
Int. Journal of Math. Analysis, Vol. 2, 2008, no. 22, 1103 - 1110

A Note on Summability Factors

for a Triangular Matrix

Santosh Kr. Saxena

H. N. 419, Jawaharpuri Badaun, U. P., India
Presently working in TMIMT, Moradabad, U. P., India

ssumath@yahoo.co.in

Abstract

In this paper we obtain an absolute summability factor theorem for
lower triangular matrices under weaker conditions.
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1 Introduction

A weighted mean matrix, denoted by
(
N̄ , pn

)
, is a lower triangular matrix with

entries pk

Pn
, where {pk} is non-negative sequence with p0 > 0 and Pn =

n∑
k=0

pk.

Bor [2] used sufficient conditions on a sequence {pk} and a sequence {λn}
for

∑(
anPnλn

npn

)
to be

∣∣∣N̄, pn

∣∣∣
k

absolute summable of order k ≥ 1 by weighted

mean
(
N̄ , pn

)
. Unfortunately, he used an inappropriate definition of absolute

summability (see, e.g., [4]).
Let A be an infinite lower triangular matrix. We may associate with A two

lower trianglar matrices Ā and Â, whose entries are defined by

ānk =
n∑

i=k

ani, ânk = ānk − ān−1,k, (1)

respectively.
Let A be an infinite matrix. The series

∑
ak is said to be absolutely

summable by A, of order k ≥ 1, written as |A|k, if

∞∑
k=0

nk−1|Δtn−1|k <∞, (2)
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where Δ is the forward difference operator and tn denotes the n-th term of the

matrix transform of the sequence {sn}, where sn =
n∑

k=0
ak.

Thus

tn =
n∑

k=0

anksk =
n∑

k=0

ank

k∑
ν=0

aν =
n∑

ν=0

aν

n∑
k=ν

ank =
n∑

ν=0

ānνaν ,

tn − tn−1 =
n∑

ν=0

ānνaν −
n−1∑
ν=0

ān−1,νaν =
n∑

ν=0

ânνaν , (3)

since ān−1,n = 0.

2 Main Result.

The aim of this paper is to obtain an absolute summability factor theorem
for a lower triangular matrix under weaker conditions, and as a corollary we
obtain the correct version of Bor [2]. For this we need the concept of almost
increasing sequence, a positive sequence (bn) is said to be almost increasing
if there exists a positive increasing sequence (cn) and two positive constants
B and D such that Bcn ≤ bn ≤ Dcn (see [1]). Obviously every increasing
sequence is almost increasing but the converse need not be true as can be seen
from example bn = ne(−1)n .
Now, we shall prove the following theorem.

Theorem 2.1 Let A be a triangle with nonnegative entries satisfying

ān0 = 1, n = 0, 1, ..., (4)

an−1,ν ≥ anν for n ≥ ν + 1, (5)

nann � O(1), (6)

Δ
(

1

ann

)
= O (1) , (7)

n∑
ν=0

aνν |an,ν+1| = O (ann). (8)

If (Xn) is an almost increasing sequence and the sequence (λn) and (βn) satisfy

|Δλn| ≤ βn, (9)

lim βn = 0, (10)

|λn|Xn = O (1) , (11)
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∞∑
n=1

nXn |Δβn| < ∞, (12)

Tn =
n∑

ν=1

( |sν |k
ν

)
= O (Xn) , (13)

then the series
n∑

ν=1

anλn

nann
is summable |A|k, k ≥ 1.

We need the following Lemma for the proof of our Theorem.

Lemma 2.2 [3] Under the conditions on (Xn), (βn) and (λn) as taken in the
statement of the theorem, the following conditions hold, when (12) is satisfied

nXnβn = O (1) , as n → ∞, (14)

∞∑
n=1

βnXn < ∞. (15)

Since (Xn) is am almost increasing, Xn ≥ X0, which is a positive constant.
Hence condition (11) implies that λn is bounded. It also follows from (14) that

βn = O
(

1
n

)
, and hence that Δλn = O

(
1
n

)
by condition (9).

Proof of Theorem 2.1. Let (Tn) denote the n-th term of the A-transform

of the series
∑(

anλn

nann

)
. Then we may write

Tn =
n∑

ν=0

anν

ν∑
i=0

aiλι

iaii
=

m∑
i=0

aiλi

iaii

n∑
ν=i

anν =
n∑

i=0

āni
aiλi

iaii
.

Thus

Tn − Tn−1 =
n∑

i=0

āni
aiλi

iaii
−

n−1∑
i=0

ān−1,i
aiλi

iaii
=

n∑
i=0

(āni − ān−1,i)
aiλi

iaii
=

n∑
i=0

âni
aiλi

iaii

=
n∑

i=0

âni
λi

iaii

(si − si−1) =
n−1∑
i=0

âni
λi

iaii

si + ann
λn

nann

sn −
n∑

i=0

âni
λisi−1

iaii

=
n−1∑
i=0

âni
λi

iaii

si + ann
λn

nann

sn −
n−1∑
i=0

ân,i+1
λi+1si

(i + 1)ai+1,i+1

=
n∑

i=0

(
âni

λi

iaii

− ân,i+1
λi+1

(i + 1)ai+1,i+1

)
si + ann

λn

nann

sn.

We may write

âniλi

iaii
− ân,i+1λi+1

(i + 1)ai+1,i+1
=

âniλi

iaii
− ân,i+1λi+1

(i + 1)ai+1,i+1
+

ân,i+1λi

(i + 1)ai+1,i+1

− ân,i+1λi

(i + 1)ai+1,i+1

= Δi

(
âni

iaii

)
λi +

ân,i+1

(i + 1)ai+1,i+1
Δ (λi) .
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Also we may write

Δi

(
âni

iaii

)
λi =

âni

iaii

λi − ân,i+1

(i + 1) ai+1,i+1

λi − ân,i+1

iaii

λi +
ân,i+1

iaii

λi

=
Δi (âni)λi

iaii
+ ân,i+1λi

(
1

iaii
− 1

(i + 1) ai+1,i+1

)
.

Hence,

Tn − Tn−1 =
n−1∑
i=0

Δi (âni)λi

iaii
si +

n−1∑
i=0

ân,i+1λi

(
1

iaii
− 1

(i + 1) ai+1,i+1

)
si

+
n−1∑
i=0

ân,i+1

(i + 1) ai+1,i+1

Δi (λi) si +
λn

n
sn

= Tn1 + Tn2 + Tn3 + Tn4, say.

To complete the proof of the Theorem 2.1, it will be sufficient to show that

∞∑
n=1

nk−1 |Tnr|k < ∞, for r = 1, 2, 3, 4.

Using Hölder’s inequality and (6),

I1 =
m+1∑
n=1

nk−1 |Tn1|k ≤
m+1∑
n=1

nk−1

∣∣∣∣∣
n−1∑
i=0

Δi (âni)

iaii

λisi

∣∣∣∣∣
k

= O (1)
m+1∑
n=1

nk−1

(
n−1∑
i=0

|Δi (âni)λisi|
)k

= O (1)
m+1∑
n=1

nk−1

(
n−1∑
i=0

|Δi (âni)| |λi|k |si|k
)(

n−1∑
i=0

|Δi (âni)|
)k−1

.

But using (5),

Δi (âni) = âni − ân,i+1 = āni − ān−1,i − ān,i+1 + ān−1,i+1 = ani − an−1,i ≤ 0.

Thus using (4),

n−1∑
i=0

|Δi (âni)| =
n−1∑
i=0

|an−1,i − ani| = 1 − 1 + ann = ann.

From (11), it follows that λn = O (1). Using (6), (9), (13), and property (15)
of Lemma 2.2,

I1 = O (1)
m+1∑
n=1

(nann)k−1
n−1∑
i=0

|Δi (âni)| |λi|k |si|k
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= O (1)
m+1∑
n=1

(nann)k−1
n−1∑
i=0

|Δi (âni)| |λi| |λi|k−1 |si|k

= O (1)
m∑

i=0

|λi| |si|k
m+1∑

n=i+1

(nann)k−1 |Δi (âni)|

= O (1)
m∑

i=0

|λi| |si|k aii

= |λ0| |s0|k a00 + O (1)
m∑

i=1

|λi| |si|k
i

= O (1) + O (1)
m∑

i=0

|λi|
[

i∑
r=1

|sr|k
r

−
i−1∑
r=1

|sr|k
r

]

= O (1)

⎡
⎣ m∑

i=1

|λi|
i∑

r=1

|sr|k
r

−
m−1∑
j=0

|λj+1|
j∑

r=1

|sr|k
r

⎤
⎦

= O (1)
m−1∑
i=1

Δ (|λi|)Xi + O (1) |λm|Xm

= O(1)
m∑

i=1

βiXi + O(1) |λm|Xm

= O (1) , as m → ∞.

I2 =
m+1∑
n=1

nk−1 |Tn2|k =
m+1∑
n=1

nk−1

∣∣∣∣∣
n−1∑
i=0

ân,i+1λiΔ
(

1

iaii

)
si

∣∣∣∣∣
k

= O (1)
m+1∑
n=1

nk−1

{
n−1∑
i=0

|ân,i+1||λi|Δ
(

1

iaii

)
|si|
}k

Now

Δ
(

1

iaii

)
=

1

iaii
− 1

(i + 1) ai+1,i+1

=
1

iaii
− 1

(i + 1)ai+1,i+1
+

1

(i + 1)aii
− 1

(i + 1)aii

=
1

(i + 1)

(
1

aii
− 1

ai+1,i+1

)
+

1

aii

(
1

i
− 1

(i + 1)

)

=
1

(i + 1)

[
Δ
(

1

aii

)
+

1

iaii

]
.

Thus using (7) and (5),

∣∣∣∣Δ
(

1

iaii

)∣∣∣∣ =
∣∣∣∣ 1

i + 1

[
Δ
(

1

aii

)
+

1

iaii

]∣∣∣∣ ≤ 1

i + 1

{
ai+1,i+1 − aii

aiiai+1,i+1
+

1

iaii

}

=
1

i + 1
[O (1) + O (1)] = O (1) .
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Hence, using Hölder’s inequality, (8) and (6),

I2 = O (1)
m+1∑
n=1

nk−1

{
n−1∑
i=0

|ân,i+1| |λi| 1

i + 1
|si|
}k

= O (1)
m+1∑
n=1

nk−1

{
n−1∑
i=0

|ân,i+1| |λi| aii |si|
}k

= O (1)
m+1∑
n=1

nk−1

(
n−1∑
i=0

|ân,i+1| |λi|k aii |si|k
)(

n−1∑
i=0

|ân,i+1| aii

)k−1

= O (1)
m+1∑
n=1

(nann)k−1
n−1∑
i=0

|ân,i+1| |λi|k aii |si|k

= O (1)
m∑

i=0

|λi|k aii |si|k
m+1∑

n=i+1

(nann)k−1 |ân,i+1|

= O (1)
m∑

i=0

|λi|k aii |si|k
m+1∑

n=i+1

|ân,i+1|

From [5],
m+1∑

n=i+1

|ân,i+1| ≤ 1.

Hence,

I2 = O (1)
m∑

i=1

|λi|k aii |si|k = O (1)
m∑

i=1

|λi| |λi|k−1 |si|k 1

i

= O (1)
m∑

i=1

|λi| |si|k
i

= O(1), as m → ∞,

as in the proof of I1.
Using (6), Hölder’s inequality, and (8).

I3 =
m+1∑
n=1

nk−1 |Tn3|k =
m+1∑
n=1

nk−1

∣∣∣∣∣
n−1∑
i=0

ân,i+1 (Δλi) si

(i + 1) ai+1,i+1

∣∣∣∣∣
k

= O (1)
m+1∑
n=1

nk−1

(
n−1∑
i=0

|ân,i+1| |Δλi| |si|
)k

= O (1)
m+1∑
n=1

nk−1

(
n−1∑
i=0

aii

aii

|ân,i+1| |Δλi| |si|
)k

= O (1)
m+1∑
n=1

nk−1

(
n−1∑
i=0

aii
|ân,i+1|

ak
ii

|Δλi|k |si|k
)(

n−1∑
i=0

aii |ân,i+1|
)k−1
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= O (1)
m+1∑
n=1

(nann)k−1
n−1∑
i=0

aii
|ân,i+1|

ak
ii

|Δλi|k |si|k

= O (1)
m+1∑
n=1

n−1∑
i=0

|ân,i+1| |Δλi|k |si|k 1

ak
ii

aii

= O (1)
m+1∑
n=1

n−1∑
i=0

|ân,i+1| |Δλi|k |si|k 1

ak
ii

aii

= O (1)
m∑

i=0

aii

ak
ii

|Δλi|k |si|k
m+1∑

n=i+1

|ân,i+1|

= O (1)
m∑

i=0

( |Δλi|
aii

)k−1

|Δλi| |si|k

= O (1)
m∑

i=0

|Δλi| |si|k = O (1)
m∑

i=0

βi |si|k.

Since |si|k = i (Ti − Ti−1) by (13), we have

I3 = O (1)
m∑

i=1

i (Ti − Ti−1) βi.

Using Abel’s transformation, (9) and (15),

I3 = O (1)
m−1∑
i=1

TiΔ (iβi) + O (1)mTnβn

= O (1)
m−1∑
i=1

i |Δβi|Xi + O (1)
m−1∑
i=1

Xiβi + O (1) mXnβn = O (1) .

Using (11) and (13)

I4 =
m+1∑
n=1

nk−1 |Tn4|k =
m+1∑
n=1

nk−1

∣∣∣∣∣snλn

n

∣∣∣∣∣
k

=
m+1∑
n=1

|sn|k |λn|k 1

n

=
m+1∑
n=1

|sn|k
n

|λn| |λn|k−1 = O (1) , as m → ∞,

as it is the proof of I1.

Corollary 2.3 Let {pn} be a positive sequence such that Pn =
n∑

k=0
pk → ∞

and satisfies

npn = O (Pn) , (16)
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Δ

(
Pn

pn

)
= O (1) . (17)

If (Xn) is an almost increasing sequence and the sequences (λn) and (βn) are
such that

|Δλn| ≤ βn (18)

βn → 0, as n → ∞, (19)

|λn|Xn = O (1) , as n → ∞, (20)
∞∑

n=1

nXn |Δβn| < ∞, (21)

Tn =
n∑

ν=1

|sν |k
ν

= O (Xn) , (22)

then the series
∑(

anPnλn

npn

)
is summable

∣∣∣N̄ , pn

∣∣∣
k
, k ≥ 1.

Proof of corollary. Conditions (18)-(22) of Corollary 2.3 are, respectively,
conditions (9)-(13) of Theorem 2.1.
Conditions (4), (5) and (8) of Theorem 2.1 are automatically satisfied for
any weighted mean method. Condition (6) and (7) of Theorem 2.1 become,
respectively, conditions (16) and (4) of Corollary 2.3.
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[1] S. Aljancić and D. Arandelović, O-regularly varying functions, Publ. Inst.
Math., 22(36) (1977), 5 - 22.

[2] H. Bor, A new application of almost increasing sequences, J. Comput.
Anal. Appl., (in press).

[3] S. M. Mazhar, A note on absolute summability factors, Bull. Inst. Math.
Acad. Sinica, 25(3) (1997), 233 - 242.

[4] B. E. Rhoades, Inclusion theorems for absolute matrix summability meth-
ods, J. Math. Anal. Appl., 238 (1999), 82 - 90.

[5] B. E. Rhoades and E. Savas, A note on absolute summability factors,
Periodica Mathematica Hungarica, 51(1) (2005), 53 - 60.

Received: March 3, 2008


