a(p, ω̃) =

∫
Ω

(−∇p∇ω̃ + k2pω̃)dΩ −
∫

ΓR

iρckAnpω̃dΓ ∀ω ∈ V2 (10)
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and the continuous linear form on V1:

ϕ(ω̃) =

∫
ΓN

iρckvnω̃dΓ (11)

The space V1 is equipped with the norm L2

||p||20 =

∫
Ω

pp̃dΩ (12)

and the semi-norm H1:

|p|21 =

∫
Ω

∇p∇p̃dΩ (13)

Where *̃ the complex conjugate of *.

Finally, the primal variational formulation of the problem is thus posed as
follows: Find p ∈ V1 such that:

a(p, ω̃) = ϕ(ω̃) ∀ω ∈ V2 (14)

the finite elements method that we introduce is based on the variational form
(14). This form is not definitely positive for any number of wave higher than
the number of waves corresponding to the first eigen frequency. Thus it is
necessary to be interested in the conditions of the existence and uniqueness of
the solution of the problem (14). It’s this idea which led I. Babuska [2] and
F. Brezzi [5] to introduce a stability condition called inf − sup or condition of
Babuska-Brezzi (BB) for the variational conditions and approximate numerical
solutions. This condition can be written [3].

γ = inf
p∈V1

sup
p∈V2

|a(p, ω̃)|
|p|V1 |ω̃)|V2

(15)

Theorem 3.1 Let V ∈ H1
0 (Ω) and let a : V1 × V2 −→ C be the sesquilinear

form defined by the equation (10). The Babuska-Brezzi is of order k−1; more
precisely, there exist positive constants C1, C2 not depending on k such that

C1

k
≤ γ ≤ C2

k
(16)

Proof. see [13]

3.1.1 Discretization by finite elements

Let Ωh a partition of Ω in Nh elements. We construct the subspaces:
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V h
1 ⊆ V1 (17)

V h
2 ⊆ V2 (18)

where h denotes for the moment the fact that it is about a discrete subspace
of finite elements type. The solution finite elements corresponds to:

To find the approximated solution ph ∈ V h
1 such that:

a(ph, ω̃h) = ϕ(ω̃) ∀ωh ∈ V h
2 (19)

If the variational form (19) is well posed (which is the case here), the proper-
ties of the solution finite elements depends only of the choice of the subspaces
V h

i (i = 1, 2). Within the framework of this work, we restrict our study to the
Sobolev subspaces of polynomials of degree n by pieces. In this framework, we
denote by h he elementary size and n the degree of the polynomials of interpo-
lation (linear, quadratic, .....). The solution finite elements ph is obtained by
solving an algebraic system of linear equations corresponding to the problem
(19). Let us denote by Ni the functions of the polynomials form of degree n
which allow to generate the functions of test by the relations

ph =

Nh∑
i=1

Nipi (20)

ωh =

Nh∑
i=1

Njωj (21)

where pi and ωi are the nodal values. The field of pressure finite elements must
satisfy a priori the boundary conditions of Dirichlet (3) when they exist. Thus
we have, by substitution of (20) and (21) in (19) we obtain:

Nh∑
i=1

a(Ni, Nj)ph = ϕ(Nj) ∀j = 1, .....Nh (22)

which, whith the definition of the operators a(ph, ω̃h) and ϕ(ω̃) can be written
in the matrix form,

(K + iρωC − ω2M)ph = −iρωf (23)

where,

K =

∫
Ω

∇tN∇NdΩ (24)

C =

∫
ΓR

AnN tNdΓ (25)
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M =
1

c2

∫
Ω

N tNdΩ (26)

f =

∫
ΓN

N tNdΓ (27)

3.1.2 Variational form of the model problem 1

With an aim of simplifying the following demonstrations, it is the model prob-
lem 1 which will be analyzed from a mathematical view point, and afterwards
the conclusions will be confronted with more general numerical tests. The
variational form of the model problem 1 leads to a particular choice of the
Sobolev spaces

V = V1 = V2 = H1
0 (Ω) = {p ∈ H1(Ω)/p(0) = 0} (28)

We define the operators

a(v, ω̃) =

∫ 1

0

(
dp

dx

dω̃

dx
− k2pω̃)dx − ikp(1)ω̃(1) (29)

and the continuous linear form on V :

ϕ(ω̃) =

∫ 1

0

fω̃dx (30)

The dual variational formulation can be given then: to find p ∈ V such that:

a(p, ω̃) = ϕ(ω̃) ∀ω ∈ V (31)

This last problem is then solved by using a standard finite elements method.
Let a partition of Ω in Nh elements. We construct a finite elements space
V h ⊆ V from continuous functions, polynomials by pieces, and of degree 1
on each element. The discretized problem can be written under the following
form:

a(ph, ω̃h) = ϕ(ω̃) ∀ω̃h ∈ V h (32)

Lemma 3.2 Let uh ∈ V h be the finite element corresponding to the vari-
ational problem (32) for the given data f ∈ L2(Ω), Ω = [0, 1]. Then if h is
small such that hk < 1, there exists a constant C not depending on h and k
for which:

|uh|1 ≤ C||f ||0 (33)
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Theorem 3.3 Let p ∈ V
⋂

H2(Ω) solution of the variational problem (32)
and ph ∈ V h the approximation by finite elements of p. Thus, if hk < 1, there
exists two constants C1 and C2, independent of h and k, such that:

|p − ph|1
|p|1 ≤ (C1hk + C2h

2k3) (34)

Proof. The proof is carried out on the model problem 1 in adimensional
variables with linear finite elements (n = 1) for which the elementary size is
denoted by h.

the proof is carried out in three steeps

1) By decomposing the error in semi-norm H1 and while revealing the inter-
polant pI :

|p − ph|1 = |p − pI + pI − ph|1 (35)

where

pI =

Nh∑
i=1

Nipi (36)

By using the triangular inequality, it follows that:

|p − ph1|1 ≤ |p − pI |1 + |pI − ph|1 (37)

Now the property of orthogonality gives that

a(p − pI , ω̃h) = 0 =⇒ a(p − pI , ω̃h) = −a(ph − pI , ω̃h) ∀ωh ∈ V h (38)

By putting

zh = ph − pI (39)

The problem (3.25) is equivalent to the auxiliary problem

a(zh, ω̃h) = −a(p − pI , ω̃h) ∀ωh ∈ V h (40)

the second member can be developed as follows

a(p− pI , ω̃) =

∫ 1

0

(
d(p − pI)

dx

dω̃

dx
+ k2(p− pI)ω̃dx− ikp(1)− pI(1)ω̃(1) (41)

The last term is null by definition of the interpolant. The first and the second
term can be integrated by parts as follows:

∫ 1

0

d(p − pI)

dx

dω̃

dx
dx = [(p(x) − pI(x))

dω̃

dx
]10 −

∫ 1

0

(p − pI)
d2ω̃

dx2
dx (42)
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The first term of the second member is null by definition of the interpolant
and the second is null since we limit oneself to the linear finite elements. The
auxiliary problem (41) becomes then:

a(zh, ω̃h) = −k2 < p − pI , ω̃ > ∀ϕh ∈ V h (43)

By applying the lemma, with f = −k2(p − pI), there exists a constant C
independent of h and k, such that:

|zh| ≤ Ck||p − pI ||0 (44)

where h is sufficiently small, in other words hk ≤ 1.

2) By substitution of (44) in the triangular inequality above we obtain:
|p − ph| ≤ |p − pI |1 + ck||p − pI ||0

≤ |p − pI |1 + chk2|p − pI |1 (45)

≤ (
ch

k
+ c′kh2)c′h||p||2

3) Assume that the harmonic solution of the equation of Helmholtz is of
type:

p = Acos(kx + θ)

Thus, it is easy to show, by a sample derivation, that there exists a constant
C such that:

||p||0 ≤ Ck2|p|1 (46)

and finally,
|p − pI |1

|p|1 ≤ (C1hk + C2h
2k3) (47)

which is exactly the estimation (34).

3.1.3 Numerical results

We present here the results which are obtained by the numerical simulation in
order to illustrate the theoretical result developed in the precedent section.

We considered the model problem 1 in the case of a tube of length L = 1m
and of height 0.2 m. Let (xi), i = 1, ...N be an increasing sequence of points
in [0, 1].

putting Ii = [xi, xi+1] and h = xi+1−xi, the length of the interval Ii. We denote
by Vh the space of continuous functions on [0, 1] such that the restriction of
each function on Ii is a polynomial of degree 1.

Let
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Vh = {ph ∈ Vh/ph(0) = 0} (48)

It is interesting to observe that the set Vh defined previously is made of a
polynomials of degree 1 by pieces which are null at the point 0. Moreover, The
condition of Brezzi-Babuska is satisfied on Vh.

The discretization by finite elements of the model problem 1 enable us to find
ph ∈ Vh such that:

a(ph, ω̃h) = ϕ(ω̃h) ∀ωh ∈ Vh (49)

We calculate the variation of the error in accordance with the norm of L2 and
the semi-norm H1.

the figures (1 − 2) show the behavior of the error for the norm L2 and for the
semi-norm H1 in function of the parameter of discretization h and the number
of the waves k.

Figure 1: Relative errors in L2

norm: FE solution for k=3, k=10,
k=50 and k=100.

Figure 2: Relative errors in H1-
seminor: FE solution for k=3,
k=10, k=50 and k=100.

These results confirm the estimates a priori obtained in the preceding para-
graph.

We can observe that the error is better than that obtained for the primal
formulation with the finite elements method of degree one.

3.2 Dual case

We proceed exactly in the same way as in the case of the primal variational

formulation by replacing this time the quantity
i

k
∇p by the velocity v.
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The unknown factor considered now is the velocity. We put v =
i

k
∇p.

First of all, we introduce the vector space V1 of admissible field of velocities:

V1 = HD
1 (Ω) = {v ∈ HD

1 (Ω)/v = v on ΓD} (50)

and the space of the functions test:

V2 = H1
0 (Ω) = {ϕ ∈ H1(Ω)/ϕ = 0 on ΓD} (51)

We denote by B(., .) the bilinear form defined on V1 × V2:

B(v, ϕ̃) =

∫
Ω

(−∇v∇ϕ̃) + k2vϕ̃)dΩ +

∫
Γ

(−∇v∇ϕ̃)dΓ ∀ϕ ∈ V2 (52)

and the continuous linear form on V1:

F (ϕ̃) =

∫
Ω

fϕ̃dΩ (53)

Finally, the dual variational formulation of the problem is posed as follows:
find v ∈ V1 such that:

B(v, ϕ̃) = F (ϕ̃) ∀ϕ ∈ V2 (54)

3.2.1 Discretization by finite elements

Let Ω a partition of Ω in Ne elements. We construct the subspaces

V h
1 ⊆ V1 (55)

V h
2 ⊆ V2 (56)

The solution finite elements corresponds to:

Find the approximate solution vh ∈ vh
1 such that

B(vh, ϕh) = F (ϕh) ∀ϕh ∈ V h
2 (57)

We denote by Ni the functions of the polynomial forms with degree n which
allow to generate the functions of test by the relations (58) where vi and ϕj

are the nodal values.

We write

Vh =

Nh∑
i=1

viNi (58)
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ϕh =

Nh∑
i=1

ϕjNj (59)

Thus, we have, by substituting (58) and (59) in (57) we obtain:

Nh∑
i=1

B(Ni, Nj)vi =

Nh∑
i=1

F (Nj) ∀j = 1, ....Ne (60)

which, with the definition of the operators B(v, ϕ) and F (ϕ), can be written
in the matrix form,

(K + iρωC + ω2M)vh = −iρωf (61)

where

K = −
∫

Ω

∇iN∇NdΩ (62)

C = −
∫

ΓR

AnN tNdΓR (63)

M =
1

c2

∫
Ω

N tNdΩ (64)

f =

∫
Ω

N tNdΓR (65)

3.2.2 Fundamental Results

Theorem 3.4 Let v ∈ V
⋂

H2(Ω) solution of the variational problem (57)
and vh ∈ V h the approximation by finite elements of v. Then, if hk < 1, and
k ≥ 1, there exist two constants C1 and C2, independent of h and k, such that:

|v − vh|1
|v|1 ≤ (C1hk + C2h

2k2) (66)

Proof: The proof is based on the model problem 1 in adimensional variables
with linear finite elements (p = 1) for which the elementary size is denoted by
h.

1) We have,

|v|21 =

∫
ω

∇v∇̃vdΩ ≤ c

k2
|p|21 (67)

By using the theorem, we have

|p − pI |1 ≤ (C1hk + C2h
2k3)|p|1 (68)
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From where

|v − vh|1 ≤ c

k
(C1hk + C2h

2k3)|p|1 (69)

|v − vh|1 ≤ (C1hk + C2h
2k2)||v||0

≤ (C1hk + C2h
2k2)|v|1 (70)

and finally

|v − vI |1
|v|1 ≤ (C1hk + C2h

2k2) (71)

which is exactly the estimation (66).

3.2.3 Numerical results

We present here the results which are obtained by the numerical simulation in
order to illustrate the theoretical result developed in the precedent section.

The figures (3 − 4) show the behaviour of the error for the norm L2 and
semi-norm H1 in function of the parameter of discretization h and the number
of waves k.

Figure 3: Relative errors in L2

norm: FE solution for k=3, k=10,
k=50 and k=100.

Figure 4: Relative errors in H1-
seminor: FE solution for k=3,
k=10, k=50 and k=100.

These results confirm the estimates a priori obtained in the preceding para-
graph
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We observe that the error is better than that obtained for the primal formu-
lation with the method of finite elements of degree 1.

The figures (5) show the approximation of the quantity
i

k
∇p obtained by

the primal formulation and the approximate velocity vh obtained by the dual
formulation.

Figure 5: Illustrative the approximation of the quantity
i

k
∇ph obtained by

the primal formulation and the approximation velocity vh obtained by the
dual formulation.

We remark that the approximate velocity v obtained by the dual formula-

tion represents a very good approximation of the quantity
i

k
∇ph obtained by

the primal formulation.

4 Conclusion

We described in this last section an approach for obtaining estimators and
bounds on the error in a specified size in the framework of acoustical prob-
lems. We presented an example where the error in a component velocity is
estimated with a reasonable precision. These results suggest that the estimate
of the error in a specified sizes could provide a new tools which would ensure
a better control of the precision in calculations of simulation or design by fi-
nite elements. Moreover, the dual variational formulation has the advantage,
one wishes to incorporate the estimate of error in quantities of interest in an
existing finite elements code, and for approximate the gradient of the pressure
with a good precision.
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Continus, L’université Libre de Bruxelles, 1997.

[7] P. Bouillard, Admissible Fields and Error Estimation For Acoustic FEA
With Low Wavenumbers, Computers And Structures., 73 (1-5) (1999),
227-237.

[8] P. Bouillard, Influence Of The Pollution On The Admissible Field Error
Estimation For FE Solutions Of The Helmholtz Equation, Int. J. Numer.
Meth. Engrg., 45(7) (1999), 783-800.

[9] P. Bouillard and F. Ihlenburg, Error Estimation And Adaptivity For
The Finite Element Method In Acoustic, In Ladevèze and Oden, editors,
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