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Abstract

A bijection f : (X, τ) → (Y, σ) is called regular generalized α-
homeomorphism if f and f−1 are rgα-continuous. Also we introduce
new class of maps, namely rgαc-homeomorphisms which form a subclass
of rgα-homeomorphisms. This class of maps is closed under composi-
tion of maps. We prove that the set of all rgαc-homeomorphisms forms
a group under the operation composition of maps.
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1 Introduction

Generalized closed mappings were introduced and studied by Malghan [11].
Generalized open maps, rg-closed maps, wg-closed maps and wg-open maps,
w-open maps and w-closed maps, g∗-open maps and g∗-closed maps, pre-semi-
open maps, almost open maps, α-open maps and gpr-closed maps have been
introduced and studied by Sundaram [21], Arockiarani [2], Nagaveni [14], Sheik
Jhon [17], Pushpalatha [16], Crossely and Hildebrand [6], Singal and Singal
[19], Mashhour [13] and Gnanambal [7] respectively. We give the definitions
of some of them which are used in our present study

In this paper, we introduce the concept of rgα-homeomorphism and study
the relationship between homeomorphisms, w-homeomorphisms, g-homeomorphisms
and rwg-homeomorphisms. Also we introduce new class of maps rgα-homeomorphisms
which form a subclass of rgα-homeomorphisms. This class of maps is closed
under composition of maps. We prove that the set of all homeomorphisms
rgαc-forms a group under the operation composition of maps.

Let us recall the following definition which we shall require later.
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Definition 1.1. A subset A of a space (X, τ) is called
1) a preopen set [12] if A ⊆ intcl (A) and a preclosed set if clint (A) ⊆ A.
2) a semiopen set [8] if A ⊆ clint (A) and a semiclosed set if intcl (A) ⊆ A.
3) a α-open set [15] if A ⊆ intclint (A) and a α-closed set if clintcl (A) ⊆ A.
4) a semi-preopen set [1] if A ⊆ clintcl (A) and a semi-preclosed set if
intclint (A) ⊆ A.
5) a regular open set [20] if A = intcl (A) and a regular closed set if
A = clint (A).

The intersection of all semiclosed (resp. semiopen) subsets of (X, τ) con-
taining A is called the semi-closure (resp. semi-kernal) ofA and is denoted by
scl(A)(resp. sker(A)).

Definition 1.2. A subset A of a space (X, τ) is called
1) generalized closed set (briefly, g-closed)[9] if cl (A) ⊆ U whenever A ⊆ U
and U is open in X.
2) weakely closed set (briefly, w-closed)[18] if cl (A) ⊆ U whenever A ⊆ U
and U is semiopen in X.
3) regular weakly generalized closed set (briefly, rwg-closed)[14] if clint (A) ⊆
U whenever A ⊆ U and U is regular open in X.
4) regular semiopen set [5] if there is a regular open set U such that
U ⊂ A ⊂ cl(U).
5) regular α-open set (briefly, rα-open) [22] if there is a regular open set U
such that U ⊂ A ⊂ αcl(U).
6) regular w-closed set (briefly, rw-closed) [25] if cl (A) ⊂ U whenever
A ⊂ U and U is regular semiopen in X.
7) regular generalized α-closed set (briefly, rgα-closed) [22] if αcl (A) ⊂ U
whenever A ⊂ U and U is regular α-open in X.

The complements of the above mentioned closed sets are their respective
open sets.

Definition 1.3. A map f : (X, τ) → (Y, σ) is called
(i) g-continuous [3] if f−1(V ) is g-closed set of (X, τ) for every closed set V
of (Y, σ),
(ii) w-continuous [17] if f−1(V ) is w-closed set of (X, τ) for every closed set
V of (Y, σ),
(iii) rwg-continuous [14] if f−1(V ) is rwg-closed set of (X, τ) for every closed
set V of (Y, σ),
(iv) rgα-continuous [23] if f−1(V ) is rgα-closed set of (X, τ) for every closed
set V of (Y, σ).

Definition 1.4. A map f : (X, τ) → (Y, σ) is said to be
(i) irresolute [6] if f−1(V ) is semiopen in (X, τ) for each semiopen set V of
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(Y, σ),
(ii) w-irresolute [17] if f−1(V ) is w-closed in (X, τ) for each w-closed set V
of (Y, σ),
(iii) rgα-irresolute [23] if f−1(V ) is rgα-closed in (X, τ) for each rgα-closed
set V of (Y, σ).

Definition 1.5. A map f : (X, τ) → (Y, σ) is said to be
(i) rgα-closed [24] if f(F ) is rgα-closed in (Y, σ) for every closed set F of
(X, τ).

Definition 1.6. A map f : (X, τ) → (Y, σ) is said to be
(i) rgα-open [24] if f(F ) is rgα-open in (Y, σ) for every open set F of (X, τ).

Definition 1.7. A bijective function f : (X, τ) → (Y, σ) is called
(i) generalized homeomorphism (g-homeomorphism) [10] if both f and
f−1 are g-continuous,
(ii) gc-homeomorphism [10] if both f and f−1 are gc-irresolute,
(iii) rwg-homeomorphism [14] if both f and f−1 are rwg-continuous,
(iv) w∗-homeomorphism [17] if both f and f−1 are w-irresolute,
(v) w-homeomorphism [17] if both f and f−1 are w-contiuous.

2 rgα-homeomorphisms in Topological Spaces

We introduce the following definition
Definition 2.1. A bijection f : (X, τ) → (Y, σ) is called regular gener-
alised α-homeomorphism (briefly, rgα-homeomorphism) if f and f−1 are
rgα-continuous.

We denote the family of all rgα-homeomorphisms of a topological space
(X, τ) onto itself by rgα-h(X, τ).

Example 2.1 Consider X = Y = {a, b, c, d} with topologies τ = {X, φ, {a} ,
{b} , {a, b} , {a, b, c}} and σ = {Y, φ, {a} , {b} , {a, b}}. Let f : (X, τ) →
(Y, σ) be the identity map. Then f is bijective, rgα-continuous and f−1 is
rgα-continuous. Therefore f is rgα-homeomorphism.

Theorem 2.1. Every homeomorphism is an rgα-homeomorphism, but not
conversely.

Proof. Let f : (X, τ) → (Y, σ) be a homeomorphism. Then f and f−1 are
continuous and f is bijection. As every continuous function is rgα-continuous,
we have f and f−1 are rgα-continuous. Therefore f is rgα-homeomorphism.

The converse of the above Theorem need not be true, as seen from the
following example.
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Example 2.2 Consider X = Y = {a, b, c, d} with topologies τ = {X, φ, {a} ,
{b} , {a, b} , {a, b, c}} and σ = {Y, φ, {a} , {b} , {a, b}}. Define a map
f : (X, τ) → (Y, σ) be the identity map. Then f is rgα-homepmorphism but
it is not homeomorphism, since the inverse image of open set {a, b, c} in X
is {a, b, c} which is not open set in Y .

Theorem 2.2. Every w-homeomorphism is an rgα-homeomorphism but not
conversely.

Proof. Let f : (X, τ) → (Y, σ) be a w-homeomorphism. Then f and
f−1 are w-continuous and f is bijection. As every w-continuous function is
rgα-continuous, we have f and f−1 are rgα-continuous. Therefore f is rgα-
homeomorphism.

The converse of the above Theorem is not true in general as seen from the
following example.

Example 2.3 Consider X = Y = {a, b, c, d} with topologies τ = {X, φ, {a} ,
{b} , {a, b} , {a, b, c}} and σ = {Y, φ, {a} , {b} , {a, b}}. Let f : (X, τ) →
(Y, σ) be the identity map. Then this function is rgα-homeomorphism but it
is not w-homeomorphism, since the inverse image of the open set {a, b, c} in
X is {a, b, c} which is not w-open set in Y .

Theorem 2.3. Every rw-homeomorphism is an rgα-homeomorphism but not
conversely.

Proof. Let f : (X, τ) → (Y, σ) be a rw-homeomorphism. Then f and
f−1 are rw-continuous and f is bijection. As every rw-continuous function
is rgα-continuous, we have f and f−1 are rgα-continuous. Therefore f is
rgα-homeomorphism.

The converse of the above theorem is not true in general as seen from the
following example.

Example 2.4 Consider X = Y = {a, b, c, d} with topologies τ = {X, φ, {a} ,
{b} , {a, b} , {a, b, c}} and σ = {Y, φ, {a} , {b} , {a, b}}. Let f : (X, τ) →
(Y, σ) be the identity map. Then this function is rgα-homeomorphism but it
is not rw-homeomorphism, since the inverse image of the open set {a, b, c}
in X is {a, b, c} which is not rw-open set in Y .

Corollary 2.1. Every w∗-homeomorphism is an rgα-homeomorphism but not
conversely.

Proof. From Sheik John [18], it follows that every w∗-homeomorphism is a w-
homeomorphism but not conversely. By Theorem 2.3., every w-homeomorphism
is a rgα-homeomorphism but not conversely and hence w∗-homeomorphism is
a rgα-homeomorphism but not conversely.
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Theorem 2.4. Every rgα-homeomorphism is an rwg-homeomorphism but not
conversely.

Proof. Let f : (X, τ) → (Y, σ) be rgα-homeomorphism. Then f and f−1

are rgα-continuous and f is bijection. Since every rgα-continuous function
is rwg-continuous, we have f and f−1 are rwg-continuous. Therefore f is
rwg-homeomorphism.

The converse of the above Theorem is not true in general as seen from the
following example.

Example 2.5 Consider X = Y = {a, b, c, d} with topologies τ = {X, φ, {a} ,
{a, b} , {a, b, c}} and σ = {Y, φ, {a} , {b} , {a, b} , {a, b, c}}. Define
a map f : (X, τ) → (Y, σ) by f(a) = c, f(b) = b, f(c) = a and f(d) = d.
Then f is rwg-homeomorphism but it is not rgα-homeomorphism, since the
inverse image of the open set {a, b} in X is {b, c} which is not rgα-open set
in Y .

Remark 2.1. rgα-homeomorphism and g-homeomorphism are independent
as seen from the following example.

Example 2.6 Let X = Y = {a, b, c} with topologies τ = {X, φ, {a}} and
σ = {Y, φ, {a, b}}. Define a map f : (X, τ) → (Y, σ) by f(a) = c, f(b) = b
and f(c) = a. Then f is rgα-homeomorphism but it is not g-homeomorphism,
since the inverse image of the open set {a} in X is {c} which is not g-open
set in Y .

Example 2.7 Let X = Y = {a, b, c, d} with topologies τ = σ = {X, φ, {a} ,
{b} , {a, b}}. Define a map f : (X, τ) → (Y, σ) by f(a) = c, f(b) = b,
f(c) = a and f(d) = d. Then f is g-homeomorphism but it is not rgα-
homeomorphism, since the inverse image of the open set {a, b} in X is {b, c}
which is not rgα-open set in Y .

Theorem 2.5. Let f : (X, τ) → (Y, σ) be a bijective rgα-continuous map.
Then the following are equivalent.
(i) f is a rgα-open map, (ii) f is rgα-homeomorphism,
(iii) f is a rgα-closed map.

Proof. Proof follows from Theorem 2.17 in [24].

Remark 2.2. The composition of two rgα-homeomorphism need not be a rgα-
homeomorphism in general as seen from the following example.
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Example 2.8 Consider X = Y = Z = {a, b, c}, τ = {X, φ, {a} , {a, c}},
σ = {Y, φ, {a, b}} and η = {Z, φ, {a} , {b} , {a, b}}. Let f : (X, τ) →
(Y, σ) and g : (Y, σ) → (Z, η) be the identity maps. Then both f and g are
rgα-homeomorphisms, but their composition g ◦ f : (X, τ) → (Z, η) is not
rgα-homeomorphism, because for the open set {a, c} of (X, τ), g◦f({a, c}) =
g(f({a, c}) = g({a, c}) = {a, c}, which is not rgα-open in (z, η). Therefore
g ◦ f is not rgα-open and so g ◦ f is not rgα-homeomorphism.

Definition 2.2. A bijection f : (X, τ) → (Y, σ) is said to be rgαc-homeomorphism
if both f and f−1 are rgα-irresolute. We say that spaces (X, τ) and (Y, σ) are
rgαc-homeomorphic if there exists a rgαc-homeomorphism from (X, τ) onto
(Y, σ).

We denote the family of all rgαc-homeomorphisms of a topological space
(X, τ) onto itself by rgαc-h(X, τ).

Theorem 2.6. Every rgαc-homeomorphism is an rgα-homeomorphism but
not conversely.

Proof. Let f : (X, τ) → (Y, σ) be an rgαc-homeomorphism. Then f and
f−1 are rgα-irresolute and f is bijection. By Theorem 3.2 in [23], f and f−1

are rgα-continuous. Therefore f is rgα-homeomorphism.
The converse of the above Theorem is not true in general as seen from the

following example.

Example 2.9 Consider X = Y = {a, b, c} with τ = {X, φ, {a} , {b} , {a, b}}
and σ = {Y, φ, {a, b}}. Let f : (X, τ) → (Y, σ) be the identity map. Then
f is rgα-homeomorphism but it is not rgαc- homeomorphism, since f is not
rgα-irresolute.

Theorem 2.7. Every rgαc-homeomorphism is rwg-homeomorphism but not
conversely.

Proof. Proof follows from Theorems 2.6. and 2.4.

Example 2.10 Consider X = Y = {a, b, c} with τ = {X, φ, {a} , {b} , {a, b}}
and σ = {Y, φ, {a, b}}. Let f : (X, τ) → (Y, σ) be the identity map. Then
f is rwg-homeomorphism but it is not rgαc- homeomorphism, since f is not
rgα-irresolute.

Remark 2.3. rgαc-homeomorphism and w∗-homeomorphism are independent
as seen from the following example.

Example 2.11 Let X = Y = {a, b, c} with τ = {X, φ, {a} , {b} , {a, b}}
and σ = {Y, φ, {a, b}}. Let f : (X, τ) → (Y, σ) be the identity map. Then
f is w∗-homeomorphism but it is not rgαc- homeomorphism, since f is not
rgα-irresolute.
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Example 2.12 Consider X = Y = {a, b, c} with topologies τ = {X, φ, {a}}
and σ = {Y, φ, {a, b}}. Let f : (X, τ) → (Y, σ) be the identity map. Then
f is rgαc-homeomorphism but it is not w∗-homeomorphism, since f is not
w-irresolute.

Remark 2.4. From the above discussions and known results we have the fol-
lowing implications
In the following diagram, by
A → B we mean A implies B but not conversely and
A � B means A and B are independent of each other.

α-homeomorphismrg

g-homeomorphism

fig-1

rwg-homeomorphismhomeomorphism

w-homeomorphism

*w-homeomorphism rg c-homeomorphismα

rw -hom eomorphism

Theorem 2.8. Let f : (X, τ) → (Y, σ) and g : (Y, σ) → (Z, η) are rgαc-
homeomorphisms, then their composition g ◦ f : (X, τ) → (Z, η)is also rgαc-
homeomorphism.

Proof. Let U be a rgα-open set in (Z, η). Since g is rgα-irresolute, g−1(U)
is rgα-open in (Y, σ). Since f is rgα-irresolute, f−1(g−1(U)) = (g ◦f)−1(U) is
rgα open set in (X, τ). Therefore g ◦ f is rgα-irresolute. Also for a rgα-open
set G in (X, τ), we have (g ◦ f)(G) = g(f(G)) = g(W ), where W = f(G). By
hypothesis, f(G) is rgα-open in (Y, σ) and so again by hypothesis, g(f(G)) is
a rgα-open set in (Z, η). That is (g ◦ f)(G) is a rgα-open set in (Z, η) and
therefore (g ◦ f)−1 is rgα-irresolute. Also g ◦ f is a bijection. Hence g ◦ f is
rgαc-homeomorphism.

Theorem 2.9. The set rgαc-h(X, τ) is a group under the composition of
maps.

Proof. Define a binary operation ∗ : rgαc-h(X, τ) × rgαc-h(X, τ) → rgαc-
h(X, τ) by f ∗ g = g ◦ f for all f, g ∈ rgαc-h(X, τ) and ◦ is the usual
operation of composition of maps. Then by Theorem 2.8., g◦f ∈ rgαc-h(X, τ).
We know that the composition of maps is associative and the identity map
I : (X, τ) → (X, τ) belonging to rgαc-h(X, τ) serves as the identity element.
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If f ∈ rgαc-h(X, τ), then f−1 ∈ rgαc-h(X, τ) such that f ◦f−1 = f−1 ◦f = I
and so inverse exists for each element of rgαc-h(X, τ). Therefore (rgαc-
h(X, τ), ◦) is a group under the operation of composition of maps.

Theorem 2.10. Let f : (X, τ) → (Y, σ) be a rgαc-homeomorphism. Then
f induces an isomorphism from the group rgαc-h(X, τ) onto the group rgαc-
h(Y, σ).

Proof. Using the map f , we define a map Ψf : rgαc-h(X, τ) → rgαc-h(Y, σ)
by Ψf(h) = f ◦ h ◦ f−1 for every h ∈ rgαc-h(X, τ). Then Ψf is a bijection.
Further, for all h1h2 ∈ rgαc-h(X, τ), Ψf(h1 ◦ h2) = f ◦ (h1 ◦ h2) ◦ f−1 =
(f◦h1◦f−1)◦(f◦h2◦f−1) = Ψf(h1)◦Ψf(h2). Therefore Ψf is a homeomorphism
and so it is an isomorphism induced by f .

References

[1] D. Andrijevic, Semi-preopen Sets, Mat. Vesnik, 38(1986), 24-32.

[2] I. Arockiarani, Studies On Generalizations of Generalized Closed Sets and
Maps in Topological Spaces Ph. D Thesis, Bharathiar University, Coim-
batore, (1997).

[3] K. Balachandran, P. Sundram and H. Maki, On Generalized Continuous
Maps In Topological Spaces, Mem. I ac Sci. Kochi Univ. Math., 12(1991),
5-13.

[4] P. Bhattacharyya and B. K. Lahiri, Semi-generalized Closed Sets in Topol-
ogy, Indian J. Math. 29(1987) 376-382.

[5] D. E. Cameron, Properties of S-closed Spaces, Proc. Amer Math. Soc.
72(1978), 581-586.

[6] S. G. Crossley and S. K. Hildebrand, Semi-topological Properties, Fund.
Math., 74(1972), 233-254.

[7] Y. Gnanambal, Studies On Generalized Pre-regular Closed Sets and Gen-
eralization of Locally Closed Sets, Ph. D, Thesis, Bharathiar University,
Coimbatore, (1998).

[8] N. Levine, Semi-open Sets and Semi-continuity in Topological Spaces,
Amer. Math. Monthly, 70(1963), 36-41.

[9] N. Levine, Generalized Closed Sets in Topology, Rend. Circ. Mat. Palermo,
19(1970), 89-96.



rgα-homeomorphisms in topological spaces 889

[10] H. Maki, P. Sundaram and K. Balachandran, On Generalized Homeomor-
phisms in Topological Spaces, Bull. Fukuoka Univ. Ed, part-III, 40(1991),
13-21.

[11] S. R. Malghan, Generalized Closed Maps, J. Karnatk Univ. Sci., 27 (1982),
82-88.

[12] A. S. Mashhour, M. E. Abd. EI-Monsef and S. N. EI-Deeb, On Pre-
continuous Mappings and Weak Pre-continuous Mappings, Proc. Math.
Phy. Soc. Egypt., 53(1982), 47-53.

[13] A. S. Mashhour, I. A. Hasanein and S. N. EI-Deeb, α-continuous and
α-open mappings, Acta. Math. Hung, 41(1983), 213-218.

[14] N. Nagaveni, Studies On Generalizations of Homeomorphisms in Topo-
logical spaces Ph. D., Thesis, Bharathiar University, Coimb- atore(1999).

[15] O. Njastad, On Some Classes of Nearly Open Sets, Pacific J. Math.,
15(1965), 961-970.

[16] A. Pushpalatha, Studies On Generalizations of Mappings in Topological
Spaces, Ph. D. Thesis Bharathiar University Coimbatore(2000).

[17] M. Sheik John, A Study On Generalizations of Closed Sets On Continuous
Maps in Topological and Bitopological Spaces, Ph. D, Thesis Bharathiar
University, Coimbatore, (2002).

[18] M. Sheik John, On w-closed Sets in Topology, Acta Ciencia Indica,
4(2000), 389-392.

[19] M. K. Singal and A. R. Singal, Almost Continuous Mappings, Yokohaman
Math. J. 16(1968), 63-73.

[20] M. Stone, Application of The Theory of Boolean Rings to General Topol-
ogy, Trans. Amer. Math. Soc., 41(1937), 374-481.

[21] P. Sundaram, Studies on Generalizations of Continuous Maps in Topo-
logical Spaces, Ph. D, Thesis, Bharathiar University, Coimbatore, (1991).

[22] A. Vadivel and K. Vairamanickam, rgα-closed Sets and rgα-open Sets in
Topological Spaces, Int. Journal of Math. Analysis, Vol. 3, 2009, no. 37,
1803-1819.

[23] A. Vadivel and K. Vairamanickam, rgα-continuous Maps and Some of
Their Properties, Acta Ciencia Indica, (in press)



890 A. Vadivel and K. Vairamanickam

[24] A. Vadivel and K. Vairamanickam, rgα-closed Maps and rgα-open Maps
in Topological Spaces, Int. Journal of Math. Analysis, Vol. 4, 2010, no. 10,
453-468.

[25] R. S. Wali, Some Topoics In General and Fuzzy Topological Spaces, Ph.
D, Thesis, Karnatak University, Dharwad, (2006).

Received: October, 2009


