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Abstract

Let X be a reflexive Banach space and X∗ be its dual. In this
paper,we investigated under which conditions the algebra I(X∗) of in-
tegral operators on X∗ is weakly sequentially complete . Some results
concerning the weakly compactness of certain bounded linear operators
on the algebra of the compact operators were also considered.
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1 Introduction

Let X be a Banach space and denote by X∗ its dual. We denote the Banach
algebra of compact operators on X by K(X), the Banach algebra of bounded
operators on X by L(X), and the space of finite rank operators by F (X). Let
Ko(X) stand for the algebra of bounded linear operators on X which can be
approximated, in the operator norm, by operators of finite rank. Let L(X)
denote the algebra of all bounded operators on X. We denote the algebras
of compact and integral operators on X respectively by K(X) and I(X). In
this paper, we shall investigate that under which conditions I(X∗) become
weakly sequentially complete. Precisely, we will show that the algebra I(X∗)
of integral operators on X∗ is weakly sequentially complete whenever Xis re-
flexive Banach space with the approximation property. We are motivated by
an open question of Ülger pointed out in [3]: Is the space K(X) of compact
operators on a reflexive Banach space X (with the approximation property,
for instance) has the weak Phillips property. It was declared in [5] that the
answer is positive according to Theorem 4.7, however, we realize that there is
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a gap in the proof because the proof was based on the assumption that L(X)
has the Grothendieck property (i.e., weak*-null sequences are weak-null in X∗)
whenever X is reflexive. Although it states in [10] that there are some evi-
dence that L(X) has the Grothendieck property, the unique well- known fact
concerning this property of algebra of bounded linear operators is that L(H)
has the Grothendieck property whenever H is Hilbert space. Since every dual
space with the Pelczynski’s (V) property has the Grothendieck property, L(H),
bidual of K(H), has the Grothendieck property from [8]. Hence, Corollary 4.8
of [5] has to be proven and, in this study, a proof will be given in Theorem 3.2.
This result allow us to show that whenever X is reflexive Banach space with
the approximation property, the algebra K(X) of compact operators belongs
to the class of Banach spaces with the property (w).

2 Preliminary Notes

Our notation and terminology are quite standard. In general X and Y will
denote Banach spaces over the field of complex numbers. By X∗ , we denote
the dual space of bounded linear functionals on X , and by X1 , its closed
unit ball. We identify X with its image under the canonical embedding of X
into X∗∗ . For x ∈ X and f ∈ X∗ , we denote by < x, f > , or < f, x > ,
the evaluation f on x. Consider the natural duality between X and X∗. We
denote the weak topology on X, induced by the topologizing family X∗, by
σ(X, X∗).

Definition 2.1 Let x be an element and (xn) a sequence in X . Then
(xn) is said to be weakly convergent to x if it converges to x in the topology
σ(X, X∗), that is, < xn , f >→< x , f > whenever f ∈ X∗.

Definition 2.2 Let (xn) be a sequence in X . Then (xn) is said to be weakly
Cauchy if the sequence (< xn , f >) in the field of scalars is Cauchy for each
f in X∗.

Definition 2.3 A Banach space is said to be weakly sequentially complete
if every weakly Cauchy sequence in X is weakly convergent .

We denote the Banach space of all compact operators on X by K(X) and
the Banach space of all bounded operators on X , by L(X).

For every x ∈ X and x′ ∈ X∗, each x ⊗ x′, determines an element of the
vector space L(X) according to

< y, x ⊗ x′ >=< y, x′ > x (y ∈ Y )
and the tensor product X ⊗X∗ can be defined as the vector space spanned

in L(X) by the set {x ⊗ x′ : x ∈ X, x′ ∈ X∗}. In this way, X ⊗X∗ consists of
those operators on X which are of finite rank. When X ⊗X∗ is regarded from
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this point of wiew, it is denoted by F (X). The closure of F (X) with respect
to the operator norm is denoted by Ko(X). Hence, Ko(X) is the algebra of
bounded linear operators on X which can be approximated, in the operator
norm, by operators of finite rank [11]. Inductive tensor norm on X ⊗ X∗

coincides with the operator norm ([10]).

Definition 2.4 An element f ∈ L(X) is said to be integral operator if there
exists a constant C > 0 such that

∣∣∣∣∣

n∑

i=1

< f(xi), x
′
i >

∣∣∣∣∣ � C

∥∥∥∥∥

n∑

i=1

xi ⊗ x′
i

∥∥∥∥∥
L(X)

for all
n∑

i=1

xi ⊗ x′
i ∈ X⊗X∗, where ‖ . ‖L(X)denotes the operator norm on L(X).

The infimum over all possible constants C is called the integral norm of f and
is denoted by ‖f‖I .

Let I(X) denote the algebra of integral operators on X. Then I(X) is a
Banach space with respect to the integral form and, furthermore, I(X) is a
two-sided ideal in L(X) ([15]).

Definition 2.5 An operator T : X → Y is said to be weakly compact if
T (X1) is relatively weakly compact for the weak topology of Y .

Definition 2.6 A Banach space X is said to have the property (w) if every
bounded linear operator T : X → X∗ is weakly compact ([6]).

For undefined notation and properties used in this paper, we refer the
reader the paper [14].

3 Main Results

First of all, we give the following lemma which can be yielded as an appeal to
Grothendieck’s theorem in [2] or resulted from the Grosser’s paper [11].

Lemma 3.1 Let X be a reflexive Banach space with the approximation
property. Then the dual space of K(X) is identified with the space I(X∗).

Proof: Let X have the approximation property. Then, by the definition of
the approximation property, the closure of F (X) with respect to the operator
norm is K(X). When each F ∈ K(X)∗ is restricted to the dense subspace
F (X) of K(X), the correspondence F → f is described by the relation

< u, F >=
n∑

i=1

< xi, f(x′
i) > (f ∈ I(X∗))
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where u =
n∑

i=1

xi ⊗ x′
i ∈ X ⊗ X∗. Let define the operator T : I(X∗) → K(X)∗

by T (f) = F . We will show that the operator T is linear isometric isomor-

phism of ( I(X∗), ‖ . ‖I ) onto ( K(X)∗, ‖ . ‖L(X) ). If u =
n∑

i=1

xi ⊗ x′
i ∈ X ⊗ X∗

and f ∈ I(X∗),

|F (u)| =

∣∣∣∣
n∑

i=1

< xi, f(x′
i) >

∣∣∣∣

=

∣∣∣∣
n∑

i=1

< f(x′
i), ı(xi) >

∣∣∣∣ � ‖f‖I

∥∥∥∥
n∑

i=1

xi ⊗ x′
i

∥∥∥∥
L(X)

= ‖f‖I ‖u‖L(X)

hence, by the definition of operator norm, we have ‖F ‖L(X) � ‖ f ‖I . On
the other hand, since X∗∗ = X, by the definition of the integral norm

∣∣∣∣∣
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< f(x′
i), xi >

∣∣∣∣∣ = |F (u)| � ‖F‖L(X)
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n∑

i=1

xi ⊗ x′
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∥∥∥∥∥
L(X)

we have ‖ f ‖I � ‖F ‖L(X) . Hence T is an isometry. Recall that every isometry
is also one-to-one. In order to show the operator T is a surjection, take an
element F ∈ K(X)∗and let define a linear mapping f : X∗ → X∗ by <
x, f(x′) >= F (x⊗x′). Since F and the tensor product well-defined and linear,
f is also well-defined and linear. For x ∈ X and x′ ∈ X∗

|< x, f(x′) >| = ‖F (x ⊗ x′)‖ � ‖F‖ ‖x ⊗ x′‖ = ‖F‖ ‖x‖ ‖x′‖
hence, ‖f(x′)‖ � ‖F‖ ‖x′‖ and f ∈ L(X∗).

Since

∣∣∣∣
n∑

i=1

< xi, f(x′
i) >

∣∣∣∣ � ‖F‖L(X)

∥∥∥∥
n∑

i=1

xi ⊗ x′
i

∥∥∥∥
L(X)

, f ∈ I(X∗). It is clear

that < u, T (f) >=< u, F >. Hence T is a surjection.

Theorem 3.2 Let X be a reflexive Banach space with the approximation
property. Then the algebra I(X∗) of integral operators on X∗ is weakly sequen-
tially complete.

Proof: Suppose that X is reflexive and has the approximation property.
Then, by a result of Grothendieck implicit in [2, 1.4.2, Theoreme 8 ] or by [13],
K(X)∗∗ is isometrically isomorphic to L(X).Let (Fn) ⊂ I(X∗) be a weakly
Cauchy sequence. Then for each T ∈ L(X) = (K(X))∗∗, the sequence (<
Fn, T >) is a Cauchy sequence of scalars. Since < Fn, K̂ >=< K, Fn > for
each K ∈ K(X), the sequence (< K, Fn >) is Cauchy. Since F (X) is dense

in K(X), for each u =
s∑

i=1

xi ⊗ x′
i we have a natural number n such that for

every integer k, m � n and for every ε > 0

|Fk(u) − Fm(u)| = |< u, Fk − Fm >| =

∣∣∣∣<
s∑

i=1

xi ⊗ x′
i, Fk − Fm >

∣∣∣∣

=

∣∣∣∣<
s∑

i=1

xi ⊗ x′
i, Fk > − <

s∑
i=1

xi ⊗ x′
i, Fm >

∣∣∣∣ < ε
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By the isometric isomorphism in Lemma 3.1 we have a sequence (fn) of in-

tegral operators on X∗ such that <
s∑

i=1

xi ⊗ x′
i, Fk >=

n∑
i=1

< fk(x
′
i), x̂i > and

<
s∑

i=1

xi ⊗ x′
i, Fm >=

s∑
i=1

< fm(x′
i), x̂i >

Since X is reflexive, the inequality

|Fk(u) − Fm(u)| =

∣∣∣∣∣<
n∑

i=1

< (fk − fm)(x′
i), x̂i >

∣∣∣∣∣ < ε

shows that (fn) is Cauchy sequence in I(X∗) with respect to the integral norm.
Since I(X∗) is Banach space with respect to the integral norm by [6], there
exists an element f of I(X∗) such that (fn) converges to f . For each T ∈ L(X)

|< Fn − f, T >| � |< Fn, T >| + |< f, T >|
� ε + |< fn − f, T >| + |< fn, T >|
� 2ε + ‖T‖ . ‖fn − f‖I

and since ‖fn − f‖I → 0 we see that (Fn) weakly converges to f . Hence I(X∗)
is weakly sequentially complete.

Corollary 3.3 If X = lp or X = d(w, p) (the Lorentz sequence space) for
1 < p < ∞, p + q = 1 then the algebra I(X) of integral operators on X is
weakly sequentially complete.

Proof: We have the result because ,for 1 < p < ∞, X = lp or X =
d(w, p) (the Lorentz sequence space, with 1-symmetric bases) are reflexive
spaces with bases (therefore, with the approximation property) [12].

In [7] it was shown that the dual space of K(X) (that is, I(X∗) , the
algebra of integral operators on X∗ ) is weakly sequentially complete if X
has an unconditional basis. Since every Banach space with a basis has the the
approximation property, the following corollary is a generalization of the above
mentioned result of [7]. Further on integral operator spaces can be found in
[1] and [4].

Theorem 3.4 Let X be a reflexive Banach space with the approximation
property. Then K(X) has the property (w).

Proof: Let (Tn) be a bounded sequence in K(X) and the bounded operator
S : K(X) → I(X∗) be given. It is enough to show that (Tn) has a subsequence
(Tnk

) such that (S(Tnk
)) is weakly convergent in I(X∗) . Since K(X) does not

contain a copy of l1 by [9] , (Tn) has a weakly Cauchy subsequence (Tnk
) . By

the definition of weakly Cauchy sequence, (< Tnk
, F >) is a Cauchy sequence

of scalars for every F ∈ I(X∗). Since for every T ∈ L(X), S∗(T ) belongs
to I(X∗) , the equality < Tnk

, S∗(T ) >=< S(Tnk
), T > implies (S(Tnk

)) is a
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weakly Cauchy sequence in I(X∗). Since, by Theorem 3.2 I(X∗) is weakly se-
quentially complete, (S(Tnk

)) is weakly convergent and so S is weakly compact.
Hence K(X) has the property (w).

Corollary 3.5 If X = lp or X = d(w, p) (the Lorentz sequence space) for
1 < p < ∞ , p+q = 1 then every bounded linear operator T : K(X) → I(X∗)
is weakly compact.

Remarks: We recall again that we do not know whether L(X) has the
Grothendieck property whenever X is reflexive.
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his valuable suggestions.

References

[1] A. Defant and K. Floret, Aspects of the metric theory of tensor products
and operator ideals , Note di Matematica , 8 (2) (1988), 181-281.

[2] A. Grothendieck, Produits tensoriels topologiques et espaces nucleaires,
Mem. Amer. Math. Soc., 16 (1955),763.
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[14] W. Freedman and A. Ülger, The Phillips Properties, Amer. Math. Soc.
Proc., 128 (1997),2137-2145.

[15] Y. C. Wong, Schwartz Spaces, Nuclear Spaces and Tensor Products, Lec-
ture Notes in Math, 726, Springer-Verlag, 1979.

Received: July, 2009


