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Abstract

In this paper we obtain an absolute summability factor theorem for
lower triangular matrices under weaker conditions.
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1 Introduction

A weighted mean matrix, denoted by (N , pn), is a lower triangular matrix with

n
entries f;—’;, where {p;.} is non-negative sequence with py > 0 and P, = k-z—:o Dk
Bor [2] used sufficient conditions on a sequence {p;} and a sequence {\,}

for 3 (%) to be ‘N , pn‘k absolute summable of order £ > 1 by weighted

mean (N , pn). Unfortunately, he used an inappropriate definition of absolute
summability (see, e.g., [4]).

Let A be an infinite lower triangular matrix. We may associate with A two
lower trianglar matrices A and A, whose entries are defined by

n
Ak = D Qniy Ank = Gnk — Gn—1,, (1)
i=k
respectively.
Let A be an infinite matrix. The series Y a; is said to be absolutely
summable by A, of order k > 1, written as |A|,, if

S AL, F < oo, (2)
k=0
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where A is the forward difference operator and ¢,, denotes the n-th term of the

n
matrix transform of the sequence {s,}, where s, = > a.
k=0

Thus
n n k n n n
t, = Zanksk = Zank Z@V = Zau Z Ank = Zdnuaua
k=0 k=0 =0 v=0 k=v v=0
n n—1 n
tn - tn—l - Z anyalj - Z C_Ln—l,uay — Z dnuam (3>
v=0 v=0 v=0

since ap—1, = 0.

2 Main Result.

The aim of this paper is to obtain an absolute summability factor theorem
for a lower triangular matrix under weaker conditions, and as a corollary we
obtain the correct version of Bor [2]. For this we need the concept of almost
increasing sequence, a positive sequence (b,,) is said to be almost increasing
if there exists a positive increasing sequence (c,) and two positive constants
B and D such that Be, < b, < D¢, (see [1]). Obviously every increasing
sequence is almost increasing but the converse need not be true as can be seen
from example b, = nel=1".

Now, we shall prove the following theorem.

Theorem 2.1 Let A be a triangle with nonnegative entries satisfying

ano=1,n=0,1,..., (4)

Up—1y > Ay forn >v+1, (5)

Ny = O(1), (6)

a(=) =0, (7)

zn%aw |anpi1| = O (ann). (8)

If (X,,) is an almost mcreas;ng sequence and the sequence (\,) and (f3,,) satisfy
AN < B, (9)

lim 3, =0, (10)

|)‘n|Xn:O(1)v (11>
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o0

> nX, |AB,| < o, (12)

n=1

T, = f: <|S;‘k> = 0(X,), (13)

then the series E a")‘" is summable |A|,, k> 1.
v=1"

We need the following Lemma for the proof of our Theorem.

Lemma 2.2 [3] Under the conditions on (X,,), (5,) and (\,) as taken in the
statement of the theorem, the following conditions hold, when (12) is satisfied

nX,0, =0(1), as n — oo, (14)

i BnXn < 00. (15)

n=1
Since (X,,) is am almost increasing, X,, > X, which is a positive constant.
Hence condition (11) implies that A, is bounded. It also follows from (14) that

Bn =0 (%), and hence that A\, = O (%) by condition (9).
Proof of Theorem 2.1. Let (7},) denote the n-th term of the A-transform
of the series Y (%) Then we may write

n moa\s n
1/\4
TnZZanuZ Moy, = Zam -
v=0 =0 CL” 1=0 i y=g @i
Thus
n n—1 n n
T _T _ _ i _ ai; _ _ _ ai\; _ O
n~— 4n-1 — Zani . - Z Ap—1, - Z (am an—l,z) . - Zam .
i—0 Wi 0 LT —— (20 S 10
n s n—1 ) n s
~ % % ~ 195—1
= Z Qi (sz Szfl> = Z Qi Si + Anp Sn — Z ni
i—0 i i=0 Qi nn = Ta;
n—1
o JY An A Aiy18i
- (pi=——S8; + Qnpp Sn — Z QA it17
i—0 i Nanp i—0 (¢ 4+ 1)ais1,i01

v Ai A A
R . 1
= Y it = i | 8§ 5.
i (i 4 1)ai1,i+1 Apn

We may write

Ani i _ Uit 1 Nit1 . Ani i _ it 1 Nig1 an,i—i—l)\i
104 (¢ 4+ 1)ait1,i41 10 (i 4+ Daiy1i1 (@4 D)ait1m
i1\

B (i +1)aiy1,i41

N <a”> At —m LA ().

10 (i + 1)ait1,i41
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Also we may write

&m' &m dn,i—H dn,i—H &n,i—i-l
14 14 (Z + 1) ai-l—l,i-‘,—l 144 1Q4;
= ——— + an,i—i—l)\i T T 7. .
1A 1Q4; (Z + 1) ai-l—l,i-‘,—l
Hence,
A (i) Mg n-! 1 1
T, =Ty = Z S; + Z Qp, z+1)\ - 7 Si
i=0 iy i=0 iai; (04 1) a1

Qi+l An
+ : Az )\z S; +—S,
;) +1) @iy1i11 () n

= T+ T+ Ths+ Tha, say.
To complete the proof of the Theorem 2.1, it will be sufficient to show that
S nF T |f < 0o, forr=1,2,3,4.
n=1

Using Holder’s inequality and (6),

m+1 m+1 n—1 ~ k
o= S T e S et T S
i=0 i
m+1 k
= 0(1) > nF <Z|A /\sz>
n=1

m+1

- 0w S (1Al vt ) (1 )

But using (5),
A; (Gni) = Qpi — Qnig1 = Qni — Q14 — Gnit1 + Gn-1i+1 = Qpi — Gp-1; < 0.

Thus using (4),

n—1

n—1
Z A ()| = Z |an—1,i —api] =1 =14 app = Gpp-

1=0

From (11), it follows that A\, = O (1). Using (6), (9), (13), and property (15)
of Lemma 2.2,

m+1
1)2 nannk 1Z|A |‘/\| |Sz|

=0
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Now

Thus using (7)

2 (@)

ZCZ”

(napy,) k ! Z |A; (a
1=0
m+1

n=i+1

il [si]" @i

Al ‘SZ‘ Z (nann)ki

i)l Nl [0 sl

YA (@)

! 2 sl
’)\0’ ‘80’ &00"‘0(1)27,

‘ST’k

EJA\Z

l—|

UgiAwM&+OGHM

3y

1) 52X + O(1) M| X
=1

m—1 7
=D Nl D
7=0 r=1

= ‘ST’k

[4

|

o

r=1 r

|s

r

|

| Xom
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O(1), as m — .
m+1 m+1 k
an 1\Tng| —an ! Zamﬂ)\A( >
m+1 n—1 1 k
o 3w {5 fansalivia (5, Il
n=1 i=0 i
1 1
) g (i +1) i1
1 1 1 1
T dag (i 4 Dagrie i Dan G+ Das
1 (1 1 11 1
o (i+1) (a_“ N ai+1,z‘+1> " aii <Z (i + 1))
- o) nl
(1+1) @ i

and (5),
1

ii 1
+

_ [A (i) 4 } <2 {am’”l_a
1 @i 104 v+ 1| i@,
= O +01)]=0(1).

1+ 1

}

Zaii
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Hence, using Holder’s inequality, (8) and (6),

n—1 k
Apit1] |A
S sl M ol

I

From [5],

Hence,

m—+1
1)) n®
n=1
m—+1
1)y nk=
n=1
m—+1

Zn

m+1

(%

-1

=0
n—1

_ k
! {Z ‘dn,i+1’ ‘)\z‘ Qi ’81’}
i=0
k—1
&nz+1| |)‘ | Ay |Sz ) <Z |anz+1| azz)

O (1) Y (nan)" Y anica| N @i |5l

n=1

3

O (1) Z | Ai | Qi |SZ|

=0

3

O (1) Z | Ai | Qi |3z

=0

m

i=1

= 0T In

as in the proof of [;.
Using (6), Holder’s inequality, and (8).

m—+1

Z nk*l ‘Tn?)’k

n=1

0(1)12171’“ (

0(1):§n’“—1 <

m+1

ol)> n

n=1

1=0

m+1

n=i+1
m+1

Z |€Ln,i+1|

n=1+1

m—+1

> ania| < 1.

n=i+1

lsi\k

Z (nann)k—l N

|an,i+1 |

=1

=0(1), as m — oo,

[
=l

n

m—+1

:Zn
n=1

’L’L

=0

‘an z+1’

an H—l AA ) Si

Z + 1) Q41541

k
\mHMAMwQ

k
a/" N
(f |an,i+1| ‘A/\i| |Sz|>

O (1) 3 il ailsil® = O (1) 3ol Ml sl

k

S. K. Saxena

1

k—1
A Jsi )(zmmwﬂo



A note on summability 1109

s 1= i k| ik
n=1 =0 i
m+1n—1 . 1

= 0(1) Z |anz+1| |A)‘| |SZ| % @i
n=1 =0 azz
m+1n—1 . 1

= 0(1) |anz+1||A)‘| |SZ| % @i
n=1 =0 azz
L @i k k s N

= OM)Y AN [si]" D am,isl
i—0 dii n=i+1

k—1

o~ [ 1AN] k
i=0 (%

I

S
S
=
?

~
I
o

Z ﬁz |Sz .
Since |s;|" =i (T} — Tj_1) by (13), we have
ZZ T Ti 5
=1
Using Abel’s transformation, (9) and (15),

L = O()S TA6) +0 (1) mTub,
= 0(1 )Z

=

IAB|X; +0(1 ZX@+0( YmX,B, = O (1).

Using (11) and (13)

m+1 . m+1 Sn/\n k m+1
Iy = Zn 1’Tn4‘ Z 17 Z‘n‘ ’)\’
n=1 n=1
m+1 ysn‘ k—1
= > Al Al =0(1), as m — oo,

n=1
as it is the proof of I.

Corollary 2.3 Let {p,} be a positive sequence such that P, = Y pr — 00
k=0

and satisfies
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A <ﬂ> =0(1). (17)

Pn

If (X,,) is an almost increasing sequence and the sequences (\,) and (3,) are
such that

[AX| < Bn (18)
B — 0, as n — o0, (19)
p‘n‘Xn:O(l)a as n — oo, (20)
> nX, |AB,| < oo, (21)
n=1
" syl
Tn:z U :O(Xn)a (22>
v=1

then the series Y (m) 18 summable ‘N,pn

nPn

k>
k

Proof of corollary. Conditions (18)-(22) of Corollary 2.3 are, respectively,
conditions (9)-(13) of Theorem 2.1.
Conditions (4), (5) and (8) of Theorem 2.1 are automatically satisfied for
any weighted mean method. Condition (6) and (7) of Theorem 2.1 become,
respectively, conditions (16) and (4) of Corollary 2.3.
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