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1. Introduction

The understanding of the asymptotic behavior of dynamical systems is one
of the most important problems of modern mathematical physics. One way to
attack the problem for a dissipative dynamical system is to consider its global
attractor. This is an invariant set that attracts all the trajectories of the sys-
tem. The existence of the global attractor has been derived for a large class
of PDEs (see [8, 12, 20, 21] and references therein). However, these researches
may not be applied to a wide class of problems, in which solutions may not
be unique. Good examples of such systems are differential inclusions, varia-
tional inequalities, control infinite dimensional systems and also some partial
differential equations for which solutions may not be known unique as, for
example, some certain semilinear wave equations with high power nonlineari-
ties, the incompressible Navier-Stokes equation in three space dimension, the
Ginzburg-Landau equation, etc. For the qualitative analysis of the above men-
tioned systems from the point of view of the theory of dynamical systems, it
is necessary to develop a corresponding theory for multi-valued semigroups.
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In the last years, there have been some theories for which one can treat
multi-valued semiflows and their asymptotic behavior, including generalized
semiflows theory of Ball [4], theory of trajectory attractors of Chepyzhov and
Vishik [7] and theory of multi-valued semiflows and semiprocesses of Melnik
and Valero [19]. Thanks to these theories, several results concerning attractors
in the case of equations without uniqueness have been obtained recently for
differential inclusion [19], parabolic equations [6, 13, 15], the phase-field equa-
tion [14], the wave equation [5], the three-dimensional Navier-Stokes equation
[4, 20], etc. On the other hand, when a problem does not possess the property
of uniqueness, we have a set of solutions corresponding to each initial data. We
can speak then about a set of values attained by the solutions for every fixed
moment of time. It is interesting to study the topological properties of such
set, and in particular, its connectedness. This property is known as the Kneser
property in the literature. The Kneser property has been studied for some par-
abolic equations [23], semilinear wave equations [5], etc. By a result in [19],
Kneser’s property implies the connectedness of the global attractor. Although
the existence of global attractor and the Kneser property have been derived for
some classes of partial differential equations without uniqueness, to the best
of our knowledge, little seem to be known for the degenerate equations.

In recent years, many works have been devoted to study the boundary value
problems for a class of degenerate equations and systems involving an operator
of Grushin type

Gsu = Δx1u + |x1|2sΔx2u, x = (x1, x2) ∈ Ω ⊂ R
N1 × R

N2 , s � 0.

The Grushin operator Gs was first introduced in [11]. Noting that if s > 0
then Gs is not elliptic in domains in R

N1 ×R
N2 which intersect the hyperplane

{x1 = 0}. The local properties of Gs were investigated in [11]. The existence
and nonexistence results for the elliptic equation

Gsu + f(u) = 0, x ∈ Ω,

u = 0, x ∈ ∂Ω

were proved in [14]. Furthermore, the semilinear elliptic systems with the
operator of Grushin type, which are in the Hamilton form or in the potential
form, were also studied in [9, 10, 16].

In order to study the boundary value problem for equations involving the
Grushin operator, we usually have used the natural energy space S1

0(Ω) defined
as the complete of C1

0(Ω̄) in the following norm

‖u‖S1
0(Ω) =

(∫
Ω

(|u|2 + |∇x1u|2 + |x1|2s|∇x2u|2
)
dx

)1/2

.

We have the continuous embedding S1
0(Ω) ↪→ Lr(Ω), for 1 � r � 2∗s = 2N(s)

N(s)−2
,

where N(s) = N1 + (s + 1)N2. Moreover, this embedding is compact if 1 �
r < 2∗s (for more details, see [22]).
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In this paper, let Ω is a bounded domain in R
N1 × R

N2 (N1, N2 ≥ 1), with
smooth boundary ∂Ω, we consider the following problem

ut − Gsu + f(x, u) = g(t, x), (t, x) ∈ Qτ,T = [τ, T ] × Ω,

u(x, t) = 0, x ∈ ∂Ω, t ∈ [τ, T ],(1.1)

u(x, τ) = uτ (x), x ∈ Ω,

where τ, T ∈ R
+, T > τ . Moreover, g, f satisfy following conditions:

(H1) g ∈ L2
loc(R

+; L2(Ω)) is a translation bounded function (see its defi-
nition in section 2.2 below);
(H2) f : Ω × R → R is a Carathéodory function and

C1|u|p − C0 ≤ uf(x, u) ≤ C2|u|p + C0,(1.2)

where p > 2 and C1, C2 are positive constants.

Denote by ‖.‖ the norm in L2(Ω). We say that u(.) is a weak solution on (τ, T )
of the problem (1.1) if u ∈ Wτ,T = Lp(Qτ,T )∩L2(τ, T ; S1

0(Ω))∩C([τ, T ]; L2(Ω))
such that ∂u

∂t
∈ L2(τ, T ; S−1(Ω)) + Lq(Qτ,T ), u(τ) = uτ , and∫ T

τ

〈ut, ϕ〉 dt +

∫ T

τ

∫
Ω

(∇x1u∇x1ϕ + |x1|2s∇x2u∇x2ϕ)dxdt +

∫ T

τ

∫
Ω

f(x, u)ϕdxdt

=

∫ T

τ

∫
Ω

g(t, x)ϕdxdt

for all ϕ ∈ Lp(Qτ,T ) ∩ L2(τ, T ; S1
0(Ω)), where q is the conjugate of p (i.e.

1/p + 1/q = 1).
By the method of Galerkin approximations, one can show [2, p.84] that, if

the condition (1.2) satisfies, then the problem (1.1) has at least a weak solution
u(t) with uτ ∈ L2(Ω).

Moreover, from [2] each solution of problem (1.1) in Wτ,T satisfies the esti-
mate

‖u(t)‖2 ≤ ‖u(τ)‖2e−λ1(t−τ) + C3.(1.3)

where t > τ, λ1 > 0 is the first eigenvalue of −Gs in Ω with homogeneous
Dirichlet condition (noting that ‖u‖2

S1
0(Ω)

≥ ‖u‖2 for all u ∈ S1
0(Ω)), C3 ≥ 0 is

number depending only on the constants in problem (1.1).
The existence and long-time behavior of solutions to problem (1.1) have

been studied in some recent works [1, 2]. In these papers, the external fore
g independent of time t and the conditions of f, g ensure the uniqueness of
solutions. In this paper, we continue studying the long-time behavior of so-
lutions to problem (1.1) by allowing the external force g dependent of time
t, g ∈ L2

loc(R
+; L2(Ω)). Let Dτ,σ(uτ ) be the set of all global weak solutions

of the problem (1.1) with the external force gσ instead of g and initial data
u(τ) = uτ . For each σ ∈ Σ (see the definition of Σ in section 2.2 below), we
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define the multivalued semiprocess Uσ : R
+
d ×L2(Ω) �−→ 2L2(Ω) as follows

Uσ(t, τ, uτ ) = {u(t) : u(·) ∈ Dτ,σ(uτ)}.
We prove that Uσ is a strict multi-valued semiprocess and then use theory of
multi-valued semiprocesses of Melnik and Valero [19] to prove the existence of
a uniform global compact attractor for the family of multivalued semiprocesses
Uσ.

2. Existence of a Compact Attractors

2.1. The autonomous case. Let g independent of time t, g ∈ L2(Ω), we
denote D(u0) be the set of all global weak solutions to the problem (1.1) with
u(0) = u0.

We say that, the multi-valued mapping G(·, ·) : R
+ ×X −→ 2X is a multi-

valued semiflow (m-semiflow) if the following conditions are satisfied:
(i) G(0, x) = x for arbitrary x ∈ X,
(ii) G(t + s, x) ⊂ G(t, G(s, x)), for all x ∈ X, t, s ∈ R

+.
It is called a strict multi-valued semiflow if G(t + s, x) = G(t, G(s, x)), for all
x ∈ X, t, s ∈ R

+.
Concerning with our problem, we define the multi-valued map G : R

+

×L2(Ω) �−→ 2L2(Ω) as follows

G(t, u0) = {u(t) : u(·) ∈ D(u0)}.
We have the following

Proposition 2.1. G is a strict multi-valued semiflow .

Proof. Obviously G(0, ·) = Id. Let y ∈ G(t + s, u0). Then y = u(t + s),
where u(·) ∈ D(u0). It is easy to see that v(·) = u(s + ·) ∈ D(u(s)). Hence,
y = v(t) ∈ G(t, u(s)) ⊂ G(t, G(s, u0)). Vice versa, let y ∈ G(t, G(s, u0)). Then
there exist u(·) ∈ D(u0) and v ∈ D(u(s)) such that y = v(t). Put

z(τ) =

{
u(τ) if τ ∈ [0, s]

v(τ − s) if τ ∈ [s, t + s].

It follows from here that z(·) ∈ D(u0). Thus y = z(t + s) ∈ G(t + s, u0) and
the proposition is proved.

Let X be a complete metric space with the metric denoted by d. Let
P (X) (B(X)) be the set of all nonempty (nonempty bounded) subsets of X.
Denote an open ε−neighborhood of A ⊂ X by

Bε(A) = {u ∈ X : d(u, A) < ε}.
We recall that a multi-valued map F acting in the space X is upper semi-

continuous if for all u0 ∈ D(F ) = {u ∈ X : F (u) = ∅} and any neighbor-
hood O(F (u0)) there exists δ > 0 such that F (u) ⊂ O(F (u0)), as soon as
d(u, u0) < δ.
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It is called ε−upper semicontinuous if for all u0 ∈ D(F ) and all ε > 0 there
exists δ(ε, u0) > 0 such that F (u) ⊂ Bε(F (u0)) if d(u, u0) < δ.

We have the following proposition(see [3, p.45])

Proposition 2.2. Let F be a multi-valued function acting in the space X.
If F is upper semicontinuous then F is ε−upper semicontinuous. The converse
is valid if F has compact values.

The m−semiflow G is called asymptotically upper semicompact if ∀B ∈
B(X) such that for some T (B) > 0, γ+

T (B)(B) ∈ B (X), any sequence ξn ∈
G(tn, B), tn → ∞, is precompact in X.

From [19, Proposition 2], we have the following proposition

Proposition 2.3. Let X be a Banach space and let G(t, ·) = Γ(t, ·) +
K(t0, ·) be an m−semiflow, where K(t0, ·) : X −→ P (X) is a compact map for
some t0 > 0 and Γ(t, ·) : X −→ P (X) is a contraction on bounded sets, that
is,

d(Γ(t, x), Γ(t, y)) ≤ m1(t)m2(ρ(x, y)) , ∀x, y ∈ B ⊂ B(X), t ≥ 0,

where ρ(x, y) = ‖x−y‖, m2 : R
+ −→ R is a continuous map and m1 : R −→ R

is a decreasing map such that m1(t) → 0 as t → ∞. Then G is asymptotically
upper semicompact.

A set A ⊂ X is said to be a global attractor of G if
(i) A is negatively semi-invariant (i.e. A ⊂ G(t,A), for all t ≥ 0);
(ii) A is attracting, that is,

dist
(
G(t, B),A

)
−→ 0, as t −→ ∞, ∀B ∈ B(X),

where dist(C, A) = sup
c∈C

inf
a∈A

‖c − a‖ is the Hausdorff semi-distance;

(iii) For any closed set Y being attracting, we have A ⊂ Y (minimality).
The global attractor A is said to be invariant if A = G(t,A), for all t ≥ 0.
By using the condition (1.2), it is easy to show that every weak solution of

(1.1) from the class W0,T satisfies the following estimate for all t ≥ s, t, s ∈
[0, T ]:

‖u(t)‖2 + 2C1

∫ t

s

‖u(τ)‖p
Lp(Ω)dτ +

∫ t

s

‖u(τ)‖2
S1

0(Ω)dτ ≤ ‖u(s)‖2 + C4(t − s).

(2.1)

It implies directly that

‖u(t)‖2 ≤ ‖u(s)‖2 + C4(t − s) for all t ≥ s, t, s ∈ [0, T ].(2.2)

where C4 is a positive constant.
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Lemma 2.1. Suppose that un and u belong to W0,T such that{
un(t) → u(t) in L2(Ω) for a.e. t ∈ [0, T ]

un(t) ⇀ u(t) in L2(Ω) for any t ∈ [0, T ]

and satisfy the inequality (2.1). Then un(t) → u(t) in L2(Ω) for all t ∈ (0, T ].

Proof. Consider the arbitrary t∗ ∈ (0, T ], we will prove that

un(t
∗) → u(t∗) in L2(Ω).

Since un(t) ⇀ u(t) in L2(Ω) for any t ∈ [0, T ], we obtain that

lim inf
n→∞

‖un(t
∗)‖ ≥ ‖u(t∗)‖.

To prove un(t
∗) → u(t∗), it is sufficient to show that

lim sup
n→∞

‖un(t∗)‖ ≤ ‖u(t∗)‖.

We introduce two functions

Jn(t) = ‖un(t)‖2 − C4t,

J(t) = ‖u(t)‖2 − C4t.

It follows from the hypotheses that Jn(t) and J(t) are continuously nonincreas-
ing functions on [0, T ] and Jn(t) −→ J(t) for a.e. t ∈ [0, T ]. Let 0 < tm < t∗

be such that Jn(tm) −→ J(tm). Since Jn are nonincreasing, we have

Jn(t∗) − J(t∗) ≤ |Jn(tm) − J(tm)| + |J(tm) − J(t∗)|.
Let ε > 0 arbitrary, there exists tm and n0 = n0(tm) such that

Jn(t
∗) − J(t∗) < ε for all n ≥ n0.

It implies that lim sup
n→∞

Jn(t∗) ≤ J(t∗). Hence, lim sup
n→∞

‖un(t
∗)‖ ≤ ‖u(t∗)‖. This

completes the proof.

Lemma 2.2. Let the condition (1.2) hold and let {un} ⊂ W0,T be an ar-
bitrary sequence of solutions of (1.1) with un(0) ⇀ η in L2(Ω). Then for any
t ∈ (0, T ], there exists a subsequence of {un} (we denote it by {un} as well)
such that un(t) → u(t) in L2(Ω), where u ∈ W0,T is a weak solution of (1.1)
satisfying u(0) = η.

Proof. We note that the solutions un satisfy

‖un(t)‖2 + 2C1

∫ t

s

‖un(τ)‖p
Lp(Ω)dτ +

∫ t

s

‖un(τ)‖2
S1

0(Ω)dτ ≤ ‖un(s)‖2 + C4(t − s),

where constants do not depend on n.
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By the compactness lemma [17], there exists a function u such that⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

un ⇀ u in L2(0, T ; S1
0(Ω)),

∂un

∂t
⇀ ∂u

∂t
in Lq(0, T ; S−1(Ω)),

un → u in L2(0, T ; L2(Ω)),

un(t) → u(t) in L2(Ω) for a.e. t ∈ [0, T ],

un(t, x) → u(t, x) for a.e. (t, x) ∈ Q0,T ,

f(un) ⇀ f(u) in Lq(0, T ; Lq(Ω)).

Since un(t) ⇀ u(t) in L2(Ω) for any t ∈ [0, T ], we have u(0) = η. Thus, u is a
weak solution of problem (1.1). Then since un and u satisfy all hypotheses of
Lemma 2.1, we conclude that un(t) → u(t) in L2(Ω) for any t ∈ (0, T ].

Denote

D0,T (u0) = {u | u ∈ W0,T is a weak solution of (1.1) with u(0) = u0}.
For any t ∈ [0, T ], we define

Kt(u0) = {u(t)| u ∈ D0,T (u0)}.
Theorem 2.3. Assume that the condition (1.2) holds. Then the strict

multi-valued semiflow G has an invariant compact global attractor A.

Proof. It follows immediately from the inequality (1.3) that we can choose
R > 0 large enough such that the ball B0 = B(0, R) ⊂ L2(Ω) is an absorbing
set of G, i.e., for any B ∈ B(L2(Ω)) there exists t0(B) such that G(t, B) ⊂ B0,
for all t ≥ t0. Consequently, G is pointwise dissipative. Moreover, since (1.3),
the set

⋃
t≥0 G(t, B) is bounded for all B ∈ B(L2(Ω)). Lemma 2.2 implies that

G(t, ·) has compact values and that G(t, ·) is a compact operator for any t > 0.
In particular, by Proposition 2.3, G is asymptotically upper semicompact.

Now we will prove that the map G(t, ·) : u0 �→ G(t, u0) is ε−upper semi-
continuous in the space L2(Ω). Suppose that it is not true. Then there ex-
ists u0 ∈ L2(Ω), ε > 0, a sequence δn → 0 and un with ‖un − u0‖ < δn

such that Kt(un) ⊆ Bε(Kt(u0)). Hence, there exists vn ∈ Kt(un) such that
vn /∈ Bε(Kt(u0)). Since un → u0 and vn = vn(t), where vn(·) ∈ D0,T (un), it
follows from Lemma 2.2 that vn(t) → v(t) ∈ Kt(u0), which is a contradiction.
Thus, G(t, ·) is ε−upper semicontinuous, and also is upper semicontinuous be-
cause G(t, ·) has compact values (see Proposition 2.2). From [23, Theorem 10],
it deduces the existence of invariant compact global attractor A.

2.2. The nonautonomous case. Let E be a reflexive Banach space.

1. A function ϕ ∈ L2
loc(R; E) is said to be translation bounded if

‖ϕ‖2
L2

b
= ‖ϕ‖L2

b(�;E) = sup
t∈�

∫ t+1

t

‖ϕ‖2
Eds < ∞.

2. A function ϕ ∈ L2
loc(R; E) is said to be translation compact if the closure

of {ϕ(s + h)|h ∈ R} is compact in L2
loc(R; E).
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Denote by L2
b(R; E) and L2

c(R; E) the set of all translation bounded functions
and the set of all translation compact functions in L2

loc(R; E), respectively. It
is well-known (see [18]) that

L2
c(R; E) ⊂ L2

b(R; E).

Let g ∈ L2
b(R

+; L2(Ω)). Denote by Hw(g) the closure of the set {g(·+h)|h ∈
R} in L2

b(R
+; L2(Ω)) with the weak topology. The following results are proved

in [18].

Lemma 2.4. [18, Proposition 3.1]

1. For all σ ∈ Hw(g), ‖σ‖2
L2

b
≤ ‖g‖2

L2
b
;

2. The translation group {T (h)} is weakly continuous on Hw(g);
3. T (h)Hw(g) = Hw(g) for h ≥ 0;
4. Hw(g) is weakly compact.

Denote Rd = {(t, τ) : 0 ≤ τ ≤ t}. The map U : Rd ×X → P(X) is called a
multivalued semiprocess (MSP) if

(i) U(τ, τ, .) = Id (the identity map);
(ii) U(t, τ, x) ⊂ U(t, s, U(s, τ, x)), for all x ∈ X, t, s, τ ∈ R

+, τ ≤ s ≤ t.
It is called a strict multivalued semiprocess if U(t, τ, x) = U(t, s, U(s, τ, x)).
Denote by Dτ,σ(uτ) the set of all global weak solutions (defined for t ≥ τ)

of problem (1.1) with the external force gσ instead of g and the initial data
u(τ) = uτ . We put Σ = Hω(g), it is clear that T (s)Σ ⊂ Σ, where T (s)σ =
σ(· + s) = g(· + s) and that this map is continuous. For each σ = gσ ∈ Σ we
define the map:

Uσ(t, τ, uτ) = {u(t) : u(.) ∈ Dτ,σ(uτ)}.
Lemma 2.5. Uσ(t, τ, uτ) is a multivalued semiprocess. Moreover

Uσ(t + s, τ + s, uτ ) = UT (s)σ(t, τ, uτ ) for all uτ ∈ L2(Ω), s ≥ 0, t ≥ τ ≥ 0.

Proof. Given z ∈ Uσ(t, τ, uτ)) we have to prove that z ∈ Uσ(t, s, Uσ(s, τ, uτ)).
Take y(.) ∈ Dτ,σ(uτ ) such that y(τ) = uτ and y(t) = z. Clearly, y(s) ∈
Uσ(s, τ, uτ). Then if we define z(t) = y(t) for t ≥ s we have that z(s) = y(s)
and obviously z(.) ∈ Ds,σ(y(s)). Consequently, z(t) ∈ Uσ(t, s, Uσ(s, τ, uτ)).

Let z ∈ Uσ(t + s, τ + s, uτ). Then there exits u(·) ∈ Dτ+s,σ(uτ ) such that
z = u(t + s) and v(·) = u(·+ s) ∈ Dτ,T (s)σ(uτ ), so that z = v(t) ∈ Uτ,T (s)σ(uτ).

Conversely, if z ∈ Uτ,T (s)σ(uτ ), then there is z ∈ Dτ,T (s)σ(uτ ) such that
z = u(t) and v(·) = u(−s+ ·) ∈ Dτ+s,σ(uτ ) so that z = v(t+ s) ∈ Uσ(t+ s, τ +
s, uτ ).

We shall need the following lemma:

Lemma 2.6. Let conditions (H1)−(H2) hold and let {un} ⊂ Dτ,σn(η) be an
arbitrary sequence of solutions of (1.1) with un(τ) → η weakly in L2(Ω), σn →
σ in Σ. Then for any T > τ and tn → t0, tn, t0 ∈ (τ, T ], there exists a
subsequence such that un(tn) → u(t0) in L2(Ω), where u(·) ∈ Dτ,σ(η) is a weak
solution of (1.1) and u(τ) = η.
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Proof. We note that the solution un satisfies

‖un(t)‖2 + 2C1

∫ t

τ

‖un(s)‖p
Lp(Ω)ds +

∫ t

τ

‖un(s)‖2
S1

0 (Ω)ds

≤ ‖un(τ)‖2 +
1

λ1

∫ t

τ

‖gσn(s)‖2ds + C5(t − τ).

(2.1)

By the compactness lemma [17], we infer that

un ⇀ u in L2(τ, T ;S1
0(Ω)), u ∈ Dτ,σ(η).

In the case t = t0, t0 ∈ (τ, T ], let now tn → t0, one has un(tn) ⇀ u(t0) in
L2(τ, T ;S1

0(Ω)). Put

Jn(t) =‖un(t)‖2 − C6

∫ t

τ

[‖gσn(s)‖2 + 1]ds,

J(t) =‖u(t)‖2 − C6

∫ t

τ

[‖gσ(s)‖2 + 1]ds.

where C6 is a positive constant.
The functions Jn(t), J(t) are continuous and nonincreasing on [τ, T ] for C6

chosen large enough. Moreover, since gσn ⇀ gσ, un(t) ⇀ u(t) in L2(τ, T ;S1
0(Ω))

for a.e. t ∈ (τ, T ]. Suppose {tm} is an increasing sequence in [0, T ], tm → t0
as m → ∞. Then

Jn(tm) ⇀ Jn(t0), as m → ∞,

Jn(tm) ⇀ J(tm), as n → ∞.

So

Jn(t0) − J(t0) ≤ Jn(tm) − J(t0) = Jn(tm) − J(tm) + J(tm) − J(t0) < ε,

for ε > 0. Similarly J(t0) − Jn(t0) < ε. Therefore Jn(t0) → J(t0) and then
un(t0) → u(t0) as n → ∞.

We consider the family of MSP {Uσ : σ ∈ Σ} and define the map UΣ : Rd×X →
P(X) by UΣ(t, τ, x) =

⋃
σ∈Σ

Uσ(t, τ, x), which is also a multivalued semiprocess.

We recall that the family of MSP {Uσ : σ ∈ Σ} is called uniformly asymp-
totically upper semicompact if for any B ∈ B(X) and τ ∈ R+ such that
for some T = T (B, τ), γt

T,Σ(B) =
⋃

σ∈Σ

γt
T,σ(B) ∈ B(X), any sequence {ξn},

ξn ∈ Uσn(tn, τ, B), σn ∈ Σ, tn → +∞, is precompact in X.
A is a uniform global attractor for the family of multivalued semiprocesses

UΣ if:
(i) it is negatively semiinvariant, i.e., A ⊂ UΣ(t, 0,A);
(ii) it is uniformly attracting, i.e., dist(UΣ(t, τ, B),A) → 0, as t → ∞, for

all B ∈ B(X) and τ ≥ 0;
(iii) for any closed uniformly attracting set Y , we have A ⊂ Y (minimality).
Now we can prove the existence of uniform global compact attractor.
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Theorem 2.7. Let conditions (H1) − (H2) hold. Then the family of pro-
cesses {Uσ(t, τ)} has a uniform global compact attractor A.

Proof. From (1.3), we have

‖u(t)‖2 � ‖u(0)‖2e−t + C7 + C8‖g‖2
L2

b

= ‖u(0)‖2e−t + R2.

where C7, C8, R are positive constants. Hence the ball B0 = {u ∈ L2(Ω) :
‖u‖ ≤ √

R2 + ε} is an absorbing set for the map (t, u) → UΣ(t, 0, u), i.e.,
for any B ∈ B(L2(Ω)) there exists T (B) such that UΣ(t, 0, B) ⊂ B0, for all
t ≥ T (B).

We define now the set K = UΣ(t, 0, B0). Lemma 2.6 implies that K is
compact. Moreover, since B0 is absorbing, we have

UΣ(t, τ, B) = UΣ(t, t − 1, UΣ(t − 1, τ, B)

= UT (t−1)σ(1, 0, UT (τ)Σ(t − 1 − τ, 0, B))

⊂ UΣ(1, 0, B0) ⊂ K

for all σ ∈ Σ, B ∈ B(L2(Ω)), and t ≥ T (B, τ). It follows that any sequence
{ξn} such that {ξn} ∈ Uσn(tn, τ, B0), σn ∈ Σ, tn → +∞, B ∈ B(L2(Ω)), is
precompact. It is consequence of Lemma 2.6 that the map Uσ has compact
values for any σ ∈ Σ.

Finally, let us prove that the map (σ, x) �→ Uσ(t, τ, x) is upper semicontin-
uous for each fixed t ≥ τ ≥ 0. Suppose that it is not true, that is, there
exist u0 ∈ L2(Ω), t ≥ τ ≥ 0, σ0 ∈ Σ, ε > 0, δn → 0, un ∈ Bδn(u0), σn → σ0,
and ξn ∈ Uσn(t, τ, un) such that {ξn} /∈ Bε(Uσ0(t, τ, u0). But Lemma 2.6 im-
plies that (up to a subsequence) ξn → ξ ∈ Uσ0(t, τ, u0), which is contradiction.
The existence of the uniform global compact attractor follows then from [23,
Theorem 16].

3. Some Further Remark

Under an additional condition

(H3) The existence M > 0 such that f(x, u) is continuously differentiable
with respect to u, and

f ′
u(x, u) ≥ −C9, for all u ∈ R, |u| > M,(3.1)

where C9 is a positive constant,

one can prove that the Kneser property holds for the set of all weak solutions,
that is, the set of values attained by the solutions at every moment of time is
connected. Thanks to the Kneser property, the global attractor derived above
is connected in L2(Ω).

Since we only assume the condition (1.2), the weak solution may not be
unique. Thus, when studying the long-time behavior of solutions, in order to
handle nonuniqueness of solutions, we need to use the theory of attractors for
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multi-valued semiflows and semiprocesses. If condition (H3) is satisfied for all
u ∈ R, then the solution is unique. In our case, in general, more than one
solution can exist.
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